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PREFACE

Beginning with the origin of the Four Color Problem in 1852, the field of graph
colorings has developed into one of the most popular areas of graph theory. This
book introduces graph theory with a coloring theme. It explores connections be-
tween major topics in graph theory and graph colorings, including Ramsey numbers
and domination, as well as such emerging topics as list colorings, rainbow colorings,
distance colorings related to the Channel Assignment Problem, and vertex/edge dis-
tinguishing colorings. Discussions of a historical, applied, and algorithmic nature
are included. Each chapter in the text contains many exercises of varying levels of
difficulty. There is also an appendix containing suggestions for study projects.

The authors are honored to have been invited by CRC Press to write a textbook
on graph colorings. With the enormous literature that exists on graph colorings and
the dynamic nature of the subject, we were immediately faced with the challenge
of determining which topics to include and, perhaps even more importantly, which
topics to exclude. There are several instances when the same concept has been
studied by different authors using different terminology and different notation. We
were therefore required to make a number of decisions regarding terminology and
notation. While nearly all mathematicians working on graph colorings use positive
integers as colors, there are also some who use nonnegative integers. There are
instances when colorings and labelings have been used synonymously. For the most
part, colorings have been used when the primary goal has been either to minimize
the number of colors or the largest color (equivalently, the span of colors).

We decided that this book should be intended for one or more of the following
purposes:

e a course in graph theory with an emphasis on graph colorings, where this
course could be either a beginning course in graph theory or a follow-up course
to an elementary graph theory course,

e a reading course on graph colorings,
e a seminar on graph colorings,

e as a reference book for individuals interested in graph colorings.

To accomplish this, it has been our goal to write this book in an engaging, student-
friendly style so that it contains carefully explained proofs and examples and con-
tains many exercises of varying difficulty.

This book consists of 15 chapters (Chapters 0-14). Chapter 0 provides some
background on the origin of graph colorings — primarily giving a discussion of the
Four Color Problem. For those readers who desire a more extensive discussion of the
history and solution of the Four Color Problem, we recommend the interesting book
by Robin Wilson, titled Four Colors Suffice: How the Map Problem Was Solved,
published by Princeton University Press in 2002.

To achieve the goal of having the book self-contained, Chapters 1-5 have been
written to contain many of the fundamentals of graph theory that lie outside of

vii



graph colorings. This includes basic terminology and results, trees and connec-
tivity, Eulerian and Hamiltonian graphs, matchings and factorizations, and graph
embeddings. The remainder of the book (Chapters 6-14) deal exclusively with
graph colorings. Chapters 6 and 7 provide an introduction to vertex colorings and
bounds for the chromatic number. The emphasis of Chapter 8 is vertex colorings
of graphs embedded on surfaces. Chapter 9 discusses a variety of restricted ver-
tex colorings, including list colorings. Chapter 10 introduces edge colorings, while
Chapter 11 discusses monochromatic and rainbow edge colorings, including an in-
troduction to Ramsey numbers. Chapter 11 also provides a discussion of the Road
Coloring Problem. The main emphasis of Chapter 12 is complete vertex colorings.
In Chapter 13, several distinguishing vertex and edge colorings are described. In
Chapter 14 many distance-related vertex colorings are introduced, some inspired by
the Channel Assignment Problem, as well as a discussion of domination in terms of
vertex colorings.

There is an Appendix listing fourteen topics for those who may be interested in
pursuing some independent study. There are two sections containing references at
the end of the book. The first of these, titled General References, contains a list of
references, both for Chapter 0 and of a general nature for all succeeding chapters.
The second such section (Bibliography) primarily contains a list of publications to
which specific reference is made in the text. Finally, there is an Index of Names,
listing individuals referred to in this book, an Index of Mathematical Terms, and a
List of Symbols.

There are many people we wish to thank. First, our thanks to mathemati-
cians Ken Appel, Tiziana Calamoneri, Nicolaas de Bruijn, Ermelinda DelLaVina,
Stephen Locke, Staszek Radziszowski, Edward Schmeichel, Robin Thomas, Olivier
Togni, and Avraham Trahtman for kindly providing us with information and com-
municating with us on some topics. Thank you as well to our friends Shashi Kapoor
and Al Polimeni for their interest and encouragement in this project. We especially
want to thank Bob Stern, Executive Editor of CRC Press, Taylor & Francis Group,
for his constant communication, encouragement, and interest and for suggesting
this writing project to us. Finally, we thank Marsha Pronin, Project Coordinator,
Samantha White, Editorial Assistant, and Jim McGovern, Project Editor for their
cooperation.

G.C. & P.Z.
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Chapter 0

The Origin of Graph
Colorings

If the countries in a map of South America (see Figure 1) were to be colored in such
a way that every two countries with a common boundary are colored differently,
then this map could be colored using only four colors. Is this true of every map?

While it is not difficult to color a map of South America with four colors, it is
not possible to color this map with less than four colors. In fact, every two of Brazil,
Argentina, Bolivia, and Paraguay are neighboring countries and so four colors are
required to color only these four countries.

It is probably clear why we might want two countries colored differently if they
have a common boundary — so they can be easily distinguished as different coun-
tries in the map. It may not be clear, however, why we would think that four colors
would be enough to color the countries of every map. After all, we can probably
envision a complicated map having a large number of countries with some countries
having several neighboring countries, so constructed that a great many colors might
possibly be needed to color the entire map. Here we understand neighboring coun-
tries to mean two countries with a boundary line in common, not simply a single
point in common.

While this problem may seem nothing more than a curiosity, it is precisely this
problem that would prove to intrigue so many for so long and whose attempted
solutions would contribute so significantly to the development of the area of math-
ematics known as Graph Theory and especially to the subject of graph colorings:
Chromatic Graph Theory. This map coloring problem would eventually acquire a
name that would become known throughout the mathematical world.

The Four Color Problem Can the countries of every map be colored with four

or fewer colors so that every two countries with a common boundary are colored
differently?



2 CHAPTER 0. THE ORIGIN OF GRAPH COLORINGS

Guyana
Venezuela Suriname
French Guiana
Colombia
Ecuador
Peru .
Brazil
Bolivia
Paraguay
Pacific Ocean
Argentina Atlantie Oeon
Chile

Uruguay

<2~ Falkland Islands

S

Figure 1: Map of South America

Many of the concepts, theorems, and problems of Graph Theory lie in the shad-
ows of the Four Color Problem. Indeed ...

Graph Theory is an area of mathematics whose past is always present.

Since the maps we consider can be real or imagined, we can think of maps being
divided into more general regions, rather than countries, states, provinces, or some
other geographic entities.

So just how did the Four Color Problem begin? It turns out that this question
has a rather well-documented answer. On 23 October 1852, a student, namely Fred-
erick Guthrie (1833-1886), at University College London visited his mathematics
professor, the famous Augustus De Morgan (1806-1871), to describe an apparent
mathematical discovery of his older brother Francis. While coloring the counties of
a map of England, Francis Guthrie (1831-1899) observed that he could color them



with four colors, which led him to conjecture that no more than four colors would
be needed to color the regions of any map.

The Four Color Conjecture The regions of every map can be colored with four
or fewer colors in such a way that every two regions sharing a common boundary
are colored differently.

Two years earlier, in 1850, Francis had earned a Bachelor of Arts degree from
University College London and then a Bachelor of Laws degree in 1852. He would
later become a mathematics professor himself at the University of Cape Town in
South Africa. Francis developed a lifelong interest in botany and his extensive
collection of flora from the Cape Peninsula would later be placed in the Guthrie
Herbarium in the University of Cape Town Botany Department. Several rare species
of flora are named for him.

Francis Guthrie attempted to prove the Four Color Conjecture and although he
thought he may have been successful, he was not completely satisfied with his proof.
Francis discussed his discovery with Frederick. With Francis’ approval, Frederick
mentioned the statement of this apparent theorem to Professor De Morgan, who
expressed pleasure with it and believed it to be a new result. Evidently Frederick
asked Professor De Morgan if he was aware of an argument that would establish
the truth of the theorem.

This led De Morgan to write a letter to his friend, the famous Irish mathemati-
cian Sir William Rowan Hamilton (1805-1865) in Dublin. These two mathematical
giants had corresponded for years, although apparently had met only once. De Mor-
gan wrote (in part):

My dear Hamilton:

A student of mine asked me to day to give him a reason for a fact
which I did not know was a fact — and do not yet. He says that if a
figure be any how divided and the compartments differently coloured so
that figures with any portion of common boundary lines are differently
coloured — four colours may be wanted but not more — the following is
his case in which four are wanted.

ABCD are D
names of m
colours A B

Query cannot a necessity for five or more be invented . . .

My pupil says he guessed it colouring a map of England .... The
more I think of it the more evident it seems. If you retort with some
very simple case which makes me out a stupid animal, I think I must do
as the Sphynz did . ..
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In De Morgan’s letter to Hamilton, he refers to the “Sphynx” (or Sphinx). While
the Sphinx is a male statue of a lion with the head of a human in ancient Egypt
which guards the entrance to a temple, the Greek Sphinx is a female creature of
bad luck who sat atop a rock posing the following riddle to all those who pass by:

What animal is that which in the morning goes on four feet, at noon on
two, and in the evening upon three?

Those who did not solve the riddle were killed. Only Oedipus (the title character
in QOedipus Rex by Sophocles, a play about how people do not control their own
destiny) answered the riddle correctly as “Man”, who in childhood (the morning of
life) creeps on hands and knees, in manhood (the noon of life) walks upright, and
in old age (the evening of life) walks with the aid of a cane. Upon learning that her
riddle had been solved, the Sphinx cast herself from the rock and perished, a fate
De Morgan had envisioned for himself if his riddle (the Four Color Problem) had
an easy and immediate solution.

In De Morgan’s letter to Hamilton, De Morgan attempted to explain why the
problem appeared to be difficult. He followed this explanation by writing;:

But it is tricky work and I am not sure of all convolutions — What do
you say? And has it, if true been noticed?

Among Hamilton’s numerous mathematical accomplishments was his remark-
able work with quaternions. Hamilton’s quaternions are a 4-dimensional system of
numbers of the form a + bi + ¢j + dk, where a,b,c,d € R and 2 = j2 = k? = —1.
When ¢ = d = 0, these numbers are the 2-dimensional system of complex numbers;
while when b = ¢ = d = 0, these numbers are simply real numbers. Although it is
commonplace for binary operations in algebraic structures to be commutative, such
is not the case for products of quaternions. For example, i-j = k but j-i = —k.
Since De Morgan had shown an interest in Hamilton’s research on quaternions as
well as other subjects Hamilton had studied, it is likely that De Morgan expected
an enthusiastic reply to his letter to Hamilton. Such was not the case, however.
Indeed, on 26 October 1852, Hamilton gave a quick but unexpected response:

I am not likely to attempt your “quaternion” of colours very soon.

Hamilton’s response did nothing however to diminish De Morgan’s interest in the
Four Color Problem.

Since De Morgan’s letter to Hamilton did not mention Frederick Guthrie by
name, there may be reason to question whether Frederick was in fact the student
to whom De Morgan was referring and that it was Frederick’s older brother Francis
who was the originator of the Four Color Problem.

In 1852 Frederick Guthrie was a teenager. He would go on to become a distin-
guished physics professor and founder of the Physical Society in London. An area
that he studied is the science of thermionic emission — first reported by Frederick
Guthrie in 1873. He discovered that a red-hot iron sphere with a positive charge



would lose its charge. This effect was rediscovered by the famous American inventor
Thomas Edison early in 1880. It was during 1880 (only six years before Frederick
died) that Frederick wrote:

Some thirty years ago, when I was attending Professor De Morgan’s
class, my brother, Francis Guthrie, who had recently ceased to attend
then (and who is now professor of mathematics at the South African
University, Cape Town), showed me the fact that the greatest necessary
number of colours to be used in colouring a map so as to avoid identity
colour in lineally contiguous districts is four. I should not be justified,
after this lapse of time, in trying to give his proof, but the critical dia-

gram was as in the margin.

With my brother’s permission I submitted the theorem to Professor
De Morgan, who expressed himself very pleased with it; accepted it as
new; and, as I am informed by those who subsequently attended his
classes, was in the habit of acknowledging where he had got his infor-
mation.

If I remember rightly, the proof which my brother gave did not seem
altogether satisfactory to himself; but I must refer to him those interested
in the subject. ....

The first statement in print of the Four Color Problem evidently occurred in
an anonymous review written in the 14 April 1860 issue of the literary journal
Athenaeum. Although the author of the review was not identified, De Morgan was
quite clearly the writer. This review led to the Four Color Problem becoming known
in the United States.

The Four Color Problem came to the attention of the American mathematician
Charles Sanders Peirce (1839-1914), who found an example of a map drawn on a
torus (a donut-shaped surface) that required six colors. (As we will see in Chapter 5,
there is an example of a map drawn on a torus that requires seven colors.) Peirce
expressed great interest in the Four Color Problem. In fact, he visited De Morgan
in 1870, who by that time was experiencing poor health. Indeed, De Morgan died
the following year. Not only had De Morgan made little progress towards a solution
of the Four Color Problem at the time of his death, overall interest in this problem
had faded. While Peirce continued to attempt to solve the problem, De Morgan’s
British acquaintances appeared to pay little attention to the problem — with at least
one notable exception.
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Arthur Cayley (1821-1895) graduated from Trinity College, Cambridge in 1842
and then received a fellowship from Cambridge, where he taught for four years.
Afterwards, because of the limitations on his fellowship, he was required to choose
a profession. He chose law, but only as a means to make money while he could
continue to do mathematics. During 1849-1863, Cayley was a successful lawyer
but published some 250 research papers during this period, including many for
which he is well known. One of these was his pioneering paper on matrix algebra.
Cayley was famous for his work on algebra, much of which was done with the
British mathematician James Joseph Sylvester (1814-1897), a former student of
De Morgan.

In 1863 Cayley was appointed a professor of mathematics at Cambridge. Two
years later, the London Mathematical Society was founded at University College
London and would serve as a model for the American Mathematical Society, founded
in 1888. De Morgan became the first president of the London Mathematical Society,
followed by Sylvester and then Cayley. During a meeting of the Society on 13 June
1878, Cayley raised a question about the Four Color Problem that brought renewed
attention to the problem:

Has a solution been given of the statement that in colouring a map of a
country, divided into counties, only four distinct colours are required, so
that no two adjacent counties should be painted in the same colour?

This question appeared in the Proceedings of the Society’s meeting. In the April
1879 issue of the Proceedings of the Royal Geographical Society, Cayley reported:

I have not succeeded in obtaining a general proof; and it is worth while
to explain wherein the difficulty consists.

Cayley observed that if a map with a certain number of regions has been colored
with four colors and a new map is obtained by adding a new region, then there
is no guarantee that the new map can be colored with four colors — without first
recoloring the original map. This showed that any attempted proof of the Four Color
Conjecture using a proof by mathematical induction would not be straightforward.
Another possible proof technique to try would be proof by contradiction. Applying
this technique, we would assume that the Four Color Conjecture is false. This would
mean that there are some maps that cannot be colored with four colors. Among the
maps that require five or more colors are those with a smallest number of regions.
Any one of these maps constitutes a minimum counterexample. If it could be shown
that no minimum counterexample could exist, then this would establish the truth
of the Four Color Conjecture.

For example, no minimum counterexample M could possibly contain a region
R surrounded by three regions R;, Ry, and Rs as shown in Figure 2(a). In this
case, we could shrink the region R to a point, producing a new map M’ with one
less region. The map M’ can then be colored with four colors, only three of which
are used to color Ry, R, and Rs3 as in Figure 2(b). Returning to the original
map M, we see that there is now an available color for R as shown in Figure 2(c),



implying that M could be colored with four colors after all, thereby producing a
contradiction. Certainly, if the map M contains a region surrounded by fewer than
three regions, a contradiction can be obtained in the same manner.

Ry Ry yellow blue yellow ﬁ blue
/
B green green

(a) in M (b) in M’ (¢) in M
Figure 2: A region surrounded by three regions in a map

Suppose, however, that the map M contained no region surrounded by three or
fewer regions but did contain a region R surrounded by four regions, say Rj, Ra,
R3, Ry, as shown in Figure 3(a). If, once again, we shrink the region R to a point,
producing a map M’ with one less region, then we know that M’ can be colored
with four colors. If two or three colors are used to color Ry, Ry, R3, R4, then we can
return to M and there is a color available for R. However, this technique does not
work if the regions Ry, Rs, R3, R4 are colored with four distinct colors, as shown
in Figure 3(b).

R
g = blue red
R
Rs R green yellow
(a) in M (b) in M’

Figure 3: A region surrounded by four regions in a map

What we can do in this case, however, is to determine whether the map M’ has
a chain of regions, beginning at R; and ending at Rs, all of which are colored red
or green. If no such chain exists, then the two colors of every red-green chain of
regions beginning at R; can be interchanged. We can then return to the map M,
where the color red is now available for R. That is, the map M can be colored with
four colors, producing a contradiction. But what if a red-green chain of regions
beginning at R; and ending at Rj3 exists? (See Figure 4, where r,b, g,y denote the
colors red, blue, green, yellow.) Then interchanging the colors red and green offers
no benefit to us. However, in this case, there can be no blue-yellow chain of regions,
beginning at R, and ending at R4. Then the colors of every blue-yellow chain of
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regions beginning at R can be interchanged. Returning to M, we see that the color
blue is now available for R, which once again says that M can be colored with four
colors and produces a contradiction.

Figure 4: A a red-green chain of regions from R; to R3

It is possible to show (as we will see in Chapter 5) that a map may contain no
region that is surrounded by four or fewer neighboring regions. Should this occur
however, such a map must contain a region surrounded by exactly five neighboring
regions.

We mentioned that James Joseph Sylvester worked with Arthur Cayley and
served as the second president of the London Mathematical Society. Sylvester, a
superb mathematician himself, was invited to join the mathematics faculty of the
newly founded Johns Hopkins University in Baltimore, Maryland in 1875. Included
among his attempts to inspire more research at the university was his founding
in 1878 of the American Journal of Mathematics, of which he held the position of
editor-in-chief. While the goal of the journal was to serve American mathematicians,
foreign submissions were encouraged as well, including articles from Sylvester’s
friend Cayley.

Among those who studied under Arthur Cayley was Alfred Bray Kempe (1849—
1922). Despite his great enthusiasm for mathematics, Kempe took up a career in the
legal profession. Kempe was present at the meeting of the London Mathematical
Society in which Cayley had inquired about the status of the Four Color Problem.
Kempe worked on the problem and obtained a solution in 1879. Indeed, on 17
July 1879 a statement of Kempe’s accomplishment appeared in the British journal
Nature, with the complete proof published in Volume 2 of Sylvester’s American
Journal of Mathematics.

Kempe’s approach for solving the Four Color Problem essentially followed the
technique described earlier. His technique involved locating a region R in a map M
such that R is surrounded by five or fewer neighboring regions and showing that for
every coloring of M (minus the region R) with four colors, there is a coloring of the
entire map M with four colors. Such an argument would show that M could not
be a minimum counterexample. We saw how such a proof would proceed if R were



surrounded by four or fewer neighboring regions. This included looking for chains
of regions whose colors alternate between two colors and then interchanging these
colors, if appropriate, to arrive at a coloring of the regions of M (minus R) with
four colors so that the neighboring regions of R used at most three of these colors
and thereby leaving a color available for R. In fact, these chains of regions became
known as Kempe chains, for it was Kempe who originated this idea.

There was one case, however, that still needed to be resolved, namely the case
where no region in the map was surrounded by four or fewer neighboring regions.
As we noted, the map must then contain some region R surrounded by exactly five
neighboring regions. At least three of the four colors must be used to color the five
neighboring regions of R. If only three colors are used to color these five regions,
then a color is available for R. Hence we are left with the single situation in which
all four colors are used to color the five neighboring regions surrounding R (see
Figure 5), where once again r, b, g, y indicate the colors red, blue, green, yellow.

R1 R5

Rs
Figure 5: The final case in Kempe’s solution of the Four Color Problem

Let’s see how Kempe handled this final case. Among the regions adjacent to R,
only the region R; is colored yellow. Consider all the regions of the map M that
are colored either yellow or red and that, beginning at R;, can be reached by an
alternating sequence of neighboring yellow and red regions, that is, by a yellow-red
Kempe chain. If the region Rs (which is the neighboring region of R colored red)
cannot be reached by a yellow-red Kempe chain, then the colors yellow and red can
be interchanged for all regions in M that can be reached by a yellow-red Kempe
chain beginning at R;. This results in a coloring of all regions in M (except R)
in which neighboring regions are colored differently and such that each neighboring
region of R is colored red, blue, or green. We can then color R yellow to arrive at a
4-coloring of the entire map M. From this, we may assume that the region R3 can
be reached by a yellow-red Kempe chain beginning at R;. (See Figure 6.)

Let’s now look at the region Rs, which is colored green. We consider all regions
of M colored green or red and that, beginning at Rs, can be reached by a green-red
Kempe chain. If the region R3 cannot be reached by a green-red Kempe chain that
begins at Rs, then the colors green and red can be interchanged for all regions in M
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Ry

Figure 6: A yellow-red Kempe chain in the map M

that can be reached by a green-red Kempe chain beginning at R5. Upon doing this,
a 4-coloring of all regions in M (except R) is obtained, in which each neighboring
region of R is colored red, blue, or yellow. We can then color R green to produce a
4-coloring of the entire map M. We may therefore assume that R3 can be reached
by a green-red Kempe chain that begins at R5. (See Figure 7.)

Figure 7: Yellow-red and green-red Kempe chains in the map M

Because there is a ring of regions consisting of R and a green-red Kempe chain,
there cannot be a blue-yellow Kempe chain in M beginning at R4 and ending at R;.
In addition, because there is a ring of regions consisting of R and a yellow-red Kempe
chain, there is no blue-green Kempe chain in M beginning at Ry and ending at Rj.
Hence we interchange the colors blue and yellow for all regions in M that can be
reached by a blue-yellow Kempe chain beginning at R4 and interchange the colors
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blue and green for all regions in M that can be reached by a blue-green Kempe
chain beginning at Rs. Once these two color interchanges have been performed,
each of the five neighboring regions of R is colored red, yellow, or green. Then R
can be colored blue and a 4-coloring of the map M has been obtained, completing
the proof.

As it turned out, the proof given by Kempe contained a fatal flaw, but one
that would go unnoticed for a decade. Despite the fact that Kempe’s attempted
proof of the Four Color Problem was erroneous, he made a number of interesting
observations in his article. He noticed that if a piece of tracing paper was placed
over a map and a point was marked on the tracing paper over each region of the
map and two points were joined by a line segment whenever the corresponding
regions had a common boundary, then a diagram of a “linkage” was produced.
Furthermore, the problem of determining whether the regions of the map can be
colored with four colors so that neighboring regions are colored differently is the
same problem as determining whether the points in the linkage can be colored with
four colors so that every two points joined by a line segment are colored differently.
(See Figure 8.)

Figure 8: A map and corresponding planar graph

In 1878 Sylvester referred to a linkage as a graph and it is this terminology that
became accepted. Later it became commonplace to refer to the points and lines of
a linkage as the vertices and edges of the graph (with “vertex” being the singular
of “vertices”). Since the graphs constructed from maps in this manner (referred to
as the dual graph of the map) can themselves be drawn in the plane without two
edges (line segments) intersecting, these graphs were called planar graphs. A planar
graph that is actually drawn in the plane without any of its edges intersecting is
called a plane graph. In terms of graphs, the Four Color Conjecture could then be
restated.

The Four Color Conjecture The vertices of every planar graph can be colored
with four or fewer colors in such a way that every two vertices joined by an edge
are colored differently.

Indeed, the vast majority of this book will be devoted to coloring graphs (not
coloring maps) and, in fact, to coloring graphs in general, not only planar graphs.
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The colouring of abstract graphs is a generalization of the colouring of
maps, and the study of the colouring of abstract graphs ... opens a new
chapter in the combinatorial part of mathematics.

Gabriel Andrew Dirac (1951)

For the present, however, we continue our discussion in terms of coloring the
regions of maps.

Kempe’s proof of the theorem, which had become known as the Four Color
Theorem, was accepted both within the United States and England. Arthur Cayley
had accepted Kempe’s argument as a valid proof. This led to Kempe being elected
as a Fellow of the Royal Society in 1881.

The Four Color Theorem The regions of every map can be colored with four or
fewer colors so that every two adjacent regions are colored differently.

Among the many individuals who had become interested in the Four Color
Problem was Charles Lutwidge Dodgson (1832-1898), an Englishman with a keen
interest in mathematics and puzzles. Dodgson was better known, however, under
his pen-name Lewis Carroll and for his well-known books Alice’s Adventures in
Wonderland and Through the Looking-Glass and What Alice Found There.

Another well-known individual with mathematical interests, but whose primary
occupation was not that of a mathematician, was Frederick Temple (1821-1902),
Bishop of London and who would later become the Archbishop of Canterbury. Like
Dodgson and others, Temple had a fondness for puzzles. Temple showed that it
was impossible to have five mutually neighboring regions in any map and from this
concluded that no map required five colors. Although Temple was correct about
the non-existence of five mutually neighboring regions in a map, his conclusion that
this provided a proof of the Four Color Conjecture was incorrect.

There was historical precedence about the non-existence of five mutually ad-
jacent regions in any map. In 1840 the famous German mathematician August
Mobius (1790-1868) reportedly stated the following problem, which was proposed
to him by the philologist Benjamin Weiske (1748-1809).

Problem of Five Princes

There was once a king with five sons. In his will, he stated that after his
death his kingdom should be divided into five regions in such a way that
each region should have a common boundary with the other four. Can
the terms of the will be satisfied?

As we noted, the conditions of the king’s will cannot be met. This problem
illustrates M&bius’ interest in topology, a subject of which Md&bius was one of the
early pioneers. In a memoir written by Mobius and only discovered after his death,
he discussed properties of one-sided surfaces, which became known as Mdbius strips
(even though it was determined that Johann Listing (1808-1882) had discovered
these earlier).
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In 1885 the German geometer Richard Baltzer (1818-1887) also lectured on the
non-existence of five mutually adjacent regions. In the published version of his
lecture, it was incorrectly stated that the Four Color Theorem followed from this.
This error was repeated by other writers until the famous geometer Harold Scott
MacDonald Coxeter (1907-2003) corrected the matter in 1959.

Mistakes concerning the Four Color Problem were not limited to mathematical
errors however. Prior to establishing Francis Guthrie as the true and sole originator
of the Four Color Problem, it was often stated in print that cartographers were
aware that the regions of every map could be colored with four or less colors so that
adjacent regions are colored differently. The well-known mathematical historian
Kenneth O. May (1915-1977) investigated this claim and found no justification to
it. He conducted a study of atlases in the Library of Congress and found no evidence
of attempts to minimize the number of colors used in maps. Most maps used more
than four colors and even when four colors were used, often less colors could have
been used. There was never a mention of a “four color theorem”.

Another mathematician of note around 1880 was Peter Guthrie Tait (1831—
1901). In addition to being a scholar, he was a golf enthusiast. His son Frederick
Guthrie Tait was a champion golfer and considered a national hero in Scotland.
The first golf biography ever written was about Frederick Tait. Indeed, the Freddie
Tait Golf Week is held every year in Kimberley, South Africa to commemorate his
life as a golfer and soldier. He was killed during the Anglo-Boer War of 1899-1902.

Peter Guthrie Tait had heard of the Four Color Conjecture through Arthur
Cayley and was aware of Kempe’s solution. He felt that Kempe’s solution of the Four
Color Problem was overly long and gave several shorter solutions of the problem,
all of which turned out to be incorrect. Despite this, one of his attempted proofs
contained an interesting and useful idea. A type of map that is often encountered is
a cubic map, in which there are exactly three boundary lines at each meeting point.
In fact, every map M that has no region completely surrounded by another region
can be converted into a cubic map M’ by drawing a circle about each meeting point
in M’ and creating new meeting points and one new region (see Figure 9). If the
map M’ can be colored with four colors, then so can M.

KR

in M in M’
Figure 9: Converting a map into a cubic map

Tait’s idea was to consider coloring the boundary lines of cubic maps. In fact,
he stated as a lemma that:
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The boundary lines of every cubic map can always be colored with three
colors so that the three lines at each meeting point are colored differently.

Tait also mentioned that this lemma could be easily proved and showed how the
lemma could be used to prove the Four Color Theorem. Although Tait was correct
that this lemma could be used to to prove the Four Color Theorem, he was incorrect
when he said that the lemma could be easily proved. Indeed, as it turned out, this
lemma is equivalent to the Four Color Theorem and, of course, is equally difficult
to prove. (We will discuss Tait’s coloring of the boundary lines of cubic maps in
Chapter 10.)

The next important figure in the history of the Four Color Problem was Percy
John Heawood (1861-1955), who spent the period 1887-1939 as a lecturer, professor,
and vice-chancellor at Durham College in England. When Heawood was a student
at Oxford University in 1880, one of his teachers was Professor Henry Smith who
spoke often of the Four Color Problem. Heawood read Kempe’s paper and it was
he who discovered the serious error in the proof. In 1889 Heawood wrote a paper
of his own, published in 1890, in which he presented the map shown in Figure 10.

Figure 10: Heawood’s counterexample to Kempe’s proof

In the Heawood map, two of the five neighboring regions surrounding the uncol-
ored region R are colored red; while for each of the colors blue, yellow, and green,
there is exactly one neighboring region of R with that color. According to Kempe’s
argument, since blue is the color of the region that shares a boundary with R as
well as with the two neighboring regions of R colored red, we are concerned with
whether this map contains a blue-yellow Kempe chain between two neighboring re-
gions of R as well as a blue-green Kempe chain between two neighboring regions of
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R. Tt does. These Kempe chains are shown in Figures 11(a) and 11(b), respectively.

Figure 11: Blue-yellow and blue-green Kempe chains in the Heawood map

Because the Heawood map contains these two Kempe chains, it follows by
Kempe’s proof that this map does not contain a red-yellow Kempe chain between
the two neighboring regions of R that are colored red and yellow and does not con-
tain a red-green Kempe chain between the two neighboring regions of R that are
colored red and green. This is, in fact, the case. Figure 12(a) indicates all regions
that can be reached by a red-yellow Kempe chain beginning at the red region that
borders R and that is not adjacent to the yellow region bordering R. Furthermore,
Figure 12(b) indicates all regions that can be reached by a red-green Kempe chain
beginning at the red region that borders R and that is not adjacent to the green
region bordering R.

In the final step of Kempe’s proof, the two colors within each Kempe chain are
interchanged resulting in a coloring of the Heawood map with four colors. This dou-
ble interchange of colors is shown in Figure 12(c). However, as Figure 12(c¢) shows,
this results in neighboring regions with the same color. Consequently, Kempe’s
proof is unsuccessful when applied to the Heawood map, as colored in Figure 10.
What Heawood had shown was that Kempe’s method of proof was incorrect. That
is, Heawood had discovered a counterexample to Kempe’s technique, not to the Four
Color Conjecture itself. Indeed, it is not particularly difficult to give a 4-coloring of
the regions of the Heawood map so that every two neighboring regions are colored
differently.

Other counterexamples to Kempe’s proof were found after the publication of
Heawood’s 1890 paper, including a rather simple example (see Figure 13) given in
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Figure 12: Steps in illustrating Kempe’s technique

1921 by Alfred Errera (1886-1960), a student of Edmund Landau, well known for
his work in analytic number theory and the distribution of primes.

Figure 13: The Errera example

In addition to the counterexample to Kempe’s proof, Heawood’s paper contained
several interesting results, observations, and comments. For example, although
Kempe’s attempted proof of the Four Color Theorem was incorrect, Heawood was
able to use this approach to show that the regions of every map could be colored
with five or fewer colors so that neighboring regions were colored differently (see
Chapter 8).

Heawood also considered the problem of coloring maps that can be drawn on
other surfaces. Maps that can be drawn in the plane are precisely those maps
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that can be drawn on the surface of a sphere. There are considerably more complex
surfaces on which maps can be drawn, however. In particular, Heawood proved that
the regions of every map drawn on the surface of a torus can be colored with seven or
fewer colors and that there is, in fact, a map on the torus that requires seven colors
(see Chapter 8). More generally, Heawood showed that the regions of every map
drawn on a pretzel-shaped surface consisting of a sphere with & holes (k > 0) can

7+v1+48k
2

be colored with { J colors. In addition, he stated that such maps requiring

this number of colors exist. He never proved this latter statement, however. In fact,
it would take another 78 years to verify this statement (see Chapter 8).

Thus the origin of a curious problem by the young scholar Francis Guthrie was
followed over a quarter of a century later by what was thought to be a solution
to the problem by Alfred Bray Kempe. However, we were to learn from Percy
John Heawood a decade later that the solution was erroneous, which returned the
problem to its prior status. Well not quite — as these events proved to be stepping
stones along the path to chromatic graph theory.

Is it five? Is it four?
Heawood rephrased the query.
Sending us back to before,

But moving forward a theory.

At the beginning of the 20th century, the Four Color Problem was still unsolved.
Although possibly seen initially as a rather frivolous problem, not worthy of a serious
mathematician’s attention, it would become clear that the Four Color Problem was
a very challenging mathematics problem. Many mathematicians, using a variety of
approaches, would attack this problem during the 1900s. As noted, it was known
that if the Four Color Conjecture could be verified for cubic maps, then the Four
Color Conjecture would be true for all maps. Furthermore, every cubic map must
contain a region surrounded by two, three, four, or five neighboring regions. These
four kinds of configurations (arrangements of regions) were called unavoidable be-
cause every cubic map had to contain at least one of them. Thus the arrangements
of regions shown in Figure 14 make up an unavoidable set of configurations.

Figure 14: An unavoidable set of configurations in a cubic map

A region surrounded by k neighboring regions is called a k-gon. It is possible
to show that any map that contains no k-gon where £ < 5 must contain at least
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twelve pentagons (5-gons). In fact, there is a map containing exactly twelve regions,
each of which is a pentagon. Such a map is shown in Figure 15, where one of the
regions is the “exterior region”. Since this map can be colored with four colors, any
counterexample to the Four Color Conjecture must contain at least thirteen regions.
Alfred Errera proved that no counterexample could consist only of pentagons and
hexagons (6-gons).

Figure 15: A cubic map with twelve pentagons

A reducible configuration is any configuration of regions that cannot occur in
a minimum counterexample of the Four Color Conjecture. Many mathematicians
who attempted to solve the Four Color Problem attempted to do so by trying to
find an unavoidable set S of reducible configurations. Since S is unavoidable, this
means that every cubic map must contain at least one configuration in S. Because
each configuration in S is reducible, this means that it cannot occur in a minimum
counterexample. Essentially then, a proof of the Four Color Conjecture by this
approach would be a proof by minimum counterexample resulting in a number of
cases (one case for each configuration in the unavoidable set S) where each case
leads to a contradiction (that is, each configuration is shown to be reducible).

Since the only configuration in the unavoidable set shown in Figure 14 that
could not be shown to be reducible was the pentagon, this suggested searching for
more complex configurations that must also be part of an unavoidable set with
the hope that these more complicated configurations could somehow be shown to
be reducible. For example, in 1903 Paul Wernicke proved that every cubic map
containing no k-gon where k£ < 5 must either contain two adjacent pentagons or
two adjacent regions, one of which is a pentagon and the other a hexagon (see
Chapter 5). That is, the troublesome case of a cubic map containing a pentagon
could be eliminated and replaced by two different cases.

Finding new, large unavoidable sets of configurations was not a problem. Find-
ing reducible configurations was. In 1913 the distinguished mathematician George
David Birkhoff (1884-1944) published a paper called The reducibility of maps in
which he considered rings of regions for which there were regions interior to as well
as exterior to the ring. Since the map was a minimum counterexample, the ring to-
gether with the interior regions and the ring together with the exterior regions could
both be colored with four colors. If two 4-colorings could be chosen so that they
match along the ring, then there is a 4-coloring of the entire map. Since this can
always be done if the ring consists of three regions, rings of three regions can never
appear in a minimum counterexample. Birkhoff proved that rings of four regions
also cannot appear in a minimum counterexample. In addition, he was successful
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in proving that rings of five regions cannot appear in a minimum counterexample
either — unless the interior of the region consisted of a single region. This gen-
eralized Kempe’s approach. While Kempe’s approach to solving the Four Color
Problem involved the removal of a single region from a map, Birkhoff’s method al-
lowed the removal of regions inside or outside some ring of regions. For example, a
configuration that Birkhoff was able to prove was reducible consisted of a ring of six
pentagons enclosing four pentagons. This became known as the Birkhoff diamond
(see Figure 16).

Figure 16: The Birkhoff diamond (a reducible configuration)

Philip Franklin (1898-1965) wrote his doctoral dissertation in 1921 titled The
Four Color Problem under the direction of Oswald Veblen (1880-1960). Veblen
was the first professor at the Institute for Advanced Study at Princeton University.
He was well known for his work in geometry and topology (called analysis situs
at the time) as well as for his lucid writing. In his thesis, Franklin showed that
if a cubic map does not contain a k-gon, where k < 5, then it must contain a
pentagon adjacent to two other regions, each of which is a pentagon or a hexagon
(see Chapter 5). This resulted in a larger unavoidable set of configurations.

In 1922 Franklin showed that every map with 25 or fewer regions could be colored
with four or fewer colors. This number gradually worked its way up to 96 in a result
established in 1975 by Jean Mayer, curiously a professor of French literature.

Favorable impressions of new areas of mathematics clearly did not occur quickly.
Geometry of course had been a prominent area of study in mathematics for cen-
turies. The origins of topology may only go back to 19th century however. In his
1927 survey paper about the Four Color Problem, Alfred Errera reported that some
mathematicians referred to topology as the “geometry of drunkards”. Graph theory
belongs to the more general area of combinatorics. While combinatorial arguments
can be found in all areas of mathematics, there was little recognition of combina-
torics as a major area of mathematics until later in the 20th century, at which time
topology was gaining in prominence. Indeed, John Henry Constantine Whitehead
(1904-1960), one of the founders of homotopy theory in topology, reportedly said
that “Combinatorics is the slums of topology.” However, by the latter part of the
20th century, combinatorics had come into its own. The famous mathematician
Israil Moiseevich Gelfand (born in 1913) stated (in 1990):

The older I get, the more I believe that at the bottom of most deep
mathematical problems there is a combinatorial problem.

Heinrich Heesch (1906-1995) was a German mathematician who was an assistant
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to Hermann Weyl, a gifted mathematician who was a colleague of Albert Einstein
and a student of the famous mathematician David Hilbert (1862-1943), whom he
replaced as mathematics chair at the University of Gottingen. In 1900, Hilbert gave
a lecture before the International Congress of Mathematicians in Paris in which he
presented 23 extremely challenging problems. In 1935, Heesch solved one of these
problems (Problem 18) dealing with tilings of the plane. One of Heesch’s friends at
Gottingen was Ernst Witt (1911-1991), who thought he had solved an even more
famous problem: the Four Color Problem. Witt was anxious to show his proof to
the famous German mathematician Richard Courant (1888-1972), who later moved
to the United States and founded the Courant Institute of Mathematical Sciences.
Since Courant was in the process of leaving Gottingen for Berlin, Heesch joined
Witt to travel with Courant by train in order to describe the proof. However,
Courant was not convinced and the disappointed young mathematicians returned
to Gottingen. On their return trip, however, Heesch discovered an error in Witt’s
proof. Heesch too had become captivated by the Four Color Problem.

As Heesch studied this famous problem, he had become increasingly convinced
that the problem could be solved by finding an unavoidable set of reducible con-
figurations, even though such a set may very well be extremely large. He began
lecturing on his ideas in the 1940s at the Universities of Hamburg and Kiel. A
1948 lecture at the University of Kiel was attended by the student Wolfgang Haken
(born in 1928), who recalls Heesch saying that an unavoidable set of reducible con-
figurations may contain as many as ten thousand members. Heesch discovered a
method for creating many unavoidable sets of configurations. Since the method had
an electrical flavor to it, electrical terms were chosen for the resulting terminology.

What Heesch did was to consider the dual planar graphs constructed from cubic
maps. Thus the configurations of regions in a cubic map became configurations of
vertices in the resulting dual planar graph. These planar graphs themselves had
regions, each necessarily a triangle (a 3-gon). Since the only cubic maps whose
coloring was still in question were those in which every region was surrounded by
five or more neighboring regions, five or more edges of the resulting planar graph
met at each vertex of the graph. If £ edges meet at a vertex, then the vertex is said
to have degree k. Thus every vertex in each planar graph of interest had degree 5
or more. Heesch then assigned each vertex in the graph a “charge” of 6 — k if the
degree of the vertex was k (see Chapter 5). The only vertices receiving a positive
charge were therefore those of degree 5, which were given a charge of +1. The
vertices of degree 6 had a charge of 0, those of degree 7 a charge of —1, and so on.
It can be proved (see Chapter 5) that the sum of the charges of the vertices in such
a planar graph is always positive (in fact exactly 12).

Heesch’s plan consisted of establishing rules, called discharging rules, for moving
a positive charge from one vertex to others in a manner that did not change the
sum of the charges. The goal was to use these rules to create an unavoidable set
of configurations by showing that if a minimum counterexample to the Four Color
Conjecture contained none of these configurations, then the sum of the charges of
its vertices was not 12.

Since Heesch’s discharging method was successful in finding unavoidable sets,



21

much of the early work in the 20th century on the Four Color Problem was focused
on showing that certain configurations were reducible. Often showing that even one
configuration was reducible became a monumental task. In the 1960s Heesch had
streamlined Birkhoff’s approach of establishing the reducibility of certain configu-
rations. One of these techniques, called D-reduction, was sufficiently algorithmic
in nature to allow this technique to be executed on a computer and, in fact, a
computer program for implementing D-reducibility was written on the CDC 1604A
computer by Karl Diirre, a graduate of Hanover.

Because of the large number of ways that the vertices on the ring of a configu-
ration could be colored, the amount of computer time needed to analyze complex
configurations became a major barrier to their work. Heesch was then able to de-
velop a new method, called C-reducibility, where only some of the colorings of the
ring vertices needed to be considered. Of course, one possible way to deal with the
obstacles that Heesch and Diirre were facing was to find a more powerful computer
on which to run Diirre’s program.

While Haken had attended Heesch’s talk at the University of Kiel on the Four
Color Problem, the lectures that seemed to interest Haken the most were those on
topology given by Karl Heinrich Weise in which he described three long-standing
unsolved problems. One of these was the Poincaré Conjecture posed by the great
mathematician and physicist Henri Poincaré in 1904 and which concerned the rela-
tionship of shapes, spaces, and surfaces. Another was the Four Color Problem and
the third was a problem in knot theory. Haken decided to attempt to solve all three
problems. Although his attempts to prove the Poincaré Conjecture failed, he was
successful with the knot theory problem. A proof of the Poincaré Conjecture by the
Russian mathematician Grigori Perelman was confirmed and reported in Trieste,
Italy on 17 June 2006. For this accomplishment, he was awarded a Fields Medal
(the mathematical equivalent of the Nobel Prize) on 22 August 2006. However,
Perelman declined to attend the ceremony and did not accept the prize. As for the
Four Color Problem, the story continues.

Haken’s solution of the problem in knot theory led to his being invited to the
University of Illinois as a visiting professor. After leaving the University of Illinois
to spend some time at the Institute for Advanced Study in Princeton, Haken then
returned to the University of Illinois to take a permanent position.

Heesch inquired, through Haken, about the possibility of using the new super-
computer at the University of Illinois (the ILLAC IV) but much time was still
needed to complete its construction. The Head of the Department of Computer
Science there suggested that Heesch contact Yoshio Shimamoto, Head of the Ap-
plied Mathematics Department at the Brookhaven Laboratory at the the United
States Atomic Energy Commission, which had access to the Stephen Cray-designed
Control Data 6600, which was the fastest computer at that time.

Shimamoto himself had an interest in the Four Color Problem and had even
thought of writing his own computer program to investigate the reducibility of con-
figurations. Shimamoto arranged for Heesch and Diirre to visit Brookhaven in the
late 1960s. Diirre was able to test many more configurations for reducibility. The
configurations that were now known to be D-reducible still did not constitute an
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unavoidable set, however, and Heesch and Diirre returned to Germany. In August
of 1970 Heesch visited Brookhaven again — this time with Haken visiting the fol-
lowing month. At the end of September, Shimamoto was able to show that if a
certain configuration that he constructed (known as the horseshoe configuration)
was D-reducible, then the Four Color Conjecture is true. Figure 17 shows the dual
planar graph constructed from the horseshoe configuration. This was an amazing
development. To make matters even more interesting, Heesch recognized the horse-
shoe configuration as one that had earlier been shown to be D-reducible. Because of
the importance of knowing, with complete certainty, that this configuration was D-
reducible, Shimamoto took the cautious approach of having a totally new computer
program written to verify the D-reducibility of the horseshoe configuration.

Figure 17: The Shimamoto horseshoe

Diirre was brought back from Germany because of the concern that the original
verification of the horseshoe configuration being D-reducible might be incorrect.
Also, the printout of the computer run of this was nowhere to be found. Finally,
the new computer program was run and, after 26 hours, the program concluded
that this configuration was not D-reducible. It was not only that this development
was so very disappointing to Shimamoto but, despite the care he took, rumors had
begun to circulate in October of 1971 that the Four Color Problem had been solved
— using a computer!

Haken had carefully checked Shimamoto’s mathematical reasoning and found it
to be totally correct. Consequently, for a certain period, the only obstacle standing
in the way of a proof of the Four Color Conjecture had been a computer. William
T. Tutte (1917-2002) and Hassler Whitney (1907-1989), two of the great graph
theorists at that time, had also studied Shimamoto’s method of proof and found
no flaw in his reasoning. Because this would have resulted in a far simpler proof of
the Four Color Conjecture than could reasonably be expected, Tutte and Whitney
concluded that the original computer result must be wrong. However, the involve-
ment of Tutte and Whitney in the Four Color Problem resulted in a clarification
of D-reducibility. Also because of their stature in the world of graph theory, there
was even more interest in the problem.
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It would not be hard to present the history of graph theory as an account
of the struggle to prove the four color conjecture, or at least to find out
why the problem is difficult.

William T. Tutte (1967)

In the April 1, 1975 issue of the magazine Scientific American the popular math-
ematics writer Martin Gardner (born in 1914) stunned the mathematical community
(at least momentarily) when he wrote an article titled Siz sensational discoveries
that somehow have escaped public attention that contained a map (see Figure 18)
advertised as one that could not be colored with four colors. However, several indi-
viduals found that this map could in fact be colored with four colors, only to learn
that Gardner had intended this article as an April Fool’s joke.

Figure 18: Martin Gardner’s April Fool’s Map

In the meantime, Haken had been losing faith in a computer-aided solution of the
Four Color Problem despite the fact that he had a doctoral student at the University
of Illinois whose research was related to the problem. One of the members of this
student’s thesis committee was Kenneth Appel (born in 1932). After completing
his undergraduate degree at Queens College with a special interest in actuarial
mathematics, Appel worked at an insurance company and shortly afterwards was
drafted and began a period of military service. He then went to the University of
Michigan for his graduate studies in mathematics. During the spring of 1956, the
University of Michigan acquired an IBM 650 and the very first programming course
offered at the university was taught by John W. Carr, III, one of the pioneers of
computer education in the United States. Curiously, Carr’s doctoral advisor at the
Massachusetts Institute of Technology was Phillip Franklin, who, as we mentioned,
wrote his dissertation on the Four Color Problem. Appel audited this programming
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course. Since the university did not offer summer financial support to Appel and
Douglas Aircraft was recruiting computer programmers, he spent the summer of
1956 writing computer programs concerning the DC-8 jetliner, which was being
designed at the time. Appel had become hooked on computers.

Kenneth Appel’s area of research was mathematical logic. In fact, Appel asked
Haken to give a talk at the logic seminar in the Department of Mathematics so he
could better understand the thesis. In his talk, Haken included a discussion of the
computer difficulties that had been encountered in his approach to solve the Four
Color Problem and explained that he was finished with the problem for the present.
Appel, however, with his knowledge of computer programming, convinced Haken
that the two of them should “take a shot at it”.

Together, Appel and Haken took a somewhat different approach. They devised
an algorithm that tested for “reduction obstacles”. The work of Appel and Haken
was greatly aided by Appel’s doctoral student John Koch who wrote a very efficient
program that tested certain kinds of configurations for reducibility. Much of Appel
and Haken’s work involved refining Heesch’s method for finding an unavoidable set
of reducible configurations.

The partnership in the developing proof concerned the active involvement of a
team of three, namely Appel, Haken, and a computer. As their work progressed,
Appel and Haken needed ever-increasing amounts of time on a computer. Because
of Appel’s political skills, he was able to get time on the IBM 370-168 located in
the University’s administration building. Eventually, everything paid off. In June
of 1976, Appel and Haken had constructed an unavoidable set of 1936 reducible
configurations, which was later reduced to 1482. The proof was finally announced
at the 1976 Summer Meeting of the American Mathematical Society and the Math-
ematical Association of America at the University of Toronto. Shortly afterwards,
the University of Illinois employed the postmark

FOUR COLORS SUFFICE

on its outgoing mail.

In 1977 Frank Harary (1921-2005), editor-in-chief of the newly founded Journal
of Graph Theory, asked William Tutte if he would contribute something for the first
volume of the journal in connection with this announcement. Tutte responded with
a short but pointed poem (employing his often-used pen-name Blanche Descartes)
with the understated title Some Recent Progress in Combinatorics:

Wolfgang Haken

Smote the Kraken

One! Two! Three! Four!

Quoth he: “The monster is no more”.

In the poem, Tutte likened the Four Color Problem to the legendary sea monster
known as a kraken and proclaimed that Haken (along with Appel, of course) had
slain this monster.

With so many mistaken beliefs that the Four Color Theorem had been proved
during the preceding century, it was probably not surprising that the announced
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proof by Appel and Haken was met with skepticism by many. While the proof was
received with enthusiasm by some, the reception was cool by others, even to the
point of not being accepted by some that such an argument was a proof at all. It
certainly didn’t help matters that copying, typographical, and technical errors were
found — even though corrected later. In 1977, the year following the announcement
of the proof of the Four Color Theorem, Wolfgang Haken’s son Armin, then a
graduate student at the University of California at Berkeley, was asked to give a
talk about the proof. He explained that

the proof consisted of a rather short theoretical section, four hundred
pages of detailed checklists showing that all relevant cases had been cov-
ered, and about 1800 computer runs totaling over a thousand hours of
computer time.

He went on to say that the audience seemed split into two groups, largely by age
and roughly at age 40. The older members of the audience questioned a proof that
made such extensive use of computers, while the younger members questioned a
proof that depended on hand-checking 400 pages of detail.

The proof of the Four Color Theorem initiated a great number of philosophical
discussions as to whether such an argument was a proof and, in fact, what a proof
is. Some believed that it was a requirement of a proof that it must be possible
for a person to be able to read through the entire proof, even though it might
be extraordinarily lengthy. Others argued that the nature of proof had changed
over the years. Centuries ago a mathematician might have given a proof in a
conversational style. As time went on, proofs had become more structured and
were presented in a very logical manner. While some were concerned with the
distinct possibility of computer error in a computer-aided proof, others countered
this by saying that the literature is filled with incorrect proofs and misstatements
since human error is always a possibility, perhaps even more likely. Furthermore,
many proofs written by modern mathematicians, even though not computer-aided,
were so long that it is likely that few, if any, had read through these proofs with care.
Also, those who shorten proofs by omitting arguments of some claims within a proof
may in fact be leaving out key elements of the proof, improving the opportunity
for human error. Then there are those who stated that knowing the Four Color
Theorem is true is not what is important. What is crucial is to know why only four
colors are needed to color all maps. A computer-aided proof does not supply this
information.

A second proof of the Four Color Theorem, using the same overall approach
but a different discharging procedure, a different unavoidable set of reducible con-
figurations, and more powerful proofs of reducibility was announced and described
by Frank Allaire of Lakehead University, Canada in 1977, although the complete
details were never published.

As Robin Thomas of the Georgia Institute of Technology reported, there ap-
peared to be two major reasons for the lack of acceptance by some of the Appel-
Haken proof: (1) part of the proof uses a computer and cannot be verified by hand;
(2) the part that is supposed to be checked by hand is so complicated that no one
may have independently checked it at all. For these reasons, in 1996, Neil Robertson,
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Daniel P. Sanders, Paul Seymour, and Thomas constructed their own (computer-
aided) proof of the Four Color Theorem. While Appel and Haken’s unavoidable set
of configurations consisted of 1482 graphs, this new proof had an unavoidable set of
633 graphs. In addition, while Appel and Haken used 487 discharging rules to con-
struct their set of configurations, Robertson, Sanders, Seymour, and Thomas used
only 32 discharging rules to construct their set of configurations. Thomas wrote:

Appel and Haken’s use of a computer ‘may be a necessary evil’, but the
complication of the hand proof was more disturbing, particularly since
the 4CT has a history of incorrect “proofs”. So in 1993, mainly for our
own peace of mind, we resolved to convince ourselves that the 4CT really
was true.

The proof of the Four Color Theorem given by Robertson, Sanders, Seymour,
and Thomas rested on the same idea as the Appel-Haken proof, however. These
authors proved that none of the 633 configurations can be contained in a minimum
counterexample to the Four Color Theorem and so each of these configurations is
reducible.

As we noted, the Four Color Theorem could have been proved if any of the
following could be shown to be true.

(1) The regions of every map can be colored with four or fewer colors so that
neighboring regions are colored differently.

(2) The vertices of every planar graph can be colored with four or fewer colors so
that every two vertices joined by an edge are colored differently.

(3) The edges of every cubic map can be colored with exactly three colors so that
every three edges meeting at a vertex are colored differently.

Coloring the regions, vertices, and edges of maps and planar graphs, inspired
by the desire to solve the Four Color Problem, has progressed far beyond this — to
coloring more general graphs and even to reinterpreting what is meant by coloring.
It is the study of these topics into which we are about to venture.



Chapter 1

Introduction to Graphs

In the preceding chapter we were introduced to the famous map coloring problem
known as the Four Color Problem. We saw that this problem can also be stated
as a problem dealing with coloring the vertices of a certain class of graphs called
planar graphs or as a problem dealing with coloring the edges of a certain subclass of
planar graphs. This gives rise to coloring the vertices or coloring the edges of graphs
in general. In order to provide the background needed to discuss this subject, we
will describe, over the next five chapters, some of the fundamental concepts and
theorems we will encounter in our investigation of graph colorings as well as some
common terminology and notation in graph theory.

1.1 Fundamental Terminology

A graph G is a finite nonempty set V of objects called vertices (the singular is
vertex) together with a set E of 2-element subsets of V' called edges. Vertices are
sometimes called points or nodes, while edges are sometimes referred to as lines
or links. Each edge {u,v} of V is commonly denoted by uwv or vu. If e = uv, then
the edge e is said to join u and v. The number of vertices in a graph G is the order
of G and the number of edges is the size of G. We often use n for the order of a
graph and m for its size. To indicate that a graph G has vertex set V and edge
set E, we sometimes write G = (V, E). To emphasize that V is the vertex set of a
graph G, we often write V as V(G). For the same reason, we also write E as E(G).
A graph of order 1 is called a trivial graph and so a nontrivial graph has two or
more vertices. A graph of size 0 is an empty graph and so a nonempty graph
has one or more edges.

Graphs are typically represented by diagrams in which each vertex is represented
by a point or small circle (open or solid) and each edge is represented by a line seg-
ment or curve joining the corresponding small circles. A diagram that represents a
graph G is referred to as the graph G itself and the small circles and lines repre-
senting the vertices and edges of G are themselves referred to as the vertices and
edges of G.

27
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Figure 1.1 shows a graph G with vertex set V = {¢,u, v, w, z,y, z} and edge set
E ={tu, ty, uv, uww, vw, vy, wz, wz, yz}. Thus the order of this graph G is 7
and its size is 9. In this drawing of G, the edges tu and vw intersect. This has
no significance. In particular, the point of intersection of these two edges is not a
vertex of G.

Figure 1.1: A graph

If wv is an edge of G, then u and v are adjacent vertices. Two adjacent vertices
are referred to as neighbors of each other. The set of neighbors of a vertex v is
called the open neighborhood of v (or simply the neighborhood of v) and is
denoted by N (v). The set N[v] = N(v) U {v} is called the closed neighborhood
of v. If uv and vw are distinct edges in G, then uv and vw are adjacent edges.
The vertex v and the edge uv are said to be incident with each other. Similarly,
v and wv are incident.

For the graph G of Figure 1.1, the vertices u and w are therefore adjacent in G,
while the vertices u and = are not adjacent. The edges uv and uw are adjacent in
G, while the edges vy and wz are not adjacent. The vertex v is incident with the
edge vw but is not incident with the edge wz.

For nonempty disjoint sets A and B of vertices of G, we denote by [A, B] the
set of edges of G joining a vertex of A and a vertex of B. For A = {u,v,y} and
B = {w, z} in the graph G of Figure 1.1, [A4, B] = {uw, vw, yz}.

The degree of a vertex v in a graph G is the number of vertices in G that
are adjacent to v. Thus the degree of a vertex v is the number of the vertices in
its neighborhood N (v). Equivalently, the degree of v is the number of edges of G
incident with v. The degree of a vertex v is denoted by deg v or, more simply, by
deg v if the graph G under discussion is clear. A vertex of degree 0 is referred to as
an isolated vertex and a vertex of degree 1 is an end-vertex or a leaf. An edge
incident with an end-vertex is called a pendant edge. The largest degree among
the vertices of G is called the maximum degree of G is denoted by A(G). The
minimum degree of G is denoted by §(G). Thus if v is a vertex of a graph G of
order n, then

0<6(G) <degv <A(G) <n-—1.

For the graph G of Figure 1.1,
degx =1, degt =degz =2, degu = degv = degy = 3, and degw = 4.
Thus 6(G) =1 and A(G) = 4.
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A well-known theorem in graph theory deals with the sum of the degrees of the
vertices of a graph. This theorem was evidently first observed by the great Swiss
mathematician Leonhard Euler in a 1736 paper [68] that is now considered the first
paper ever written on graph theory — even though graphs were never mentioned in
the paper. It is often referred to as the First Theorem of Graph Theory. (Some
have called this theorem the Handshaking Lemma, although Euler never used
this name.)

Theorem 1.1 (The First Theorem of Graph Theory) If G is a graph of

size m, then
Z degv = 2m.
veV(G)

Proof. When summing the degrees of the vertices of G, each edge of G is counted
twice, once for each of its two incident vertices. [

The sum of the degrees of the vertices of the graph G of Figure 1.1 is 18, which
is twice the size 9 of G, as is guaranteed by Theorem 1.1.

A vertex v in a graph G is even or odd, according to whether its degree in G is
even or odd. Thus the graph G of Figure 1.1 has three even vertices and four odd
vertices. While a graph can have either an even or odd number of even vertices,
this is not the case for odd vertices.

Corollary 1.2  FEvery graph has an even number of odd vertices.

Proof. Suppose that G is a graph of size m. By Theorem 1.1,

Z degv = 2m,

veV(G)

which is, of course, an even number. Since the sum of the degrees of the even
vertices of GG is even, the sum of the degrees of the odd vertices of G must be even
as well, implying that G has an even number of odd vertices. [

A graph H is said to be a subgraph of a graph G if V(H) C V(G) and
E(H) C E(G). If V(H) = V(G), then H is a spanning subgraph of G. If H is
a subgraph of a graph G and either V(H) is a proper subset of V(G) or E(H) is
a proper subset of E(G), then H is a proper subgraph of G. For a nonempty
subset S of V(G), the subgraph G[S] of G induced by S has S as its vertex
set and two vertices u and v in S are adjacent in G[S] if and only if u and v are
adjacent in G. (The subgraph of G induced by S is also denoted by (S)¢ or simply
by (S) when the graph G is understood.) A subgraph H of a graph G is called an
induced subgraph if there is a nonempty subset S of V(G) such that H = G[S].
Thus G[V(G)] = G. For a nonempty set X of edges of a graph G, the subgraph
G[X] induced by X has X as its edge set and a vertex v belongs to G[X] if v is
incident with at least one edge in X. A subgraph H of G is edge-induced if there
is a nonempty subset X of F(G) such that H = G[X]. Thus G[E(G)] = G if and
only if G has no isolated vertices.
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Figure 1.2 shows six graphs, namely G and the graphs H; for ¢ = 1,2,...,5.
All six of these graphs are proper subgraphs of G, except G itself and H;. Since
G is a subgraph of itself, it is not a proper subgraph of G. The graph H; contains
the edge uz, which G does not and so H; is not even a subgraph of G. The graph
Hj; is a spanning subgraph of G since V(H3z) = V(G). Since zy € E(G) but
xy ¢ E(Hy), the subgraph Hy is not an induced subgraph of G. On the other
hand, the subgraphs H, and Hjs are both induced subgraphs of G. Indeed, for
S1 = {v,z,y,z} and Sy = {u,v,y, 2}, Hy = G[S1] and Hs = G[S2]. The subgraph
H, of G is edge-induced; in fact, Hy = G[X], where X = {uw, wz, wy, zz,yz}.

u Qv u

G : w ¢ T Hi w/ij %
yo———0=z y O

U Ov u O

uO Ow

Hs: woO T Hy: wo—Ox Hs :

Y z Y z YyOo——0z
Figure 1.2: Graphs and subgraphs

For a vertex v and an edge e in a nonempty graph G = (V, E), the subgraph
G — v, obtained by deleting v from G, is the induced subgraph G[V — {v}] of G
and the subgraph G — e, obtained by deleting e from G, is the spanning subgraph
of G with edge set E — {e}. More generally, for a proper subset U of V', the graph
G — U is the induced subgraph G[V — U] of G. For a subset X of E, the graph
G — X is the spanning subgraph of G with edge set £ — X. If v and v are distinct
nonadjacent vertices of G, then G + wv is the graph with V(G + w) = V(G) and
E(G + w) = E(G) U {uv}. Thus G is a spanning subgraph of G + uv. For the
graph G of Figure 1.3, the set U = {¢,z} of vertices, and the set X = {tw, ux, vz}
of edges, the subgraphs G — u, G —wx, G — U, and G — X of G are also shown in
that figure, as is the graph G + uwv.

1.2 Connected Graphs

There are several types of sequences of vertices in a graph as well as subgraphs of
a graph that are used to describe ways in which one can move about within the
graph. For two (not necessarily distinct) vertices v and v in a graph G, a u—v walk
W in G is a sequence of vertices in G, beginning at v and ending at v such that
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Figure 1.3: Deleting vertices and edges from and adding edges to a graph

consecutive vertices in W are adjacent in G. Such a walk W in G can be expressed
as

W = (u=vg,0v1,...,0p =0), (1.1)
where v;v;41 € E(G) for 0 < i < k — 1. (The walk W is also commonly denoted
by W : u = vg,v1,...,vx = v.) Non-consecutive vertices in W need not be distinct.

The walk W is said to contain each vertex v; (0 < ¢ < k) and each edge v;v;+1
(0 <i<k—1). The walk W can therefore be thought of as beginning at the vertex
u = vy, proceeding along the edge vyv; to the vertex v1, then along the edge vyv2 to
the vertex vy, and so forth, until finally arriving at the vertex v = vg. The number
of edges encountered in W (including multiplicities) is the length of W. Hence the
length of the walk W in (1.1) is k. In the graph G of Figure 1.4,

Wl = (x,w,y,w,v,u,w) (12)

is an « — w walk of length 6. This walk encounters the vertex w three times and
the edge wy twice.

A walk whose initial and terminal vertices are distinct is an open walk; other-
wise, it is a closed walk. Thus the walk W7 in (1.2) in the graph G of Figure 1.4
is an open walk. It is possible for a walk to consist of a single vertex, in which case
it is a trivial walk. A trivial walk is therefore a closed walk.

A walk in a graph G in which no edge is repeated is a trail in G. For example,
in the graph G of Figure 1.4, T = (u,v,y,w,v) is a v — v trail of length 4. While
no edge of T' is repeated, the vertex v is repeated, which is allowed. On the other
hand, a walk in a graph G in which no vertex is repeated is called a path. Every
nontrivial path is necessarily an open walk. Thus P’ = (u,v,w,y) is u — y path of
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z Y

Figure 1.4: Walks in a graph

length 3 in the graph G of Figure 1.4. Many proofs in graph theory make use of
u — v walks or v — v paths of minimum length (or of maximum length) for some
pair u, v of vertices of a graph. The proof of the following theorem illustrates this.

Theorem 1.3 If a graph G contains a v — v walk, then G contains a u — v path.

Proof. Among all u — v walks in G, let
P=(u=mwuo,u1,...,up =)

be a u — v walk of minimum length. Thus the length of P is k. We claim that P is
a u — v path. Assume, to the contrary, that this is not the case. Then some vertex
of G must be repeated in P, say u; = u; for some ¢ and j with 0 <17 < j < k. If we

then delete the vertices u;41,uit2,...,u; from P, we arrive at the u — v walk
(U =0, UL,y Uim1, Uj = Ujy Ujp1,y .., U = V)
whose length is less than k, which is impossible. [

A nontrivial closed walk a graph G in which no edge is repeated is a circuit in
G. For example,

C = (u,w,z,y, w,v,u)

is a u —u circuit in the graph G of Figure 1.4. In addition to the required repetition
of w in this circuit, w is repeated as well. This is acceptable provided no edge is
repeated. A circuit

C= (U = V0, V1,--.,Vk :U)7
k > 2, for which the vertices v;, 0 < 7 < k—1, are distinct is a cycle in G. Therefore,
Cl = (U'a v,Y,T,w, u)

is a u — u cycle of length 5 in the graph G of Figure 1.4. A cycle of length k& > 3 is
called a k-cycle. A 3-cycle is also referred to as a triangle. A cycle of even length
is an even cycle, while a cycle of odd length is an odd cycle.

There are also subgraphs of a graph referred to as paths and cycles. A subgraph
P of a graph G is a path in G if the vertices of P can be labeled as v1,va, -+, v
so that its edges are vyvo, vovs, -+, vp_1Vk. A subgraph C of G is a cycle in G
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if the vertices of P can be labeled as v1,vq, -+, v (kK > 3) so that its edges are
V12, VU3, -+, Uk—1Vk, ViU1. Consequently, paths and cycles have two interpreta-
tions in graphs — as sequences of vertices and as subgraphs. This is the case with
trails and circuits as well. The path P’ and the cycle C’ described earlier in the
graph G of Figure 1.4 correspond to the subgraphs shown in Figure 1.5.

u v u v u v
@? :—o

G: w P w C/I w
x Yy Yy z y

Figure 1.5: A path and cycle in a graph

Two vertices v and v in a graph G are connected if G contains a u — v path.
The graph G itself is connected if every two vertices of G are connected. By
Theorem 1.3, a graph G is connected if G contains a u — v walk for every two
vertices u and v of G. A graph G that is not connected is a disconnected graph.
The graph F' of Figure 1.6 is connected since F' contains a u — v path (and a u — v
walk) for every two vertices v and v in F'. On the other hand, the graph H is
disconnected since, for example, H contains no y4 — y5 path.

U1 Y2

T
F: T2 H : ‘ Ys
T3 —O I5 Oya
Ty
oO——0—O
Te

Ys Yo yr
Figure 1.6: A connected graph and disconnected graph

A connected subgraph H of a graph G is a component of G if H is is not a
proper subgraph of a connected subgraph of G. The number of components in a
graph G is denoted by k(G). Thus G is connected if and only if k(G) = 1. For
the sets S1 = {y1,92,y3,y4} and So = {ys,ys,y7} of vertices of the graph H of
Figure 1.6, the induced subgraphs H[S;] and H[S2] are (the only) components of
H. Therefore, k(H) = 2.

1.3 Distance in Graphs

If w and v are distinct vertices in a connected graph G, then there is a u — v path
in G. In fact, there may very well be several u — v paths in G, possibly of varying
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lengths. This information can be used to provide a measure of how close v and v
are to each other or how far from each other they are. The most common definition
of distance between two vertices in a connected graph is the following.

The distance d(u,v) from a vertex u to a vertex v in a connected graph G is
the minimum of the lengths of the u — v paths in G. A u— v path of length d(u,v) is
called a u — v geodesic. In the graph G of Figure 1.7, the path P = (v1,v5, vg,v10)
is a v1 — v10 geodesic and so d(v1,v19) = 3. Furthermore,

d(vy,v1) =0, d(v1,v2) = 1, d(v1,v6) = 2, d(v1,v7) = 3, and d(vy,vs) = 4.

U1 V2 V3 Vg
O
G: M
(%5 ) (%}
Vg (%rd

Vg V10

Figure 1.7: Distances in a graph

The distance d defined above satisfies each of the following properties in a con-
nected graph G:

u,v) > 0 for every two vertices u and v of G;

u,v) = 0 if and only if u = v;

u,v) = d(v,u) for all u,v € V(G) (the symmetric property);

u,w) < d(u,v) + d(v,w) for all u,v,w € V(G) (the triangle inequality).

Since d satisfies the four properties (1)-(4), d is a metric on V(G) and (V(G),d) is
a metric space. Since d is symmetric, we can speak of the distance between two
vertices u and v rather than the distance from wu to v.

The eccentricity e(v) of a vertex v in a connected graph G is the distance
between v and a vertex farthest from v in G. The diameter diam(G) of G is
the greatest eccentricity among the vertices of G, while the radius rad(G) is the
smallest eccentricity among the vertices of G. The diameter of G is also the greatest
distance between any two vertices of G. A vertex v with e(v) = rad(G) is called a
central vertex of G and a vertex v with e(v) = diam(G) is called a peripheral
vertex of G. Two vertices u and v of G with d(u,v) = diam(G) are antipodal
vertices of G. Necessarily, if v and v are antipodal vertices in G, then each of u
and v is a peripheral vertex. For the graph G of Figure 1.7,

e(ve) =2, e(ve) = e(vs) = e(vy) = e(vs) = e(vr) = e(vg) = e(v10) = 3,
e(v1) = e(vsg) =4
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and so diam(G) = 4 and rad(G) = 2. In particular, vg is the only central vertex of G
and v; and vg are the only peripheral vertices of G. Since d(v1,vs) = 4 = diam(G),
it follows that v; and vg are antipodal vertices of G. It is certainly not always
the case that diam(G) = 2rad(G) as for example diam(Ps) = 3 and rad(Py) = 2.
Indeed, the following can be said about the radius and diameter of a connected
graph.

Theorem 1.4 For every nontrivial connected graph G,
rad(G) < diam(G) < 2rad(G).

Proof. The inequality rad(G) < diam(G) is immediate from the definitions. Let
u and w be two vertices such that d(u,w) = diam(G) and let v be a central vertex
of G. Therefore, e(v) = rad(G). By the triangle inequality, diam(G) = d(u,w) <
d(u,v) + d(v,w) < 2e(v) = 2rad(QG). n

The subgraph induced by the central vertices of a connected graph G is the
center of G and is denoted by Cen(G). If every vertex of G is a central vertex,
then Cen(G) = G and G is self-centered. The subgraph induced by the peripheral
vertices of a connected graph G is the periphery of G and is denoted by Per(G).

For the graph G of Figure 1.7, the center of G consists of the isolated vertex wvg
and the periphery consists of the two isolated vertices v; and vg. The graph H of
Figure 1.8 has radius 2 and diameter 3. Therefore, every vertex of H is either a
central vertex or a peripheral vertex. Indeed, the center of H is the triangle induced
by the three “exterior” vertices of H, while the periphery of H is the 6-cycle induced
by the six “interior” vertices of H.

H:
U1 u9
o o
Cen(H) : Per(H): wug Ug
V2 U3 s s

Figure 1.8: The center and periphery of a graph

In an observation first made by Stephen Hedetniemi (see [26]), there is no re-
striction of which graphs can be the center of some graph.
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Theorem 1.5 FEuvery graph is the center of some graph.

Proof. Let G be a graph. We construct a graph H from G by first adding two
new vertices u and v to G and joining them to every vertex of G but not to each
other, and then adding two other vertices u; and vi, where we join u; to u and
join vy to v. Since e(u;) = e(vy) = 4, e(u) = e(v) = 3, and eg(x) = 2 for
every vertex x in G, it follows that V(G) is the set of central vertices of H and so
Cen(H) = H[V(G)] =G. L]

While every graph can be the center of some graph, Halina Bielak and Maciej
Syslo [19] showed that only certain graphs can be the periphery of a graph.

Theorem 1.6 A nontrivial graph G is the periphery of some graph if and only if
every vertex of G has eccentricity 1 or no vertex of G has eccentricity 1.

Proof. If every vertex of G has eccentricity 1, then G is complete and Per(G) = G;
while if no vertex of G has eccentricity 1, then let F' be the graph obtained from G
by adding a new vertex w and joining w to each vertex of G. Since ep(w) = 1 and
er(x) = 2 for every vertex x of G, it follows that every vertex of G is a peripheral
vertex of F' and so Per(F) = F[V(G)] = G.

For the converse, let G be a graph that contains some vertices of eccentricity 1
and some vertices whose eccentricity is not 1 and suppose that there exists a graph
H such that Per(H) = G. Necessarily, G is a proper induced connected subgraph
of H. Thus diam(H) = k > 2. Furthermore, eg(v) = k > 2 for each v € V(G) and
eg(v) < kforve V(H)—V(G). Let u be a vertex of G such that eg(u) = 1 and let
w be a vertex of H such that d(u,w) = ey (u) = k > 2. Since w is not adjacent to u,
it follows that w ¢ V(G). On the other hand, d(u,w) = k and so ey (w) = k. This
implies that w is a peripheral vertex of H and so w € V(G), which is impossible. m

The distance d defined above on the vertex set of a connected graph G is not
the only metric that can be defined on V(G). The detour distance D(u,v) from
a vertex u to a vertex v in G is the length of a longest u — v path in G. Thus
D(u,u) =0 and if w # v, then 1 < D(u,v) <n—1. A uw—wv path of length D(u,v)
is called a u — v detour. If D(u,v) =n— 1, then G contains a spanning u — v path.
For the graph G of Figure 1.9,

D(w,z) =1, D(u,w) =3, D(t,z) =4, and D(u,t) = 6.
The v — t path P = (u, z, z,w,y,v,t) is a spanning v — ¢t detour in G.
t

Y

Figure 1.9: Detour distance graphs
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Theorem 1.7 Detour distance is a metric on the verter set of a connected graph.

Proof. Let G be a connected graph. The detour distance D on V(G) certainly
satisfies properties (1)-(3) of a metric. Hence only the triangle inequality (property
(4)) needs to be verified.

Let u,v, and w be any three vertices of G. Let P be a u — w detour in G.
Suppose first that v lies on P. Let P’ be the v — v subpath of P and let P” be the
v —w subpath of P. Since the length ¢(P’) of P’ is at most D(u,v) and the length
£(P") of P is at most D(v,w), it follows that D(u,v) + D(v,w) > D(u,w).

Thus, we may assume that v does not lie on P. Let @ be a path of minimum
length from v to a vertex of P. Suppose that @ is a v — x path. Thus z is the only
vertex of @@ that lies on P. Let Q' be the u — x subpath of P and let Q" be the
x — w subpath of P. Since

D(u,v) > Q") +£(Q) and D(v,w) > £(Q) + £(Q"),

it follows that D(u,v) + D(v,w) > D(u,w).
In either case, D(u,w) > D(u,v) + D(v,w) and the triangle inequality is satis-
fied. L]

1.4 Isomorphic Graphs

Two graphs G and H are isomorphic (have the same structure) if there exists a
bijective function ¢ : V(G) — V(H) such that two vertices u and v are adjacent in
G if and only if ¢(u) and ¢(v) are adjacent in H. The function ¢ is then called an
isomorphism. If G and H are isomorphic, we write G = H. If there is no such
function ¢ as described above, then G and H are non-isomorphic graphs.

The graphs G and H in Figure 1.10 are isomorphic; in fact, the function ¢ :
V(G) — V(H) defined by

P(u1) = va, p(uz) = v2, (u3) = ve, Pp(u4) = v1,
P(us) = vs, ¢(ug) = v3, p(ur) = vr

is an isomorphism.
U1

V2 U3

V4 Us
96 O—--—-0 vy

Figure 1.10: Isomorphic graphs

The graphs F; and F5 in Figure 1.11 are not isomorphic, for if there were an
isomorphism ¢ : V(Fy) — V(Fy), then the four pairwise adjacent vertices sy, ss, S7,
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and sg of F} must map into four pairwise adjacent vertices of F5. Since F5 does
not contain four such vertices, there is no such function ¢ and so F; and F5 are not
isomorphic.

Figure 1.11: Non-isomorphic graphs

The following theorem is a consequence of the definition of isomorphism.

Theorem 1.8 If two graphs G and H are isomorphic, then they have the same
order and the same size, and the degrees of the vertices of G are the same as the
degrees of the vertices of H.

From Theorem 1.8, it follows that if G and H are two graphs such that (1)
the orders of G and H are different, or (2) the sizes of G and H are different, or
(3) the degrees of the vertices of G and those of the vertices of H are different,
then G and H are non-isomorphic. The conditions described in Theorem 1.8 are
strictly necessary for two graphs to be isomorphic — they are not sufficient. Indeed,
the graphs F} and F5 of Figure 1.11 have the same order, the same size, and the
degrees of the vertices of F and F5 are the same; yet I and Fy are not isomorphic.

There are many necessary conditions for two graphs to be isomorphic in addition
to those presented in Theorem 1.8. All of the (non-isomorphic) graphs of order 4
or less are shown in Figure 1.12.

O @)
@) o O o—oO
@) O o—0

ce oo e Lo I
o L1 T N

Figure 1.12: The (non-isomorphic) graphs of order 4 or less

A
N
B
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1.5 Common Graphs and Graph Operations

There are certain graphs that are encountered so frequently that there is special
notation reserved for them. We will see many of these in this section.

The graph that is itself a cycle of order n > 3 is denoted by C,, and the graph
that is a path of order n is denoted by P,. Thus C,, is a graph of order n and size
n, while P, is a graph of order n and size n — 1. Some cycles and paths of small
order are shown in Figure 1.13.

P: o P,:0—0O0 P3: 0—0—0 Py: 0—0—0—0

Figure 1.13: Cycles and paths

A graph is complete if every two distinct vertices in the graph are adjacent.
The complete graph of order n is denoted by K,. Therefore, K, is a graph of
order n and size (g) = @ The complete graphs K,, 1 < n < 5, are shown in
Figure 1.14.

Figure 1.14: Complete graphs

Every vertex of C,, has degree 2, while every vertex of K,, has degree n — 1. If
all of the vertices of a graph G have the same degree, then G is a regular graph.
If every vertex of G has degree r, then G is r-regular. Hence C), is 2-regular and
K, is (n — 1)-regular.

Opposite to regular graphs are nontrivial graphs in which no two vertices have
the same degree, sometimes called irregular graphs. Despite the following re-
sult, the term “irregular” has been applied to graphs in a variety of ways (see
Sections 13.2 and 13.3).

Theorem 1.9 No nontrivial graph is irregular.

Proof. Suppose that there exists an irregular graph G of order n > 2, where
V(G) = {v1,va,...,v,}. Since the degrees of the vertices of G are distinct, we may
assume that

0 <degv; <deguy < --- <degv, <n—1.
This, however, implies that degv; =i — 1 for all ¢ (1 <4 < n). Since degv =0, v;
is not adjacent to v,; and since degv,, = n — 1, it follows that v,, is adjacent to v.
This is impossible. [
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A 3-regular graph is also called a cubic graph. The complete graph Kj is a
cubic graph. The best known cubic graph (indeed, one of the best known graphs)
is the Petersen graph. Three different drawings of the Petersen graph are shown
in Figure 1.15. Thus the Petersen graph is a cubic graph of order 10. It contains no
triangles or 4-cycles but it does have 5-cycles. We will encounter this graph often
in the future.

w6 @

Figure 1.15: Three drawings of the Petersen graph

A graph without triangles is called triangle-free. The girth of a graph G with
cycles is the length of a smallest cycle in G. The circumference cir(G) of a graph
G with cycles is the length of a longest cycle in G. Thus the girth of the Petersen
graph is 5 and its circumference is 9. Obviously, the Petersen graph is triangle-free.
We now consider an important class of triangle-free graphs.

A nontrivial graph G is a bipartite graph if it is possible to partition V(G)
into two subsets U and W, called partite sets in this context, such that every edge
of G joins a vertex of U and a vertex of W. Figure 1.16 shows a bipartite graph G
and a graph F' that is not bipartite. That F' contains odd cycles is essential in the
observation that F' is not bipartite, as the following characterization indicates.

Figure 1.16: A bipartite graph and a graph that is not bipartite

Theorem 1.10 A nontrivial graph G is a bipartite graph if and only if G contains
no odd cycles.

Proof. Suppose first that G is bipartite. Then V(G) can be partitioned into partite
sets U and W (and so every edge of G joins a vertex of U and a vertex of W). Let
C = (vy,vg,...,0k,v1) be a k-cycle of G. We may assume that v; € U. Thus
vg € W, vg € U, and so forth. In particular, v; € U for every odd integer i with
1 <i<kandwv; €W for every even integer j with 2 < j < k. Since v; € U, it
follows that vy, € W and so k is even.
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For the converse, let G be a nontrivial graph containing no odd cycles. If G is
empty, then G is clearly bipartite. Hence it suffices to show that every nontrivial
component of G is bipartite and so we may assume that G itself is connected. Let
u be a vertex of G and let

U = {zeV(G): d(u,x)is even}
W = {zeV(GQ): d(u,z) is odd},

where u € U, say. We show that G is bipartite with partite sets U and W. It
remains to show that no two vertices of U are adjacent and no two vertices of W
are adjacent. Suppose that W contains two adjacent vertices w; and ws. Let P be
a u —w; geodesic and P, a u — wsy geodesic. Let z be the last vertex that P, and
P, have in common (possibly z = u). Then the length of the z — w; subpath P/
of P; and the length of the z — wy subpath Pj of P, are of the same parity. Thus
the paths P| and Pj together with the edge wjws produce an odd cycle. This is a
contradiction. The argument that no two vertices of U are adjacent is similar. =

A bipartite graph having partite sets U and W is a complete bipartite graph
if every vertex of U is adjacent to every vertex of W. If the partite sets U and W of
a complete bipartite graph contain s and ¢ vertices, then this graph is denoted by
K+ or Ki 4. The graph K, is called a star. The graph K, ; has order s 4+t and
size st. In particular, the r-regular complete bipartite graph K, , has order n = 2r
and size m = r?. Therefore, §(K,,.) = n/2. Of course, K, , is triangle-free. On the
other hand, every graph G of order n > 3 with (G) > n/2 contains a triangle (see
Exercise 29).

The following result gives a necessary and sufficient condition for a connected
bipartite graph to be a complete bipartite graph.

Theorem 1.11 Let G be a connected bipartite graph. Then G is a complete bi-
partite graph if and only if G does not contain Py as an induced subgraph.

Proof. Suppose that the partite sets of G are U and W. Assume, first that G is
a complete bipartite graph. Let P = (v1,v2,vs, v4) be a path of order 4 in G. Then
one of v; and vy belongs to U and the other to W. Since G is a complete bipartite
graph, vy is adjacent to vy in G and so P is not an induced subgraph.

For the converse, suppose that G does not contain Py as an induced subgraph
and that G is not a complete bipartite graph. Then there is a vertex u € U and a
vertex w € W that are not adjacent. Since G is connected, d(u,w) = k for some
odd integer k > 3. Let P = (u = ug,u1,...,uxr = w) be a shortest v — w path in
G. Then (u = ug, u1,u2,us) is an induced Py, producing a contradiction. [

More generally, for an integer k > 2 and positive integers nq, no, ..., ng, a com-
plete multipartite graph (or complete k-partite graph) K, ,,, . n, is that
graph G whose vertex set can be partitioned into k subsets Vi, Va,..., Vi (also
called partite sets) with |V;| = n; for 1 < < k such that uv € E(G) if u € V; and
v € Vj, where 1 < 4,7 <k and 7 # j. The four graphs in Figure 1.17 are complete
multipartite graphs, where K» 3 and K 5 are complete bipartite graphs, the latter
of which is a star.
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PN w <D &

Kis Ki111=K,4 Ka 9

sy ds

Figure 1.17: Complete multipartite graphs

There are many ways of producing a new graph from one or more given graphs.
The complement G of a graph G is that graph whose vertex set is V(G) and where
wv is an edge of G if and only if uv is not an edge of G. Observe that if G is a graph
of order n and size m, then G is a graph of order n and size (g) —m. Furthermore,
if G is isomorphic to G, then G is said to be self-complementary. Both P, and
Cy are self-complementary graphs.

For two (vertex-disjoint) graphs G and H, the union G U H of G and H is the
(disconnected) graph with

V(GUH)=V(G)UV(H) and E(GUH) = E(G) U E(H).

If G and H are both isomorphic to a graph F', then we write G U H as 2F. The
join G + H of two vertex-disjoint graphs G and H has V(G + H) =V (G) UV (H)
and

E(G+H)=EGUEH)U{w:ueV(G),ve V(H)}.

Therefore, K, + K; = K for positive integers s and t. Also, for a graph G of
order n, the graph F' = G + K is the graph of order n + 1 obtained by adding a
new vertex v to G and joining v to each vertex of G. In this case, degpv = n and
degp x = deg z + 1 for each z € V(G). For example, C,, + K is called the wheel
of order n + 1 and is denoted by W,,. (See Figure 1.18.)

Ko+ K3 =Ka3 Cs+ K1 = Ws Ky + Py
Figure 1.18: Joins of two graphs
Recall that a graph G is called irregular if no two vertices of G have the same

degree. By Theorem 1.9 no nontrivial graph is irregular. A graph G is nearly
irregular if G contains exactly two vertices of the same degree.
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Theorem 1.12 For every integer n > 2, there is exactly one connected nearly
irreqular graph of order n.

Proof. For each n > 2, we define a connected graph F;, of order n recursively as
follows. For n = 2, let Fy = Ko; while for n > 3, let F,, = F,,_1 + K;. Then F, is
nearly irregular for each n > 2. It remains to show that F,, is the only connected
nearly irregular graph of order n. We verify this by induction on n. Since Ko
is the only such graph of order 2, the basis step of the induction is established.
Assume that there is a unique connected nearly irregular graph H of order n. Let
G be a connected nearly irregular graph of order n + 1. Then the degrees of G
must be 1,2, ..., n, where one of these degrees is repeated. Necessarily, G does not
contain two vertices of degree n, for otherwise, G has no vertex of degree 1. Then
G = F'+ K; for some graph F' of order n. Necessarily, F' is a nearly irregular graph.
Since G does not contain two vertices of degree n, it follows that F' does not contain
a vertex of degree n — 1. This, however, implies that F' contains an isolated vertex
and so F is disconnected. Thus F is a connected nearly irregular graph of order n.
By the induction hypothesis, F = H. Thus F = H and so G = H + K is the only
connected nearly irregular graph of order n + 1. [

For k > 2 mutually vertex-disjoint graphs G1,Ga, ..., G}, the union
G=G1UGyU---UGy
of these k graphs is defined by

k k
V(G) = U V(G;) and E(G) = U E(G;);

while the join H = G + G2 + - - - + G, of these k graphs is defined by

k
v =Jvic)
and

k
E(H) = U E(Gz) U {U{Uj V€ V(Gi),vj S V(GJ),Z 75]}

For example, if G; = 2K = K, for i = 1,2, 3, then
G1UGyUGs =6K; = Kg and G1 + Gy + G5 = Ks 2.
The Cartesian product G x H of two graphs G and H has vertex set
V(Gx H)=V(G)x V(H)
and two distinct vertices (u,v) and (z,y) of G x H are adjacent if either
(1) u=z and vy € E(H) or (2) v =y and ux € E(G).

(Sometimes the Cartesian product of G and H is denoted by G O H.) For the graphs
G = P; and H = P5 of Figure 1.19, the graphs GU H = 2P3, G+ H = P53 + Ps,
and G x H = P3 x P5 are also shown in Figure 1.19. A graph P, x P; is referred to
as a grid.
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G=P3:I H="P;: GUH =2P;: ¥ ¥

(L O @)
G—|—H=P3+P3: % GXH:P3XP31 a;%

Figure 1.19: Graph operations

The well-known class of graphs @, called n-cubes or hypercubes is defined
recursively as a Cartesian product. The graph @7 is the graph Ks, while Q2 =
Ky x K9 = C4. In general, for n > 2, Q, = Qn—-1 X K. The hypercubes @,
1 <n <4 are shown in Figure 1.20.

o] e [ -

Qq:

Figure 1.20: Hypercubes

The line graph L(G) of a nonempty graph G is that graph whose vertex set
is E(G) and two vertices e and f of L(G) are adjacent if and only if e and f are
adjacent edges in G. For the graph G of Figure 1.21, its line graph H = L(G)
is shown in Figure 1.21 as well. A graph H is called a line graph if H = L(G)
for some graph G. Obviously, the graph H of Figure 1.21 is a line graph since
H = L(G) for the graph G of Figure 1.21. The graph F of Figure 1.21 is not a line
graph however. (See Exercise 33.)

1.6 Multigraphs and Digraphs
There will be occasions when it is useful to consider structures that are not exactly

those represented by graphs. A multigraph M is a nonempty set of vertices, every
two of which are joined by a finite number of edges. Two or more edges that join
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€1 €2
el e z Y
e
€3 3
G H=L(G) . F w

€4 4

es €6 €5 €6 Z
er er

Figure 1.21: Line graphs and non-line graphs

the same pair of distinct vertices are called parallel edges. An edge joining a
vertex to itself is called a loop. Structures that permit both parallel edges and
loops (including parallel loops) are called pseudographs. There are authors who
refer to multigraphs or pseudographs as graphs and those who refer to what we
call graphs as simple graphs. Consequently, when reading any material written
on graph theory, it is essential that there is a clear understanding of the use of the
term graph. According to the terminology introduced here then, every multigraph
is a pseudograph and every graph is both a multigraph and a pseudograph. In
Figure 1.22, M; and M, are multigraphs while My and M3 are pseudographs. Of
course, M7 and M, are also pseudographs while M} is the only graph in Figure 1.22.
For a vertex v in a multigraph G, the degree degv of v in G is the number of edges
of GG incident with v. In a pseudograph, there is a contribution of 2 for each loop
at v. For the pseudograph M3 of Figure 1.22, degu = 5 and degv = 2.

My : Mo :

Figure 1.22: Multigraphs and pseudographs

When describing walks in multigraphs or in pseudographs, it is often necessary
to list edges in a sequence as well as vertices in order to know which edges are used
in the walk. For example,

W= (U,el,u,v,eﬁ,w,eg,v,67,w)

is a u — w walk in the pseudograph G of Figure 1.23.

A digraph (or directed graph) D is a finite nonempty set V' of vertices and
a set F of ordered pairs of distinct vertices. The elements of E are called directed
edges or arcs. The digraph D with vertex set V = {u,v,w,x} and arc set £ =
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Figure 1.23: Walks in a pseudograph

{(u,v), (v,u), (u, w), (w,v), (w,x)} is shown in Figure 1.24. This digraph has order
4 and size 5.

¢

x
Figure 1.24: A digraph

If a = (u,v) is an arc of a digraph D, then a is said to join u and v (and a is
incident from v and incident to v). Furthermore, u is adjacent to v and v is
adjacent from u. For a vertex v in a digraph D, the outdegree odwv of v is the
number of vertices of D to which v is adjacent, while the indegree id v of v is the
number of vertices of D from which v is adjacent. The degree degv of a vertex
v is defined by degv = odwv 4+ idv. The directed graph version of Theorem 1.1 is
stated below.

Theorem 1.13 (The First Theorem of Digraph Theory) If D is a digraph

of size m, then
Z odv = Z idv =m.

veV(G) veV(G)

In a multidigraph, parallel arcs are permitted. If, for each pair u, v of distinct
vertices in a digraph D, at most one of (u,v) and (v,u) is a directed edge, then D
is called an oriented graph. Thus an oriented graph D is obtained by assigning a
direction to each edge of some graph G. In this case, the digraph D is also called an
orientation of G. The underlying graph of a digraph D is the graph obtained
from D by replacing each arc (u, v) or a pair (u, v), (v,u) of arcs by the edge uv. An
orientation of a complete graph is a tournament. The digraph D; of Figure 1.25
is an oriented graph; it is an orientation of the graph G;. The digraph Ds is not
an oriented graph while Dg is a tournament.

A sequence W = (u = wg,u1,...,ur = v) of vertices of a digraph D such that
(ui, uiq1) is an arc of D for all i (1 < i < k—1) is called a (directed) u—v walk in
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7YV

D, G1 D, D3

Figure 1.25: Orientations of graphs

D. The number of occurrences of arcs in a walk is the length of the walk. A walk
in which no arc is repeated is a (directed) trail; while a walk in which no vertex is
repeated is a (directed) path. A u—v walk is closed if u = v and is open if u # v.
A closed trail of length at least 2 is a (directed) circuit; a closed walk of length
at least 2 in which no vertex is repeated except for the initial and terminal vertices
is a (directed) cycle. A digraph is acyclic if it contains no directed cycles. For
example, the orientation D of Cy in Figure 1.26 is an acyclic digraph. On the other
hand, none of D1, Dy, and D3 in Figure 1.25 is acyclic.

Figure 1.26: An acyclic digraph

A digraph D is connected if the underlying graph of D is connected. A digraph
D is strong (or strongly connected) if D contains both a u — v path and a v —u
path for every pair u, v of distinct vertices of D. For example, the digraphs D; and
Dy of Figure 1.25 are connected but not strong, while the digraph D3 of Figure 1.25
is strong.

Exercises for Chapter 1

1. Give an example of a graph of order 3n > 15 containing at least n vertices of
degree 2n — 1 and at most one vertex of degree 1 such that every vertex of
degree k > 1 is adjacent to at least one vertex of degree less than k.

2. Suppose that G is a graph of order 2r + 1 > 5 such that every vertex of G
has degree r 4+ 1 or degree r + 2. Prove that either G contains at least r + 2
vertices of degree r 4+ 1 or G contains at least r 4+ 1 vertices of degree r + 2.

3. Let S be a finite set of positive integers whose largest element is n. Prove
that there exists a graph G of order n + 1 such that (1) degu € S for every
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vertex u of G and (2) for every d € S, there exists a vertex v in G such that
degv = d.

4. Let dy,ds,...,d, be a sequence of nonnegative integers such that d; > do >
-+ > dy, where d; > 1. Prove that there exists a graph G of order n with
V(G) = {v1,va,...,v,} such that degv; = d; for all i, 1 <i < n, if and only
if there exists a graph H of order n — 1 with V(H) = {u1,uz,...,un—1} such
that

Qe — [ dmi—1 if1<i<d
Bl = di ifd +1<i<n-—1.

5. Let G be a graph of order 3 or more. Prove that G is connected if and only
if G contains two distinct vertices w and v such that G — v and G — v are
connected.

6. Prove that if G is a connected graph of order n > 2, then the vertices of G
can be listed as v1,vs, ..., v, such that each vertex v; (2 < i < n) is adjacent
to some vertex in the set {v1,va,...,v;—1}.

7. Let k and n be integers with 2 < k < n and let G be a graph of order n.
Prove that if every vertex of G has degree exceeding (n — k)/k, then G has
fewer than k components.

8. Prove that if G is a nontrivial graph of order n and size m > (";1), then G
is connected.

9. Prove that if G is a graph of order n > 4 and size m > n?/4, then G contains
an odd cycle.

10. Let G be a connected graph of order n > 3. Suppose that each vertex of G
is colored with one of the colors red, blue, and green such that for each color,
there exists at least one vertex of G assigned that color.

(a) Show that G contains two adjacent vertices that are colored differently.

(b) Show that, regardless of how large n may be, G may not contain two
adjacent vertices that are colored the same.

(c) Show that G has a path containing at least one vertex of each of these
three colors.

(d) The question in (c) should suggest another question to you. Ask and
answer such a question.

11. Let G be a graph with §(G) = §. Prove each of the following.

(a) The graph G contains a path of length 6.
(b) If § > 2, then G contains a cycle of length at least § + 1.

12. For vertices u and v in a connected graph G, let d(u,v) be the shortest length
of a u — v path in G. Prove that d satisfies the triangle inequality.
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Prove or disprove: If u and v are peripheral vertices in a connected graph G,
then u and v are antipodal vertices of G.

Prove that for every two positive integers r and d such that r < d < 2r, there
exists a connected graph G such that rad(G) = r and diam(G) = d.

Prove that if G is a graph of order n > 5 containing three distinct vertices
u,v, and w such that d(u,v) = d(u,w) = n — 2, then G is connected.

Let G be a connected graph of order n. For a vertex v of G and an integer k
with 1 <k <n—1, let dg(v) be the number of vertices at distance k from v.
(a) What is dy(v)?
(b) Show that >, v (g dk(v) is even for every integer k with 1 <k <n—1.

(c) What is the value of >° v (q) ( i dk(v))?

Let G be a connected graph and let u € V(G). Prove or disprove: If v € V(G)
such that d(u,v) = e(u), then v is a peripheral vertex of G.

Give an example of connected graphs G and H of order 3 or more such that (1)
D(u,v) = d(u,v) for every two vertices u and v of G and (2) D(u,v) # d(u,v)
for every two vertices u and v of H.

Let G be a graph of order n. Prove that if degu + degv > n — 1 for every two
nonadjacent vertices u and v of G, then G is connected and diam(G) < 2.

Let G be a connected graph containing a vertex v. Prove that if u and w are
any two adjacent vertices of G, then |d(u,v) — d(v,w)| < 1.

Prove Theorem 1.8: If two graphs G and H are isomorphic, then they have
the same order and the same size, and the degrees of the vertices of G are the
same as the degrees of the vertices of H.

Let G and H be isomorphic graphs. Prove the following.
(a
(b

(c
(d

If G contains a k-cycle for some integer k > 3, then so does H.
If G contains a path of length k, then H contains a path of length k.
The graph G is bipartite if and only if H is bipartite.

The graph G is connected if and only if H is connected.

Let G and H be two graphs, where S is the set of vertices of degree r in G
and T is the set of vertices of degree r in H.

(a) Prove that if G and H are isomorphic, then G[S] and H[T] are isomor-
phic.

(b) Give an example of two (non-isomorphic) graphs G and H having the
same order and same size, where the degrees of the vertices of G are the
same as the degrees of the vertices of H but where the statement in (a)
is false for some r.
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Draw all of the (non-isomorphic) graphs of order 5.

For an integer n > 3, each edge of K, is colored red, blue, or yellow. The
spanning subgraphs of K,, whose edges are all red, blue, or yellow are denoted
by G, Gy, and G,,.

(a) For n = 4, does there exist a coloring of the edges of K,, such that every
two of G, G, and G, are isomorphic?

(b) Repeat (a) for n =5 and n = 6.
Prove that if G is a disconnected graph, then G is connected and diam(G) < 2.

We showed in Theorem 1.12 that for every integer n > 2, there is exactly one
connected graph F, of order n containing exactly two vertices of the same
degree. What is this degree? What are the degrees of the vertices of F',?

Prove that if G is an r-regular bipartite graph, » > 1, with partite sets U and
V, then |U| = |V].

Prove that if G is any graph of order n > 3 with §(G) > n/2, then G contains
a triangle.

Let r and n be integers with 0 < r < n — 1. Prove that there exists an
r-regular graph of order n if and only if at least one of r and n is even.

Let k > 2 be an integer. Prove that if G is a graph of order n > k+1 and size
m>(k—-1)(n—k—-1)+ (k'ZH), then G contains a subgraph having minimum
degree k.

Suppose that a graph G and its complement G are both connected graphs of
order n > 5.

(a) Prove that if the diameter of G is at least 3, then the diameter of its
complement is at most 3.

(b) What diameters are possible for self-complementary graphs with at least
three vertices?

(c) If the diameter of G is 2, then what is the smallest and largest diameter
of its complement G, expressed in terms of n?

Show that the graph K 3 is not a line graph.

Show that there exist two non-isomorphic connected graphs G; and Gs such
that L(Gl) = L(Gg)

Let G be a graph of order n and size m such that n = 4k + 3 for some positive
integer k. Suppose that the complement G of G has size m. Prove that either

1(n — n
m > 5(5) orm > 3(3).
Let G be a graph of order 3 or more. Prove that if for each S C V(G) with
|S] > 3, the size of G[S] is at least the size of G[S], then G is connected.
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Let G be a disconnected graph of order n > 6 having three components. Prove
that A(G) > 2283,

Prove that every graph has an acyclic orientation.

(a) Show that every connected graph has an orientation that is not strong.
(b) Show that there are connected graphs where no orientation is strong.

Let G be a connected graph of order n > 3. Prove that there is an orientation
of G in which no directed path has length 2 if and only if G is bipartite.

Let u and v be two vertices in a tournament 7'. Prove that if v and v do not
lie on a common cycle, then odu # od v.

Let T be a tournament of order 10. Suppose that the outdegree of each vertex
of T is 2 or more. Determine the maximum number of vertices in 7' whose
outdegree can be exactly 2.

Let T be a tournament of order n > 10. Suppose that 7' contains two vertices
u and v such that when the directed edge joining u and v is removed, the
resulting digraph D does not contain a directed u — v path or a directed v —u
path. Show that odp u = odp v.

Let T be a tournament with V(T') = {v1,va,...,v,}. We know that

n n

Zodvi = Zidvi.

i=1 i=1

(a) Prove that Y1 (odv;)? =1 (idv;)2.

(b) Prove or disprove: Y. (odv;)3 = 37" | (idv;)3.
Prove that if T is a tournament of order 4r with » > 1, where 2r vertices of

T have outdegree 2r and the other 2r vertices have outdegree 2r — 1, then T'
is strong.






Chapter 2

Trees and Connectivity

Although the property of a graph G being connected depends only on whether G
contains a v — v path for every pair u, v of vertices of G, there are varying degrees
of connectedness that a graph may possess. Some of the best-known measures of
connectedness are discussed in this chapter.

2.1 Cut-vertices, Bridges, and Blocks

There are some graphs that are so slightly connected that they can be disconnected
by the removal of a single vertex or a single edge.

Let v be a vertex and e an edge of a graph G. If G — v has more components
than G, then v is a cut-vertex of GG; while if G — e has more components than G,
then e is a bridge of G. In particular, if v is a cut-vertex of a connected graph
G, then G — v is disconnected; and if e is a bridge of a connected graph G, then
G — e is disconnected — necessarily a graph with exactly two components. While
K> is a connected graph of order 2 containing a bridge but no cut-vertices, every
connected graph of order 3 or more that contains bridges also contains cut-vertices
(see Exercise 1).

For the graph G of Figure 2.1, only u, w, and y are cut-vertices while only uv, wy,
and yz, are bridges. The subgraphs G —u and G — wy are shown in Figure 2.1. For
n > 2, the path P, of order n has exactly n — 2 cut-vertices. Indeed, this graph
shows that the following theorem cannot be improved.

Theorem 2.1 Fvery nontrivial connected graph contains at least two vertices that
are not cut-vertices.

Proof. Let G be a nontrivial connected graph and let P be a longest path in G.
Suppose that P is a u—v path. We show that v and v are not cut-vertices. Assume,
to the contrary, that u is a cut-vertex of G. Then G — u is disconnected and so
contains two or more components. Let w be the vertex adjacent to v on P and let
P’ be the w — v subpath of P. Necessarily, P’ belongs to a component, say Gy, of
G — u. Let G2 be another component of G — u. Then G2 contains some vertex x

93
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yOoO——0z
G: P
q t
G—wy: U v
w x

Yy O———O0z

Figure 2.1: Cut-vertices and bridges in graphs

that is adjacent to u. This produces an x — v path that is longer than P, which is
impossible. Similarly, v is not a cut-vertex of G. [

The following theorems provide characterizations of cut-vertices and bridges in
a graph (see Exercises 2 and 3).

Theorem 2.2 A vertex v in a graph G is a cut-vertex of G if and only if there
are two vertices u and w distinct from v such that v lies on every u— w path in G.

Theorem 2.3 An edge e in a graph G is a bridge of G if and only if e lies on no
cycle in G.

Often we are interested in nontrivial connected graphs that contain no cut-
vertices. A nontrivial connected graph having no cut-vertices is called nonsepara-
ble. In particular, the cycles C,,, n > 3, and the complete graphs K, , n > 2, are
nonseparable graphs.

Although the complete graph K5 is the only nonseparable graph of order less
than 3, each nonseparable graph of order 3 or more has an interesting property.

Theorem 2.4 FEvery two distinct vertices in a nonseparable graph G of order 3 or
more lie on a common cycle of G.

Proof. Assume, to the contrary, that there are pairs of vertices of G that do not
lie on a common cycle. Among all such pairs, let u,v be a pair for which d(u,v) is
minimum. Now d(u,v) # 1, for otherwise uv € E(G). Since G contains no bridges,
it follows from Theorem 2.3 that uv lies on a cycle of G. Therefore, d(u,v) =k > 2.
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Let P = (u = wv,v1,...,0k—1,U = v) be a u — v geodesic in G. Since
d(u,vg—1) = k — 1 < k, there is a cycle C containing v and vi_1. By assump-
tion, v is not on C. Since vg_1 is not a cut-vertex of G and u and v are distinct
from vg_1, it follows from Theorem 2.2 that there is a v — u path @ that does not
contain vi_1. Since u is on C, there is a first vertex x of @) that is on C. Let Q'
be the v — x subpath of @ and let P’ be a vxy_; — z path on C that contains u. (If
x # u, then the path P’ is unique.) However, the cycle C’ produced by proceeding
from v to its neighbor v;_1, along P’ to x, and then along @’ to v contains both u
and v, a contradiction. n

Corollary 2.5 For distinct vertices u and v in a nonseparable graph G of order 3
or more, there are two distinct uw — v paths in G having only u and v in common.

A nonseparable subgraph B of a nontrivial connected graph G is a block of
G if B is not a proper subgraph of any nonseparable subgraph of G. Every two
distinct blocks of G have at most one vertex in common; and if they have a vertex
in common, then this vertex is a cut-vertex of G. A block of G containing exactly
one cut-vertex of G is called an end-block of G. A graph G and its five blocks
B;, 1 < i < 5, are shown in Figure 2.2. The end-blocks of G are Bj, Ba, and
Bs. A connected graph with cut-vertices must contain two or more end-blocks (see
Exercise 5).

Bli

By: uO——oOuw

Bs : w&x
w

B4I I
Yy

Bs: yo—oz

Figure 2.2: The blocks of a graph

Theorem 2.6 FEvery connected graph containing cut-vertices contains at least two
end-blocks.

If a graph G has components G1, G, ...,G and a nonempty connected graph
H has blocks By, Ba,..., By, then {V(G1), V(G2), ..., V(Gg)} is a partition of
V(G) and {E(B1), E(B2), ..., E(B;)} is a partition of E(H).
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For a cut-vertex v of a connected graph G, suppose that the disconnected graph
G — v has k components G1,Ga,...,Gg (k> 2). The induced subgraphs

B; = G[V(Gi) U{v}]

are connected and referred to as the branches of G at v. If a subgraph G; contains
no cut-vertices of G, then the branch B; is a block of G, in fact, an end-block of G.

A connected graph G containing three cut-vertices u, v, and w, three bridges uv,
ux, and vy, and six blocks is shown in Figure 2.3. Four of these blocks are end-
blocks. The graph G has four branches at v, all of which are shown in Figure 2.3.
Two of the four branches at v are end-blocks of G.

8 O—O—e <
<

S o— e
%Q

v

Figure 2.3: The four branches of a graph G at a cut-vertex v

2.2 Trees

According to Theorem 2.1, it is impossible for every vertex of a connected graph G
to be a cut-vertex. It is possible, however, for every edge of G to be a bridge. By
Theorem 2.3, this can only occur if G has no cycles. This brings us to one of the
most studied and best-known classes of graphs.

A connected graph without cycles is a tree. All of the graphs 71, Ts, and T3 of
Figure 2.4 are trees. Also, all paths and stars are trees. There are other well-known
classes of trees. A tree containing exactly two vertices that are not leaves (which
are necessarily adjacent) is called a double star. Thus a double star is a tree of
diameter 3. A tree T of order 3 or more is a caterpillar if the removal of its leaves
produces a path. Thus every path and star (of order at least 3) and every double
star is a caterpillar. The trees T> and T3 in Figure 2.4 are caterpillars, while T; is
not a caterpillar. The tree T5 is also a double star.

Trees can be characterized as those graphs in which every two vertices are con-
nected by a single path.

Theorem 2.7 A graph G is a tree if and only if every two wvertices of G are
connected by a unique path.
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B G ™

Figure 2.4: Trees

Proof. First, suppose that G is a tree and that w and v are two vertices of G.
Since G is connected, GG contains at least one u — v path. On the other hand, if G
were to contain at least two u — v paths, then G would contain a cycle, which is
impossible. Therefore, G contains exactly one u — v path.

Conversely, let G be a graph in which every two vertices are connected by a
unique path. Certainly then, G is connected. If G were to contain a cycle C, then
every two vertices on C' would be connected by two paths. Thus G contains no
cycle and G is a tree. [

While every vertex of degree 2 or more in a tree is a cut-vertex, the vertices of
degree 1 (the leaves) are not. These observations provide a corollary of Theorem 2.1.

Corollary 2.8 Fvery nontrivial tree contains at least two leaves.

For a cut-vertex v of T, there are degv branches of T at v. In the tree T of
Figure 2.5, the four branches of T" at w are shown in that figure.

s
w
\ U t
ot
v v

v v
/ y
X

z

Figure 2.5: The branches of a tree at a vertex

In the tree T" of Figure 2.5 and in each of the trees 17, T5, and T3 of Figure 2.4,
the size of the tree is one less than its order. With the aid of Corollary 2.8, this can
be verified in general. Observe that if v is a leaf in a nontrivial tree T', then T — v
is also a tree of order one less than that of T.

Theorem 2.9 IfT is a tree of order n and size m, then m =n — 1.

Proof. We proceed by induction on the order of a tree. There is only one tree of
order 1, namely K7, and it has no edges. Thus the basis step of the induction is
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established. Assume that the size of every tree of order n — 1 > 1 is n — 2 and let
T be a tree of order n and size m. By Corollary 2.8, T has at least two leaves. Let
v be one of them. As we observed, T'— v is a tree of order n — 1. By the induction
hypothesis, the size of T —visn—2. Thusm=(n—-2)+1=n—1. ]

A graph without cycles is a forest. Thus each tree is a forest and every compo-
nent of a forest is a tree. All of the graphs I}, Fy, and F3 in Figure 2.6 are forests
but none are trees.

e XY 1]

@) )

Figure 2.6: Forests

The following is an immediate corollary of Theorem 2.9.
Corollary 2.10 The size of a forest of order n having k components is n — k.

By Theorem 2.9, if G is a graph of order n and size m such that G is connected
and has no cycles (that is, G is a tree), then m = n — 1. It is easy to see that the
converse of this statement is not true. However, if we were to add to the hypothesis
of the converse either of the two defining properties of a tree, then the converse
would be true.

Theorem 2.11 Let G be a graph of order n and size m. If G has no cycles and
m=mn—1, then G is a tree.

Proof. It remains only to show that G is connected. Suppose that the components
of G are G1,Ga,...,Gy, where k > 1. Let n; be the order of G; (1 < i < k) and
m; the size of G;. Since each graph G; is a tree, it follows by Theorem 2.9 that
m; = n; — 1 and by Corollary 2.10 that m = n — k. Hence

k k
n—lzm:ZmIv:Z(m—l):n—k.
i=1 i=1
Thus £ = 1 and so G is connected. Therefore, G is a tree. [

Theorem 2.12 Let G be a graph of order n and size m. If G is connected and
m=mn—1, then G is a tree.

Proof. Assume, to the contrary, that there exists some connected graph of order
n and size m = n — 1 that is not a tree. Necessarily then, G contains one or more
cycles. By successively deleting an edge from a cycle in each resulting subgraph, a
tree of order n and size less than n — 1 is obtained. This contradicts Theorem 2.9. m

Combining Theorems 2.9, 2.11, and 2.12, we have the following.
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Corollary 2.13 Let G be a graph of order n and size m. If G satisfies any two of
the following three properties, then G is a tree:

(1) G is connected, (2) G has no cycles, (3) m=n—1.

A tree that is a spanning subgraph of a connected graph G is a spanning tree
of G. If G is a connected graph of order n and size m, then m >n —1. If T is a
spanning tree of G, then the size of T isn — 1. Hence m — (n—1) =m —n+1
edges must be deleted from G to obtain 7. The number m — n + 1 is referred to as
the cycle rank of G. Since m —n + 1 > 0, the cycle rank of a connected graph is
a nonnegative integer. A graph with cycle rank 0 is therefore a tree.

If G is a graph of order n and size m having cycle rank 1, then n —m+1=1
and so n = m. Such a graph is therefore a connected graph with exactly one cycle.
These graphs are often called unicyclic graphs. All of the graphs in Figure 2.7

are unicyclic graphs.
% X e |

Figure 2.7: Unicyclic graphs

Suppose that a tree T of order n > 3, size m, and maximum degree A(T) = A
has n; vertices of degree ¢ (1 <i < A). Then

A A
> degv=>) ini=2m=2n-2=2% n;—2. (2.1)

veV(T) i=1 i—1
Solving (2.1) for n;, we have the following.

Theorem 2.14 Let T be a tree of order n > 3 having mazimum degree A and
containing n; vertices of degree i (1 <i < A). Then

n1:2+n3+2n4+---—|—(A—2)nA.

2.3 Connectivity and Edge-Connectivity

Each tree of order 3 or more contains at least one vertex whose removal results
in a disconnected graph. In fact, every vertex in a tree that is not a leaf has this
property. Furthermore, the removal of every edge in a tree results in a disconnected
graph (with exactly two components). On the other hand, no vertex or edge in
a nonseparable graph of order 3 or more has this property. Hence, in this sense,
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nonseparable graphs possess a greater degree of connectedness than trees. We now
look at the two most common measures of connectedness of graphs. In the process
of doing this, we will encounter some of most famous theorems in graph theory.

A vertex-cut of a graph G is a set S of vertices of G such that G — S is
disconnected. A vertex-cut of minimum cardinality in G is called a minimum
vertex-cut of G and this cardinality is called the vertex-connectivity (or, more
simply, the connectivity) of G and is denoted by x(G). (The symbol x is the
Greek letter kappa.)

Let S be a minimum vertex-cut of a (noncomplete) connected graph G and
let G1,Ga,...,Gr (kK > 2) be the components of G — S. Then the subgraphs
B; = G[V(G;) U S] are called the branches of G at S or the S-branches of G.
For the minimum vertex-cut S = {u,v} of the graph G of Figure 2.8, the three
S-branches of G are also shown in that figure.

S t
U v
G:
U v u v
w
z

Figure 2.8: The branches of a graph at S = {u, v}

Complete graphs do not contain vertex-cuts. Indeed, the removal of any proper
subset of vertices from a complete graph results in a smaller complete graph. The
connectivity of the complete graph of order n is defined as n — 1, that is, k(K,) =
n— 1. In general then, the connectivity x(G) of a graph G is the smallest number
of vertices whose removal from G results in either a disconnected graph or a trivial
graph. Therefore, for every graph G of order n,

0<k(G@)<n-1.

Thus a graph G has connectivity 0 if and only if either G = K or G is disconnected;
a graph G has connectivity 1 if and only if G = K5 or G is a connected graph
with cut-vertices; and a graph G has connectivity 2 or more if and only if G is a
nonseparable graph of order 3 or more.

Often it is more useful to know that a given graph G cannot be disconnected
by the removal of a certain number of vertices rather than to know the actual
connectivity of G. A graph G is k-connected, k > 1, if k(G) > k. That is, G
is k-connected if the removal of fewer than k vertices from G results in neither a
disconnected nor a trivial graph. The 1-connected graphs are then the nontrivial
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connected graphs, while the 2-connected graphs are the nonseparable graphs of
order 3 or more.

How connected a graph G is can be measured not only in terms of the number
of vertices that need to be deleted from G to arrive at a disconnected or trivial
graph but in terms of the number of edges that must be deleted from G to produce
a disconnected or trivial graph.

An edge-cut of a graph G is a subset X of F(G) such that G — X is discon-
nected. An edge-cut of minimum cardinality in G is a minimum edge-cut and
this cardinality is the edge-connectivity of G, which is denoted by A(G). (The
symbol X is the Greek letter lambda.) The trivial graph K; does not contain an
edge-cut but we define A(K7) = 0. Therefore, A(G) is the minimum number of
edges whose removal from G results in a disconnected or trivial graph. Thus

0<AG)<n—1

for every graph G of order n. A graph G is k-edge-connected, k > 1, if A\(G) > k.
That is, G is k-edge-connected if the removal of fewer than k edges from G results in
neither a disconnected graph nor a trivial graph. Thus a 1-edge-connected graph is
a nontrivial connected graph and a 2-edge-connected graph is a nontrivial connected
bridgeless graph.

For the graph G of Figure 2.9, k(G) = 2 and A(G) = 3. Both {u, v1} and {u, v2}

are minimum vertex-cuts, while {ej, ez, e3} is a minimum edge-cut.

u e

Figure 2.9: Connectivity and edge-connectivity

The edge-connectivity of every complete graph is given in the next theorem.

Theorem 2.15 For every positive integer n,
MEp)=n-—1.

Proof. Since the edge-connectivity of K; is defined to be 0, we may assume that
n > 2. If the n —1 edges incident with any vertex of K, are removed from K, , then
a disconnected graph results. Thus A(K,,) < n—1. Now let X be a minimum edge-
cut of K. Then |X| = A(K,,) and G — X consists of two components, say G; and
G2. Suppose that G; has order k. Then G3 has order n — k. Thus | X| = k(n — k).
Since k > 1 and n — k > 1, it follows that (k—1)(n —k —1) > 0 and so

(k-D)(n—k-1)=kn—k) —(n—1) >0,

which implies that
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MEp) =|X|=k(n—Fk)>n—1.
Therefore, A\(K,,) =n — 1. L]

The connectivity, edge-connectivity, and minimum degree of a graph satisfy
inequalities, first observed by Hassler Whitney [188].

Theorem 2.16 For every graph G,
k(G) < AG) <4(G).

Proof. Let G be a graph of order n. If G is disconnected, then x(G) = A(G) = 0;
while if G is complete, then k(G) = AMG) = §(G) = n — 1. Thus the desired
inequalities hold in these two cases. Hence we may assume that G is a connected
graph that is not complete.

Since G is not complete, 6(G) < n — 2. Let v be a vertex of G such that
degv = 6(G). If the edges incident with v are deleted from G, then a disconnected
graph is produced. Hence A(G) < 6(G) < n — 2.

It remains to show that x(G) < A(G). Let X be a minimum edge-cut of G.
Then |X| = AG) < n — 2. Necessarily, G — X consists of two components, say G
and G5. Suppose that the order of G is k. Then the order of Go is n — k, where
k>1and n—k > 1. Also, every edge in X joins a vertex of G; and a vertex of
(5. We consider two cases.

Case 1. Every vertex of G1 is adjacent to every verter of Go. Then |X| =
k(n—k). Sincek—1>0and n —k —1 >0, it follows that
k—1)(n—-k-1)=kn—k)—(n—-1)>0
and so
MG)=|X|=k(n—Fk)>n—-1.
This, however, contradicts A\(G) < n — 2 and so Case 1 cannot occur.

Case 2. There exist a vertex v in G1 and a vertez v in G such that uv ¢ E(G).
We now define a set U of vertices of G. Let e € X. If e is incident with u, say
e = uwv’, then the vertex v’ is placed in the set U. If e is not incident with u, say
e = u'v’ where ¢’ is in G1, then the vertex u’ is placed in U. Hence, for every edge
e € X, one of its two incident vertices belongs to U but u,v ¢ U. Thus |U| < |X|
and U is a vertex-cut. Therefore,

#(G) < |UJ < X[ = XG),

as desired. -

We observed that x(G) = 2 and A\(G) = 3 for the graph G of Figure 2.9. Since
0(G) = 4, this graph shows that the two inequalities stated in Theorem 2.16 can be
strict. The first of these inequalities cannot be strict for cubic graphs, however.
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Theorem 2.17 For every cubic graph G,

Proof. For a cubic graph G, it follows that x(G) = A(G) = 0 if and only if G is
disconnected. If xK(G) = 3, then A\(G) = 3 by Theorem 2.16. So two cases remain,
namely x(G) =1 or kK(G) = 2. Let U be a minimum vertex-cut of G. Then |U| =1
or |U| =2. So G—U is disconnected. Let G; and G2 be two components of G —U.
Since G is cubic, for each u € U, at least one of G; and G5 contains exactly one
neighbor of w.

Case 1. k(G) = |U| = 1. Thus U counsists of a cut-vertex u of G. Since some
component of G — U contains exactly one neighbor w of u, the edge uw is a bridge

of G and so A\(G) = k(G) = 1.

Case 2. k(G) = |U| = 2. Let U = {u,v}. Assume that each of u and v has
exactly one neighbor, say u’ and v’, respectively, in the same component of G — U.
(This is the case that holds if wv € E(G).) Then X = {uv/,vv'} is an edge-cut of
G and MG) = k(G) = 2. (See Figure 2.10(a) for the situation when u and v are
not adjacent.)

(a)
Figure 2.10: A step in the proof of Case 2

Hence we may assume that u has one neighbor v’ in G; and two neighbors in
Go; while v has two neighbors in G and one neighbor v’ in G (see Figure 2.10(b)).
Therefore, uv ¢ E(G) and X = {uv/,vv'} is an edge-cut of G5 50 A(G) = k(G) =2.m

2.4 Menger’s Theorem

For two nonadjacent vertices u and v in a graph G, a u — v separating set is a set
S CV(G) — {u, v} such that v and v lie in different components of G —S. A u—v
separating set of minimum cardinality is called a minimum u — v separating set.

For two distinct vertices u and v in a graph G, a collection of uw — v paths
is internally disjoint if every two paths in the collection have only u and v in
common. Internally disjoint u—wv paths and u—v separating sets are linked according
to one of the best-known theorems in graph theory, due to Karl Menger [129]. This
1927 “min-max” theorem received increased recognition when Menger mentioned
his theorem to Dénes Konig [115] who, as a result, added a chapter to his 1936 book
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Theorie der endlichen und unendlichen Graphen, which was the first book written
on graph theory.

Theorem 2.18 (Menger’s Theorem) Let u and v be nonadjacent vertices in
a graph G. The minimum number of vertices in a u — v separating set equals the
maximum number of internally disjoint uw — v paths in G.

Proof. We proceed by induction on the size of graphs. The theorem is certainly
true for every empty graph. Assume that the theorem holds for all graphs of size
less than m, where m > 1, and let G be a graph of size m. Moreover, let u and
v be two nonadjacent vertices of G. If u and v belong to different components of
G, then the result follows. So we may assume that v and v belong to the same
component of G. Suppose that a minimum u — v separating set consists of k > 1
vertices. Then G contains at most k internally disjoint u — v paths. We show, in
fact, that G contains k internally disjoint w — v paths. Since this is obviously true
if £ = 1, we may assume that k£ > 2. We now consider three cases.

Case 1. Some minimum u — v separating set X in G contains a vertex x that is
adjacent to both v and v. Then X — {z} is a minimum u — v separating set in G —z
consisting of k — 1 vertices. Since the size of G — x is less than m, it follows by
the induction hypothesis that G — x contains k — 1 internally disjoint u — v paths.
These paths together with the path P = (u, z,v) produce k internally disjoint u — v
paths in G.

Case 2. For every minimum u — v separating set S in G, either every vertex
in S is adjacent to u and not to v or every vertex of S is adjacent to v and not
to u. Necessarily then, d(u,v) > 3. Let P = (u,z,y,...,v) be a u — v geodesic in
G, where e = zy. Every minimum u — v separating set in G — e contains at least
k — 1 vertices. We show, in fact, that every minimum w — v separating set in G — e
contains k vertices.

Suppose that there is some minimum « — v separating set in G — e with k — 1
vertices, say Z = {z1,22,...,2k-1}. Then Z U {z} is a u — v separating set in G
and therefore a minimum u — v separating set in G. Since z is adjacent to u (and
not to v), it follows that every vertex z; (1 < i < k — 1) is also adjacent to u and
not adjacent to v.

Since Z U {y} is also a minimum u — v separating set in G and each vertex z;
(1 <i<k-—1)is adjacent to u but not to v, it follows that y is adjacent to w.
This, however, contradicts the assumption that P is a u — v geodesic. Thus k is
the minimum number of vertices in a u — v separating set in G — e. Since the size
of G — e is less than m, it follows by the induction hypothesis that there are k
internally disjoint w — v paths in G — e and in G as well.

Case 3. There exists a minimum u— v separating set W in G in which no vertex
is adjacent to both u and v and containing at least one vertex not adjacent to u and
at least one vertex not adjacent to v. Let W = {wy,ws,...,wi}. Let G, be the
subgraph of G consisting of, for each i with 1 < i < k, all v — w; paths in G in
which w; € W is the only vertex of the path belonging to W. Let G’, be the graph
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constructed from G,, by adding a new vertex v’ and joining v’ to each vertex w; for
1 <4 < k. The graphs G, and G/ are defined similarly.

Since W contains a vertex that is not adjacent to u and a vertex that is not
adjacent to v, the sizes of both G!, and G are less than m. So G), contains k
internally disjoint v — v’ paths A; (1 < i < k), where A; contains w;. Also, G,
contains k internally disjoint v’ — v paths B; (1 < i < k), where B; contains w;.
Let A} be the u — w; subpath of A; and let B} be the w; — v subpath of B; for
1 < i < k. The k paths constructed from A} and B; for each i (1 < i < k) are
internally disjoint u — v paths in G. (]

If G is a k-connected graph (k > 1), and v is a vertex of G, then G—v is (k—1)-
connected. In fact, if e = uwv is an edge of G, then G — e is also (k — 1)-connected
(see Exercise 31). With the aid of Menger’s theorem, a useful characterization of k-
connected graphs, due to Hassler Whitney [188], can be proved. Since nonseparable
graphs of order 3 or more are 2-connected, this gives a generalization of Theorem 2.4.

Theorem 2.19 (Whitney’s Theorem) A nontrivial graph G is k-connected for
some integer k > 2 if and only if for each pair u,v of distinct vertices of G, there
are at least k internally disjoint w — v paths in G.

Proof. First, suppose that G is a k-connected graph, where k > 2, and let u and
v be two distinct vertices of G. Assume first that u and v are not adjacent. Let U
be a minimum w — v separating set. Then

k< k(G) <|U|.

By Menger’s theorem, G contains at least k internally disjoint u — v paths.
Next, assume that u and v are adjacent, where e = wv. As observed earlier,
G — e is (k — 1)-connected. Let W be a minimum u — v separating set in G —e. So

k—1<k(G—e) <|W|

By Menger’s theorem, G — e contains at least k — 1 internally disjoint © — v paths,
implying that G contains at least k internally disjoint w — v paths.

For the converse, assume that G contains at least k internally disjoint u — v
paths for every pair u,v of distinct vertices of G. If G is complete, then G = K,
where n > k + 1, and so k(G) =n — 1 > k. Hence G is k-connected. Thus we may
assume that G is not complete.

Let U be a minimum vertex-cut of G. Then |U| = x(G). Let x and y be vertices
in distinct components of G —U. Thus U is an z —y separating set of G. Since there
are at least k internally disjoint z — y paths in G, it follows by Menger’s theorem
that

k< |U|=k(Q).
and so G is k-connected. n

The following two results are consequences of Theorem 2.19.
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Corollary 2.20 Let G be a k-connected graph, k > 1, and let S be any set of k
vertices of G. If a graph H is obtained from G by adding a new vertexr and joining
this vertex to the vertices of S, then H is also k-connected.

Corollary 2.21 If G is a k-connected graph, k > 2, and u,v1,va,...,v; aret+ 1
distinct vertices of G, where 2 < t < k, then G contains a u — v; path for each i
(1 <i<1t), every two paths of which have only u in common.

By Theorem 2.4, every two vertices in a 2-connected graph lie on a common
cycle of the graph. Gabriel A. Dirac [58] generalized this to k-connected graphs.

Theorem 2.22 If G is a k-connected graph, k > 2, then every k vertices of G lie
on a common cycle of G.

Proof. Let S = {v1,v2,...,vr} be a set of k vertices of G. Among all cycles in
G, let C be one containing a maximum number ¢ of vertices of S. Then ¢ < k.
If ¢ = k, then the result follows, so we may assume that ¢ < k. Since G is k-
connected, G is 2-connected and so by Theorem 2.4, ¢ > 2. We may further assume
that vy,vs,...,vs lie on C. Let u be a vertex of S that does not lie on C. We
consider two cases.

Case 1. The cycle C' contains exactly ¢ vertices, say C = (v1,va,...,vp,v1). By
Corollary 2.21, G contains a u — v; path P; for each i with 1 < i < £ such that every
two of the paths Py, Ps, ..., P, have only u in common. Replacing the edge v;v2 on
C by Py and P, produces a cycle containing at least ¢ + 1 vertices of S. This is a
contradiction.

Case 2. The cycle C' contains at least £ + 1 vertices. Let vy be a vertex on C
that does not belong to S. Since 2 < £+ 1 < k, it follows by Corollary 2.21 that G
contains a u — v; path P; for each ¢ with 0 < ¢ < £ such that every two of the paths
Py, Py, ..., P, have only w in common. For each i (0 < ¢ < ¢), let u; be the first
vertex of P; that belongs to C' and let P! be the u —u; subpath of P;. Suppose that
the vertices u; (0 < i < ¢) are encountered in the order ug, u1, ..., us as we proceed
about C in some direction. For some ¢ with 0 < ¢ < ¢ and upy1 = ug, there is a
u; — u;+1 path P on C| none of whose internal vertices belong to S. Replacing P
on C' by P/ and P;,; produces a cycle containing at least £+ 1 vertices of S. Again,
this is a contradiction. [

There are analogues to Theorem 2.18 (Menger’s theorem) and Theorem 2.19
(Whitney’s theorem) in terms of edge-cuts.

Theorem 2.23 For distinct vertices u and v in a graph G, the minimum cardinal-
ity of a set X of edges of G such that w and v lie in distinct components of G — X
equals the mazimum number of pairwise edge-disjoint u — v paths in G.

Theorem 2.24 A nontrivial graph G is k-edge-connected if and only if G contains
k pairwise edge-disjoint w — v paths for each pair u,v of distinct vertices of G.
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Exercises for Chapter 2

1.

10.

11.

12.

13.

14.

Prove that if G is a connected graph of order 3 or more, then every bridge of
G is incident with a cut-vertex of G.

. Prove Theorem 2.2: A wvertex v in a graph G is a cut-vertex if and only if

there are two vertices u and w distinct from v such that v lies on every u —w
path in G.

Prove Theorem 2.3: An edge e in a graph G is a bridge if and only if e lies
on no cycle in G.

Prove Corollary 2.5: For distinct vertices uw and v in a nonseparable graph G
of order 3 or more, there are two distinct u — v paths in G having only u and
vV in common.

Prove Theorem 2.6: FEvery connected graph containing cut-vertices contains
at least two end-blocks.

Prove or disprove: If B is a block of order 3 or more in a connected graph G,
then there is a cycle in B that contains all the vertices of B.

Prove that if G is a graph of order n > 3 such that degu+ degv > n for every
pair u, v of nonadjacent vertices in G, then G is nonseparable.

Let u be a cut-vertex in a connected graph G and let v be a vertex of G such
that d(u,v) = k > 1. Show that G contains a vertex w such that d(v,w) > k.

Let G be a connected graph of order n and size m such that V(G)={v1, va,
-+, U }. Let b(v;) be the number of blocks to which v; belongs.

(a) Show that >, b(v;) < 2m.

(b) Show that Y ., b(v;) = 2m if and only if G is a tree.

Determine all trees T such that T is also a tree.

Let T be a tree of order k. Prove that if G is a graph with §(G) > k — 1, then
T is isomorphic to some subgraph of G.

Prove Corollary 2.10: The size of a forest of order n having k components is
n—k.

Prove Corollary 2.13: Let G be a graph of order n and size m. If G satisfies
any two of the following three properties, then G is a tree: (1) G is connected,
(2) G has no cycles, (3) m=n—1.

Let s: dy,do,---,d, be a non-increasing sequence of n > 2 positive integers,
that is, dy > do > --- > d,, > 1. Prove that the sequence s is the degree
sequence of some tree of order n if and only if > d; = 2(n — 1).
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15. Prove in two different ways (using the hints in (a) and (b) below) that there
is no tree 7" with maximum degree A = A(T) > 3 having the property that
every vertex of degree k > 2 in T is adjacent to at most k — 2 leaves of T.

(a) Hint 1. Let P be a longest path in 7.

(b) Hint 2. Let n; denote the number of vertices of degree ¢ in T for i =
1,2,--+, A, where Zle n; = n. First prove the following lemma.
Lemma Zle(2 —i)n; = 2.

Assign to every vertex v of T a “charge” of 2 — degv. Then for each leaf
u of T', move the charge of u to its neightbor in 7T'.

16. A tree T of order n is known to satisfy the following properties: (1) 95 < n <
100, (2) the degree of every vertex of T is either 1, 3, or 5, and (3) T has twice
as many vertices of degree 3 as that of degree 5. What is n?

17. Let T be a tree of order n with degree sequence d; > dy > ... > d,,. Prove
that d; < {"771] for each integer ¢ with 1 < ¢ < n. [Hint: (1) Use a proof
by contradiction and (2) note that if degv > r, where v € V(T') and r is an
integer, then degov > r + 1.]

18. (a) Let G be a graph of even order n > 6, every vertex of which has degree
3 or 4. If G contains two spanning trees 77 and T% such that {E(T1),
E(T,)} is a partition of E(G), then how many vertices of degree 4 must
G contain?

(b) Show that there exists an even integer n > 6 and a connected graph G

of order n such that
(1) every vertex of G has degree 3 or 4,
(2) G contains the number of vertices of degree 4 determined in (a), and
(3) G does not contain two spanning trees T3 and T» for which {E(71),
E(T»)} is a partition of E(G).

19. Prove that if G is a k-connected graph, then G + K is (k + 1)-connected.

20. Let G be a noncomplete graph of order n and connectivity k such that degv >
(n+ 2k —2)/3 for every vertex v of G. Show that if S is a minimum vertex-cut
of G, then G — S has exactly two components.

21. Let G be a noncomplete graph with «(G) = k > 1. Prove that for every
minimum vertex-cut S of G, each vertex of S is adjacent to one or more
vertices in each component of G — S.

22. Prove that a nontrivial graph G is k-edge-connected if and only if there exists
no nonempty proper subset W of V(G) such that the number of edges joining
W and V(G) — W is less than k.

23. Prove that if G is a connected graph of diameter 2, then A\(G) = 4(G).

24. What is the minimum size of a k-connected graph of order n?
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25.

26.

27.

28.

29.

30.

31.

32.
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Prove that if G is a 2-connected graph of order 4 or more such that each
vertex of G is colored with one of the four colors red, blue, green, and yellow
and each color is assigned to at least one vertex of GG, then there exists a path
containing at least one vertex of each of the four colors.

Prove Corollary 2.20: Let G be a k-connected graph, k > 1, and let S be any
set of k vertices of G. If a graph H is obtained from G by adding a new vertex
and joining this vertex to the vertices of S, then H is also k-connected.

Prove Corollary 2.21: If G is a k-connected graph, k > 2, and u,v1,vs,...,0s
are t + 1 distinct vertices of G, where 2 < t < k, then G contains a u — v;
path for each i (1 <1i <t), every two paths of which have only u in common.

Prove that the converse of Theorem 2.4 is true but the converse of Theo-
rem 2.22 is not true in general.

Prove that a graph G of order n > 2k is k-connected if and only if for every
two disjoint sets V1 and V5 of k distinct vertices each, there exist k pairwise
disjoint paths connecting Vi and V5.

Prove that a graph G of order n > k 4+ 1 > 3 is k-connected if and only if for
each set S of k distinct vertices of G and for each two-vertex subset T of S,
there is a cycle of G that contains both vertices of T' but no vertices of S —T'.

Prove that if G is a k-connected graph, k > 2, then G—e is a (k—1)-connected
graph for every edge e of G.

(a) Show that for every positive integer k, there exists a connected graph G
and a non-cut-vertex u of G such that rad(G — u) = rad(G) + k.

(b) Prove for every nontrivial connected graph G and every non-cut-vertex
v of G that rad(G —v) > rad(G) — 1.

(¢) Let G be a nontrivial connected graph with rad(G) = r. Among all
connected induced subgraphs of G having radius 7, let H be one of
minimum order. Prove that rad(H —v) = r — 1 for every non-cut-vertex
vof H.






Chapter 3

FEulerian and Hamiltonian
Graphs

A solution to a famous puzzle called the Konigsberg Bridge Problem appeared in
a 1736 paper [68] of Leonhard Euler titled Solutio problematis ad geometriam situs
pertenentis, whose English translation is The solution of a problem related to the
geometry of position. As the title of the paper suggests, Euler was aware that he
was dealing with a different kind of geometry, namely one in which position was
the relevant feature, not distance. Indeed, this gave rise to a new subject which
for many years was known as Analysis Situs — the Analysis of Position. In the
19th century, this subject became Topology, a word that first appeared in print in
an 1847 paper titled Vorstudien zur Topologie (Preliminary Studies of Topology)
written by Johann Listing, even though he had already used the word Topologie for
ten years in correspondence. Many of Listing’s topological ideas were due to Carl
Friedrich Gauss, who never published any papers in topology. Euler’s 1736 paper
is also considered the beginning of graph theory. Over a century later, in 1857,
William Rowan Hamilton introduced a game called the Icosian. The Konigsberg
Bridge Problem and Hamilton’s game would give rise to two concepts in graph
theory named after Euler and Hamilton. These concepts are the main subjects of
the current chapter.

3.1 Eulerian Graphs

Early in the 18th century, the East Prussian city of Konigsberg (now called Kalin-
ingrad) occupied both banks of the River Pregel and the island of Kneiphof, lying
in the river at a point where it branches into two parts. There were seven bridges
that spanned the various sections of the river. (See Figure 3.1.) A popular puzzle,
called the Konigsberg Bridge Problem, asked whether there was a route that
crossed each of these bridges exactly once. Although such a route was long thought
to be impossible, the first mathematical verification of this was presented by the
famed mathematician Leonhard Euler at the Petersburg Academy on 26 August

71
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1735. Euler’s proof was contained in a paper [68] that appeared in the 1736 volume
of the proceedings of the Petersburg Academy (the Commentarii). Euler’s paper
consisted of 21 paragraphs, beginning with the following two paragraphs (translated
into English), the first of which, as it turned out, contains the elements of the new
mathematical area of graph theory:

1 In addition to that branch of geometry which is concerned with mag-
nitudes, and which has always received the greatest attention, there
is another branch, previously almost unknown, which Leibniz first
mentioned, calling it the geometry of position. This branch is con-
cerned only with the determination of position and its properties; it
does not involve measurements, nor calculations made with them.
It has not yet been satisfactorily determined what kind of problems
are relevant to this geometry of position, or what methods should
be used in solving them. Hence, when a problem was recently men-
tioned, which seemed geometrical but was so constructed that it did
not require the measurement of distances, nor did calculation help
at all, I had no doubt that it was concerned with the geometry of
position — especially as its solution involved only position, and no
calculation was of any use. I have therefore decided to give here
the method which I have found for solving this kind of problem, as
an example of the geometry of position.

2 The problem, which I am told is widely known, is as follows: in
Kénigsberg in Prussia, there is an island A, called the Kneiphof;
the river which surrounds it is divided into two branches, as can be
seen in Fig. 3.1, and these branches are crossed by seven bridges,
a, b, ¢, d, e, f and g. Concerning these bridges, it was asked
whether anyone could arrange a route in such a way that he would
cross each bridge once and only once. I was told that some people
asserted that this was impossible, while others were in doubt: but
no one would actually assert that it could be done. From this, 1
have formulated the general problem: whatever be the arrangement
and division of the river into branches, and however many bridges
there be, can one find out whether or not it is possible to cross each
bridge exactly once?

Euler then proceeded to describe what would be required if, in fact, there existed
a route in which every one of the seven Konigsberg bridges was crossed exactly once.
Euler observed that such a route could be represented as a sequence of letters, each
term of the sequence chosen from A, B, C, or D. Two consecutive letters in the
sequence would indicate that at some point in the route, the traveler had reached
the land area of the first letter and had then crossed a bridge that led him to
the land area represented by the second letter. Since there are seven bridges, the
sequence must consist of eight terms.

Since there are five bridges leading into (or out of) land area A (the island
Kneiphof), each occurrence of the letter A must indicate that either the route
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Figure 3.1: The bridges of Konigsberg

started at A, ended at A, or had progressed to and then exited A. Necessarily then
the term A must appear three times in the sequence. Since three bridges enter or
exit B (as well as C and D), each of B, C, and D must appear twice. However, this
implies that such a sequence must contain nine terms, not eight, which produces a
contradiction and shows that there is no route in Konigsberg that crosses each of
its seven bridges exactly once.

As Fuler mentioned in paragraph 2 of his paper, he “formulated the general
problem”. In order to describe and present a solution to the general problem, we
turn to the modern-day approach in which both the Konigsberg Bridge Problem
and its generalization are described in terms of graphs.

Let G be a nontrivial connected graph. A circuit C' of G that contains every
edge of G (necessarily exactly once) is an Eulerian circuit, while an open trail
that contains every edge of G is an Eulerian trail. (Some refer to an Eulerian
circuit as an Euler tour.) These terms are defined in exactly the same way if G
is a nontrivial connected multigraph. In fact, the map of Konigsberg in Figure 3.1
can be represented by the multigraph shown in Figure 3.2. Then the Koénigsberg
Bridge Problem can be reformulated as: Does the multigraph shown in Figure 3.2
contain either an Eulerian circuit or an Eulerian trail? As Euler showed (although
not using this terminology, of course, nor even graphs), the answer to this question
is no.

A connected graph G is called Eulerian if G contains an Eulerian circuit. The
following characterization of Eulerian graphs is attributed to Euler.

Theorem 3.1 A nontrivial connected graph G is FEulerian if and only if every
vertex of G has even degree.

Proof. Assume first that G is an Eulerian graph. Then G contains an Eulerian
circuit C'. Let v be a vertex of G. Suppose first that v is not the initial vertex of
C' (and thus not the terminal vertex of C' either). Since each occurrence of v in C
indicates that v is both entered and exited on C' and produces a contribution of 2
to the degree of v, the degree of v is even. Next, suppose that v is the initial and
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Figure 3.2: The multigraph of Konigsberg

terminal vertex of C. As the initial vertex of C| this represents a contribution of 1
to the degree of v. There is also a contribution of 1 to the degree of v because v is
the terminal vertex of C as well. Every other occurrence of v on C again represents
a contribution of 2 to the degree of v. Here too v has even degree.

We now turn to the converse. Let G' be a nontrivial connected graph in which
every vertex is even. Let u be a vertex of G. First, we show that G contains a u —u
circuit. Construct a trail T beginning at w that contains a maximum number of
edges of G. We claim that T is, in fact, a circuit; for suppose that T is a u — v trail,
where u # v. Then there is an odd number of edges incident with v and belonging
to T'. Since the degree of v in G is even, there is at least one edge incident with
v that does not belong to T'. Suppose that vw is such an edge. However then, T
followed by w produces a trail 7" with initial vertex « containing more edges than
T, which is impossible. Thus T is a circuit with initial and terminal vertex u. We
now denote T by C.

If C is an Eulerian circuit of G, then the proof is complete. Hence we may
assume that C' does not contain all edges of G. Since G is connected, there is
a vertex z on C that is incident with an edge that does not belong to C. Let
H = G — E(C). Since every vertex on C is incident with an even number of edges
on C, it follows that every vertex of H is even. Let H’ be the component of H
containing x. Consequently, every vertex of H' has positive even degree. By the
same argument as before, H' contains a circuit C’ with initial and terminal vertex
2. By inserting C’ at some occurrence of z in C, a u—wu circuit C” in G is produced
having more edges than C. This is a contradiction. ]

With the aid of Theorem 3.1, connected graphs possessing an Eulerian trail can
be characterized.

Corollary 3.2 A connected graph G contains an Eulerian trail if and only if ex-
actly two vertices of G have odd degree. Furthermore, each Eulerian trail of G begins
at one of these odd vertices and ends at the other.

Theorem 3.1 and Corollary 3.2 hold for connected multigraphs as well as for
connected graphs.

In paragraph 20 (the next-to-last paragraph) of Euler’s paper, Euler actually
wrote (again an English translation):
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20 So whatever arrangement may be proposed, one can easily deter-
mine whether or not a journey can be made, crossing each bridge
once, by the following rules:

If there are more than two areas to which an odd number
of bridges lead, then such a journey is impossible.

If, however, the number of bridges is odd for exactly two
areas, then the journey is possible if it starts in either of
these areas.

If, finally, there are no areas to which an odd number of
bridges lead, then the required journey can be accomplished
from any starting point.

With these rules, the given problem can also be solved.
Euler ended his paper by writing the following:

21 When it has been determined that such a journey can be made,
one still has to find how it should be arranged. For this I use the
following rule: let those pairs of bridges which lead from one area
to another be mentally removed, thereby considerably reducing the
number of bridges; it is then an easy task to construct the required
route across the remaining bridges, and the bridges which have been
removed will not significantly alter the route found, as will become
clear after a little thought. I do not therefore think it worthwhile to
give any further details concerning the finding of the routes.

In Euler’s paper therefore, he actually only verified that every vertex being even
is a necessary condition for a connected graph to be Eulerian and that exactly two
vertices being odd is a necessary condition for a connected graph to contain an
Eulerian trail. He did not show that these are sufficient conditions. The first proof
of this would not be published for another 137 years, in an 1873 paper authored
by Carl Hierholzer [105]. Carl Hierholzer was born in 1840, received his Ph.D. in
1870, and died in 1871. Thus his paper was published two years after his death.
He had told colleagues of what he had done but died before he could write a paper
containing this work. His colleagues wrote the paper on his behalf and had it
published for him.

The concepts introduced for graphs and multigraphs have analogues for digraphs
and multidigraphs as well. An Eulerian circuit in a connected digraph (or mul-
tidigraph) D is a directed circuit that contains every arc of D; while an Eulerian
trail in D is an open directed trail that contains every arc of D. A connected
digraph that contains an Eulerian circuit is an Eulerian digraph.

The following two theorems characterize those connected digraphs that contain
Eulerian circuits or Eulerian trails.

Theorem 3.3 Let D be a nontrivial connected digraph. Then D is Eulerian if and
only if odv = idv for every verter v of D.
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Theorem 3.4 Let D be a nontrivial connected digraph. Then D contains an
Eulerian trail if and only if D contains two vertices u and v such that

odu=idu+1 and idv=odv+1,

while odw = idw for all other vertices w of D. Furthermore, each Eulerian trail of
D begins at u and ends at v.

Thus the digraph D; of Figure 3.3 contains an Eulerian circuit, Dy contains an
Eulerian u — v trail, and D3 contains neither an Eulerian circuit nor an Eulerian
trail.

T

D1 D2 D3

Figure 3.3: Eulerian circuits and trails in digraphs

3.2 de Bruijn Digraphs

In 1951 Nicolaas Govert de Bruijn (born in 1918) and Tatyana Pavlovna van
Aardenne-Ehrenfest (1905-1984) and in 1941 Cedric Austen Bardell Smith (1917-
2002) and William Thomas Tutte (1917-2002) independently discovered a result
in [1] and [178] that gives the number of distinct Eulerian circuits in an Eulerian
digraph. This theorem is commonly called the BEST Theorem after the initials
of the two pairs of coauthors (de Bruijn, van Aardenne-Ehrenfest, Smith, Tutte).
Nicolaas de Bruijn is a Dutch mathematician who was a faculty member at the Eind-
hoven University of Technology. The parents of Tatyana van Aardenne-Ehrenfest
were both scientists with her father Paul Ehrenfest a distinguished theoretical physi-
cist. The famous physicist Albert Einstein was a friend of the family. Although van
Aardenne-Ehrenfest received a Ph.D. from Leiden University and did a great deal
of research, she never held a faculty position. Smith was known for his research in
genetic statistics. Tutte was one of the great graph theorists and his name will be
encountered again and often.

For a digraph D of order n with V(D) = {v1,va,...,v,}, the adjacency matrix
A = [ai;] of D is the n x n matrix where a,;; = 1 if v; is adjacent to v; and a;; =0
otherwise, while the outdegree matrix B = [bij] is the nxn matrix with b;; = od v;
and b;; = 0 if ¢ # j. The matrix M is defined by M = B — A. For 1 <4,j < n,
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the (i, j)-cofactor of M is (—1)"*7 - det(M;;), where M;; is the (n — 1) x (n — 1)
submatrix of M obtained by deleting row ¢ and column j of M and det(M;;) is the
determinant of M;;. It is known that the values of the cofactors of each such matrix
M is a constant. (See the discussion by Frank Harary [94], for example.)

Theorem 3.5 (The BEST Theorem) Let D be an Eulerian digraph of order n
with V(D) = {v1,v2,...,v,}, where odv; = idv; = d; and ¢ is the common cofactor
of the matrix M. Then the number of distinct Eulerian circuits in D is

For the Eulerian digraph D of Figure 3.4, the adjacency matrix A, the outdegree
matrix B, and the matrix M are shown as well. Since the common cofactor of M
is 2, the number of distinct Eulerian circuits in D is 2 - [[;_,(d; — 1)! = 2. These
two Eulerian circuits are

(U17v3) V2, V4, U3, V4, V1, Ul) and (Ula VU3, V4, U3, U2, V4, Ulvvl)-

1 0 1 0 2 0 00
0O 0 O 0 00
A= ! B = !
0 V2 0 1 0 1 0 0 2 O
1 0 1 0 0 0 0 2
D :
1 0o -1 0
v3 V4 _
M=B—A— 0 1 0 1
-1 2 -1
—1 0 -1 2

Figure 3.4: Eulerian circuits in an Eulerian digraph

Although de Bruijn has been an innovative researcher in many areas of math-
ematics, most recently studying models of the human brain, he is perhaps best
known for a sequence and digraph that bear his name. Let A be a set consisting
of k > 2 elements. For a positive integer n, an n-word over A is a sequence of
length n whose terms belong to A. There are therefore k™ distinct n-words over
A. A de Bruijn sequence is a sequence aga; - --any—1 of elements of A having
length N = k™ such that for each n-word w over A, there is a unique integer i with
0 <i < N —1 such that w = a;a;41 - - - @;4n—1 Where addition in the subscripts is
performed modulo N.

For example, if k =3 and n = 2 (so A = {0,1,2}), then N = k" = 32 and the
nine distinct 2-words over A are

0o, 01, 11, 10, 02, 22, 21, 12, 20.
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In fact, 001102212 is a de Bruijn sequence in this case.

During 1944-1946, de Bruijn worked as a mathematician in Eindhoven at the
Philips Research Laboratory. In early 1946, there was a conjecture made at the
laboratory by the telecommunications engineer K. Posthumus that the number of
distinct de Bruijn sequences (of course, not being called by that name then) for
k = 2 and an arbitrary n was 22%1_", which had been verified by Posthumus for
1 < n < 5. During a single weekend, de Bruijn was able to verify the conjecture
when n = 6, which led de Bruijn to construct a complete proof of the general
conjecture of Posthumus.

As it turned out, the sequences known as de Bruijn sequences had been discussed
in a 1934 paper by M. H. Martin [126] and in fact had been counted by C. Flye
Sainte-Marie [70] in 1894. As was typically the case in the 19th century and before,
mathematical papers were often not written in a particular mathematical manner.
Indeed, combinatorics and graph theory had not yet blossomed into fully accepted
areas of mathematics.

While it may not be difficult to construct a de Bruijn sequence for small values
of k and n, this is not the case when k or n is large. However, de Bruijn sequences
can be constructed with the aid of a digraph (actually a pseudodigraph since it
contains directed loops).

For integers k,n > 2, the de Bruijn digraph B(k,n) is that pseudodigraph of
order k"~1 whose vertex set is the set of (n—1)-words over A = {0,1,---,k—1} and
size k™ whose arc set consists of all n-words over A, where the arc aias - - - a,, is the
ordered pair (ajaz -+ an—_1, azas---ay,) of vertices. Since the vertex ajas - - - a,—_1 is
adjacent to the vertex asas - - - ay,, we need only label the arc from ajas---a,—1 to
asas - - - ap by a, to indicate that the initial term a; is removed from ajas - - an—1
and a,, is added as the final term to produce asas---a,. The de Bruijn digraph
B(3,2) is shown in Figure 3.5.

2

Figure 3.5: The de Bruijn digraph B(3,2)

Since the outdegree and indegree of every vertex of B(3,2) are equal, it follows
that B(3,2) is Eulerian. One Eulerian circuit of B(3,2) is (0,0,1,1,0,2,2,1,2,0),
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which results in the de Bruijn sequence 001102212.

Because the de Bruijn digraph B(k,n) is connected and the outdegree and in-
degree of every vertex of B(k,n) is k, we have the following consequence of Theo-
rem 3.3.

Theorem 3.6 For every two integers k,n > 2, the de Bruijn digraph B(k,n) is
Eulerian.

The de Bruijn digraph B(2,4) is shown in Figure 3.6.

Figure 3.6: The de Bruijn digraph B(2,4)

3.3 Hamiltonian Graphs

William Rowan Hamilton (1805-1865) was gifted even as a child and his numerous
interests and talents ranged from languages (having mastered many by age 10)
to mathematics to physics. (Hamilton is mentioned in Chapter 0.) In 1832 he
predicted that a ray of light passing through a biaxial crystal would be refracted
into the shape of a cone. When this was experimentally confirmed, it was considered
a major discovery and led to his being knighted in 1835, thereby becoming Sir
William Rowan Hamilton. Even today, Hamilton is regarded as one of the leading
mathematicians and physicists of the 19th century.

Although Hamilton’s accomplishments were many, one of his best known in
mathematics was his creation in 1843 of a new algebraic system called quater-
nions. This system dealt with a set of “numbers” of the form a + bi + ¢j + dk,
where a,b,c,d € R, subject to certain arithmetic rules. Hamilton’s discovery of
quaternions was inspired by his search for an algebraic system that provided an
interpretation of 3-dimensional space, much like the algebraic system of complex
numbers a + bi provided an interpretation of the 2-dimensional plane. This geo-
metric interpretation of the complex numbers had only been introduced early in
the 19th century. Hamilton’s development of complex numbers as ordered pairs of
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real numbers was described in an 1837 essay he wrote. He concluded this essay
by mentioning that he hoped he would soon be able to publish something simi-
lar on the algebra of ordered triples. Hamilton worked on this problem for years,
obtaining success in 1843 only after he decided to relinquish the commutative prop-
erty. In particular, in the quaternions, ij = k and ji = —k; so ij # ji. Also,
Hamilton moved from a desired 3-dimensional system to the 4-dimensional system
of quaternions a + bi + ¢j + dk. Shortly after Hamilton’s discovery, physicists saw
that the vector portion bi+ cj + dk in Hamilton’s quaternions could be used to rep-
resent 3-dimensional space. The algebraic system of 3-dimensional vectors retained
the noncommutativity of quaternions, as can be seen in vector cross-product and
matrix multiplication.

In 1856 Hamilton developed another example of a noncommutative algebraic
system in a game he called the Icosian Game, initially exhibited by Hamilton at
a meeting of the British Association in Dublin. The Icosian Game (the prefix icos
is from the Greek for twenty) consisted of a board on which were placed twenty
holes and some lines between certain pairs of holes. The diagram for this game is
shown in Figure 3.7, where the holes are designated by the twenty consonants of
the English alphabet.

A% T
Figure 3.7: Hamilton’s Icosian Game

Hamilton later sold the rights to his game for 25 pounds to John Jacques &
Son, a game manufacturer especially well known as a dealer in chess sets. (John
Jacques & Son introduced table tennis to the world in 1891, which took on the
name ping pong in 1902.) The preface to the instruction pamphlet for the Icosian
game, prepared by Hamilton for marketing the game in 1859, read as follows:

In this new Game (invented by Sir WILLIAM ROWAN HAMILTON,
LL.D., & c., of Dublin, and by him named Icosian from a Greek word
signifying ‘twenty’) a player is to place the whole or part of a set of
twenty numbered pieces or men upon the points or in the holes of a board,
represented by the diagram above drawn, in such a manner as always to
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proceed along the lines of the figure, and also to fulfill certain other
conditions, which may in various ways be assigned by another player.
Ingenuity and skill may thus be exercised in proposing as well as in
resolving problems of the game. For example, the first of the two players
may place the first five pieces in any five consecutive holes, and then
require the second player to place the remaining fifteen men consecutively
in such a manner that the succession may be cyclical, that is, so that
No. 20 may be adjacent to No. 1; and it is always possible to answer
any question of this kind. Thus, if B C D F G be the five given
initial points, it is allowed to complete the succession by following the
alphabetical order of the twenty consonants, as suggested by the diagram
itself; but after placing the piece No. 6 in hole H, as above, it is also
allowed (by the supposed conditions) to put No. 7 in X instead of J, and
then to conclude with the succession, W R S T V J K L M N
P @ Z. Other Examples of Icosian Problems, with solutions of some of
them, will be found in the following page.

Of course, the diagram of Hamilton’s Icosian game shown in Figure 3.7 can be
immediately interpreted as a graph (see Figure 3.8), where the lines in the diagram
have become the edges of the graph and the holes have become the vertices. Indeed,
the graph of Figure 3.8 can be considered as the graph of the geometric solid called
the dodecahedron (where the prefix dodec is from the Greek for twelve, pertaining
to the twelve faces of the solid and the twelve regions determined by the graph,
including the exterior region). This subject will be discussed in more detail in
Chapter 5.

Figure 3.8: The graph of the dodecahedron

The problems proposed by Hamilton in his Icosian game gave rise to concepts in
graph theory, which eventually became a popular subject of study by mathemati-
cians. Let G be a graph. A path in G that contains every vertex of G is called
a Hamiltonian path of G, while a cycle in G that contains every vertex of G is
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called a Hamiltonian cycle of G. A graph that contains a Hamiltonian cycle is
itself called Hamiltonian. Certainly, the order of every Hamiltonian graph is at
least 3 and every Hamiltonian graph contains a Hamiltonian path. On the other
hand, a graph with a Hamiltonian path need not be Hamiltonian. The graph G;
of Figure 3.9 is Hamiltonian and therefore contains both a Hamiltonian cycle and
a Hamiltonian path. The graph G5 contains a Hamiltonian path but is not Hamil-
tonian; while G5 contains neither a Hamiltonian cycle nor a Hamiltonian path.

G1 Ga Gs
Figure 3.9: Hamiltonian paths and cycles in graphs

As implied by Hamilton’s remarks, the graph of the dodecahedron in Figure 3.8
is Hamiltonian. Indeed, Hamilton’s statement implies that this graph has a much
stronger property. If one begins with any path of order 5 in the graph of Figure 3.8,
then the path can be extended to a Hamiltonian cycle. As Hamilton stated, the
path (B, C, D, F, G) can be extended to each of the Hamiltonian cycles

(B) C7 D7 F7 G7 H7 J7 K7 L7 M7 N7 P7 Q7 R’? S7 T7 V7 W7 X’ Z’ B)
and
(B7 C) D7 F7 G7 H7 X? W7 R’7 S7 T7 V7 J7 K7 L7 M7 N7 P) Q7 Z7 B)'

Hamilton proposed a number of additional problems in his Icosian Game such as
showing the existence of three initial points for which the board cannot be covered
“noncyclically”, that is, there is a path of order 3 in the graph of the dodecahedron
that can be extended to a Hamiltonian path but which cannot in turn be extended to
a Hamiltonian cycle. Another problem of Hamilton was to find a path of order 3 such
that whenever it is extendable to a Hamiltonian path, it is necessarily extendable
to a Hamiltonian cycle.

In 1855 the Reverend Thomas Penyngton Kirkman (1840-1892) studied such
questions as whether it is possible to visit all corners (vertices) of a polyhedron
exactly once by moving along edges of the polyhedron and returning to the starting
vertex. He observed that this could be done for some polyhedra but not all. While
Kirkman had studied Hamiltonian cycles on general polyhedra and had preceded
Hamilton’s work on the dodecahedron by several months, it is Hamilton’s name that
became associated with spanning cycles of graphs, not Kirkman’s. Quite possibly
these cycles should have been named for Kirkman. But perhaps it was Hamilton’s
fame, his work on quaternions and physics, and that his questions dealing with
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spanning cycles on the graph of the dodecahedron were deeper and more varied
that led to Hamilton’s name being forever linked with these cycles.

Since the concepts of a circuit that contains every edge of a graph and a cycle
that contains every vertex sound so similar and since there is a simple and useful
characterization of graphs that are Eulerian, one might very well anticipate the
existence of such a characterization for graphs that are Hamiltonian. However,
no such theorem has ever been discovered. On the other hand, it is much more
likely that a graph is Hamiltonian if the degrees of its vertices are large. It wasn’t
until 1952 that a general theorem by Gabriel Andrew Dirac on Hamiltonian graphs
appeared, giving a sufficient condition for a graph to be Hamiltonian. However, in
1960 a more general theorem, due to Oystein Ore [137], would be discovered and
lead to a host of other sufficient conditions.

Theorem 3.7 Let G be a graph of order n > 3. If degu+ degv > n for each pair
u,v of nonadjacent vertices of G, then G is Hamiltonian.

Proof. Suppose that the statement is false. Then for some integer n > 3, there
exists a graph H of order n such that degu + degwv > n for each pair u,v of
nonadjacent vertices of H but yet H is not Hamiltonian. Add as many edges as
possible between pairs of nonadjacent vertices of H so that the resulting graph G
is still not Hamiltonian. Hence G is a maximal non-Hamiltonian graph. Certainly,
G is not a complete graph. Furthermore, deg, v+ degy v > n for every pair u, v of
nonadjacent vertices of G.

If the edge xy were to be added between two nonadjacent vertices z and y of
G, then necessarily G + xy is Hamiltonian and so G 4+ xy contains a Hamiltonian
cycle C. Since C' must contain the edge xy, the graph G contains a Hamiltonian
x —y path (z = v1,v9,...,0, = y). If zv; € E(G), where 2 < i < n — 1, then
yvi—1 ¢ E(G); for otherwise,

/
C' = (557’02, ey Vi—1,Y,Vn—1,Un—-2,- .- ,'Uq;,if)

is a Hamiltonian cycle of G, which is impossible. Hence for each vertex of G adjacent
to x, there is a vertex of V(G) — {y} not adjacent to y. However then,

degoy < (n—1) — degg x,
that is, degg; « + deg; y < n — 1, producing a contradiction. [

The aforementioned 1952 paper of Dirac [56] contained the following sufficient
condition for a graph to be Hamiltonian, which is a consequence of Theorem 3.7.

Corollary 3.8 If G is a graph of order n > 3 such that degv > n/2 for each
vertez v of G, then G is Hamiltonian.

With the aid of Theorem 3.7, a sufficient condition for a graph to have a Hamil-
tonian path can also be given.

Corollary 3.9 Let G be a graph of order n > 2. If degu+ degv > n —1 for each
pair u,v of nonadjacent vertices of G, then G contains a Hamiltonian path.
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Proof. Let H = G+ K;, where w is the vertex of H that does not belong to G.
Then H has order n+ 1 and degu + degv > n+ 1 for each pair u, v of nonadjacent
vertices of H. Then H is Hamiltonian by Theorem 3.7. Let C be a Hamiltonian
cycle of H. Deleting w from C' produces a Hamiltonian path in G. [

J. Adrian Bondy and Vagek Chvdtal [23] observed that the proof of Ore’s theo-
rem (Theorem 3.7) neither uses nor needs the full strength of the requirement that
the degree sum of each pair of nonadjacent vertices is at least the order of the graph
being considered. Initially, Bondy and Chvatal observed the following result.

Theorem 3.10 Let u and v be nonadjacent vertices in a graph G of order n such
that degu-+degv > n. Then G+wuv is Hamiltonian if and only if G is Hamiltonian.

Proof. Certainly if G is Hamiltonian, then G 4 wv is Hamiltonian. For the con-
verse, suppose that G + uv is Hamiltonian but G is not. Then every Hamiltonian
cycle in G+ uv contains the edge uv, implying that G contains a Hamiltonian u —v
path. We can now proceed exactly as in the proof of Theorem 3.7 to produce a
contradiction. n

The preceding result inspired a definition. Let G be a graph of order n. The
closure CL(G) of G is the graph obtained from G by recursively joining pairs
of nonadjacent vertices whose degree sum is at least n (in the resulting graph at
each stage) until no such pair remains. A graph G and its closure are shown in
Figure 3.10.

-y

CL(G)

Figure 3.10: Constructing the closure of a graph

First, it is known that this concept is well-defined, that is, the same graph is
obtained regardless of the order in which edges are added.

Theorem 3.11 Let G be a graph of order n. If G1 and G2 are graphs obtained
by recursively joining pairs of nonadjacent vertices whose degree sum is at least n
until no such pair remains, then G1 = Gs.

Proof. Suppose that GGy is obtained by adding the edges e, e, ..., e, to G in the
given order and G is obtained from G by adding the edges fi, fo,..., fs in the
given order. Assume, to the contrary, that G1 # G2. Then E(G1) # E(G2). Thus
we may assume that there is a first edge e; = xy in the sequence eq,eo, ..., e, that
does not belong to Gs. Let H = G+{ey,ea,...,e;—1}. Then H is a subgraph of Gs.
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Since degy = + degy y > n, it follows that degg,  + degg, y > n, which produces
a contradiction since z and y are not adjacent in G. ]

Repeated applications of Theorem 3.10 give us the following result.
Theorem 3.12 A graph is Hamiltonian if and only if its closure is Hamiltonian.

While we have described two sufficient conditions for a graph to be Hamiltonian,
there is also a useful necessary condition. Recall that k(H) denotes the number of
components in a graph H.

Theorem 3.13 If G is a Hamiltonian graph, then
k(G —5) < |S]
for every nonempty proper subset S of V(G).

Proof. Let S be a nonempty proper subset of V(G). If G — S is connected, then
certainly, k(G — S) < |S|. Hence we may assume that k(G —S) = k > 2 and
that G1,Ga, ..., G are the components of G — S. Let C = (v1,v2,...,v0,,v1) be a
Hamiltonian cycle of G. Without loss of generality, we may assume that v; € V(Gy).
For 1 <j <k, let v;; be the last vertex of C' that belongs to G;. Necessarily then,
vi;41 € Sfor1 < j<kandso|S|>k=k(G-S9). L]

Because Theorem 3.13 presents a necessary condition for a graph to be Hamil-
tonian, it is most useful in its contrapositive formulation:

If there exists a nonempty proper subset S of the vertex set V(G) of a
graph G such that k(G — S) > |S|, then G is not Hamiltonian.

Certainly every Hamiltonian graph is connected. As a consequence of Theo-
rem 3.13, no graph with a cut-vertex is Hamiltonian. The graph G of Figure 3.11
is not Hamiltonian either for if we let S = {w,z}, then k(G — S) = 3 and so
k(G —8) > |9].

Figure 3.11: A non-Hamiltonian graph

The famous Petersen graph is not Hamiltonian but Theorem 3.13 cannot be
used to verify this. Recall that the girth of the Petersen graph (the length of a
smallest cycle) is 5.

Theorem 3.14 The Petersen graph is not Hamiltonian.
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Proof. Assume, to the contrary, that the Petersen graph is Hamiltonian. Then
P has a Hamiltonian cycle

C = (’Ul,’UQ, . ,Ulo,’Ul).

Since P is cubic, v is adjacent to exactly one of the vertices vs, vy, ..., v9. However,
since P contains neither a 3-cycle nor a 4-cycle, v; is adjacent to exactly one of vs, vg,
and vy. Because of the symmetry of vs and v7, we may assume that v, is adjacent
to either vy or vg.

Case 1. vy 1s adjacent to vs in P. Then v1( is adjacent to exactly one of vy, vs,
and vg, which results in a 4-cycle, a 3-cycle, or a 4-cycle, respectively, each of which
is impossible.

Case 2. vy is adjacent to vg in P. Again, vy is adjacent to exactly one of vy,
vs, and vg. Since P does not contain a 3-cycle or a 4-cycle, v1g must be adjacent
to vy. However, then this returns us to Case 1, where v; and v are replaced by vyg
and vy, respectively. =

A graph G is Hamiltonian-connected if for every pair u, v of vertices of G,
there is a Hamiltonian u — v path in G. Necessarily, every Hamiltonian-connected
graph of order 3 or more is Hamiltonian but the converse is not true. The cubic
graph G; = C3 x Ko of Figure 3.12 is Hamiltonian-connected, while the cubic
graph Gy = Cy X Ko = @3 is not Hamiltonian-connected. The graph G2 contains
no Hamiltonian u — v path, for example. (See Exercise 19.)

u

G1: GQI
v

Figure 3.12: Hamiltonian-connected and non-Hamiltonian-connected graphs

There is a sufficient condition for a graph to be Hamiltonian-connected that is
similar in statement to the sufficient condition for a graph to contain a Hamiltonian
cycle presented in Theorem 3.7. The following theorem is also due to Oystein Ore
[139] and provides a sufficient condition for a graph to be Hamiltonian-connected.

Theorem 3.15 Let G be a graph of order n > 4. If degu-+degv > n+1 for every
pair u,v of nonadjacent vertices of G, then G is Hamiltonian-connected.

Proof. Suppose that the theorem is false. Then there exist two nonadjacent
vertices v and v of G such that G does not contain a Hamiltonian v — v path.
On the other hand, G contains a Hamiltonian cycle C' by Theorem 3.7. Let C' =
(v1,v2,...,0p,01), where u = v, and v = v; for some j ¢ {1,n — 1,n}. The vertex
vy is not adjacent to v;41, for otherwise

U =Un,Un—1y.--,Uj4+1,V1,V2,...,U; =0
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is a Hamiltonian v — v path in G.
If viv; € E(G), 2 <14 < j, then vj41v;—1 ¢ E(G); for otherwise,

U ="VUn,Un—1y-++yVj+1,Vi—1,Vi—2,...,V1, V5, Vjt1,...,V5 =V

is a Hamiltonian w — v path in G. Also, if viv; € E(G), j +2 < i < n—1, then
Vj+10i+1 € E(G); for otherwise

U= VUp,Un—1,---,Vi+1,Vj+1,Vj4+2,...,V;,V1,V2,...,Vj =0

is a Hamiltonian v — v path in G.
Since v1v;41 ¢ E(G), there are degv, — 1 vertices in the set

{Ug,vg, R ,vj} U {’UjJrQ,’UjJrg, .. .,vnfl}

that are adjacent to v1. For each of these vertices, there is a vertex in the set

{Ul,vg, R ,vjfl} U {vj+3,vj+4, R ,’Un}

that is not adjacent to vj;1. This implies that

degvjt1 <2+ [(n—3) — (degv; — 1)]

or that degv; + degv;41 < n, which is a contradiction. n

Exercises for Chapter 3

1.

In Euler’s solution to the Konigsberg Bridge Problem, he observed that if
there was a route that crossed each bridge exactly once, then this route could
be represented by a sequence of eight letters, each of which is one of the four
land regions A, B, C, and D shown in Figure 3.1. Show that it is impossible
for any of these letters to appear only among the middle six terms of the
sequence. What conclusion can be made from this observation?

Let G be a nontrivial connected graph. Prove that G is Eulerian if and only
if E(G) can be partitioned into subsets F;, 1 < ¢ < k, where the subgraph
G[E;] induced by each set E; is a cycle.

Let G be a connected graph containing 2k odd vertices, where k > 1. Prove
that F(G) can be partitioned into subsets F;, 1 < i < k, where each subgraph
G[F;] induced by E; is an open trail, at most one of which has odd length.

Prove or disprove: There exists a strong digraph with an Eulerian trail.

Prove that an Eulerian graph G has even size if and only if G has an even
number of vertices v such that degv =2 (mod4).

Let G be an Eulerian graph of order n > 4. Prove that G contains at least
three vertices all of which have the same degree.
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Prove or disprove: There exist two connected graphs G and H both of order
at least 3 and neither of which is Eulerian such that G + H is Eulerian.

(a) Find an Eulerian circuit in the de Bruijn digraph B(2,4) shown in Fig-
ure 3.6.

(b) Use the information in (a) to construct the corresponding de Bruijn se-
quence.

(c¢) Locate the 4-words 1010, 0101, 1001, and 0110 in the de Bruijn sequence
in (b).

(a) Draw the de Bruijn digraph B(3, 3).
(b) Construct an Eulerian circuit in B(3, 3).

(¢) Use your answer in (b) to construct the corresponding de Bruijn se-
quence.

Determine the order, size, and the outdegree and indegree of every vertex of
the de Bruijn digraph that can used to construct a de Bruijn sequence that
will give all 5-words, each term of which is an element of A = {0,1,2,3}.

Prove that if T is a tree of order at least 4 that is not a star, then T contains
a Hamiltonian path.

Let S ={1,2,3,4} and for 1 < i < 4, let .S; denote the set of i-element subsets
of S. Let G = (V, E) be a graph with V' = S5 U S5 such that A is adjacent to
B in G if |AN B| = 2. Prove or disprove each of the following.

a) G is Eulerian.

(a)

(b) G has an Eulerian trail.

(¢) G is Hamiltonian.

(a) Give an example of a graph G containing a Hamiltonian path for which
k(G — S) > |S| for some nonempty proper subset S of V(G).

a

(b) State and prove a result analogous to Theorem 3.13 that gives a necessary
condition for a graph to contain a Hamiltonian path.

Let K, be the complete bipartite graph where 2 < s <t. Prove that K is
Hamiltonian if and only if s = ¢.

Suppose that it is possible to assign every vertex of a graph G of odd order
n > 3 either the color red or the color blue in such a way that every red vertex
is adjacent only to blue vertices and every blue vertex is adjacent only to red
vertices. Show that G is not Hamiltonian.

(a) Prove that if G is a graph of order 101 and §(G) = 51, then every vertex
of G lies on a cycle of length 27.

(b) State and prove a generalization of (a).
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Give an alternative proof of Theorem 3.15:

Let G be a graph of order n > 4. If degu + degv > n + 1 for
every pair u,v of nonadjacent vertices of G, then G is Hamiltonian-
connected.

by first observing that G — v is Hamiltonian for every vertex v of G.
Prove that every Hamiltonian-connected graph of order 4 or more is 3-connected.
Prove that no bipartite graph of order 3 or more is Hamiltonian-connected.

Give an example of a Hamiltonian graph G and a path P of order 2 in G that
cannot be extended to a Hamiltonian cycle of G.

Let G be a graph of order n > 3 and let k be an integer such that 1 < k < n—1.
Prove that if degv > (n 4+ k — 1)/2 for every vertex v of G, then every path
of order k in G can be extended to a Hamiltonian cycle of G.

In Hamilton’s Icosian game, he stated that every path of order 5 in the graph
of the dodecahedron can be extended to a Hamiltonian cycle in this graph. A
graph G of order n > 3 is Hamiltonian extendable if every path of G can
be extended to a Hamiltonian cycle of G.

(a) Show that K, Cp, and Kz » (n even) are Hamiltonian extendable.

Now let G be a Hamiltonian extendable graph of order n > 3 with a
Hamiltonian cycle C' = (v1,va, ..., Up,v1).

Show that if v,y € E(G), then vor1vp41 € E(G).

) Show that G is r-regular for some integer r > 2.

—_
o o
=

(d) Show that if G is an r-regular Hamiltonian extendable graph where r >
n/2, then G = K,.

(e) Show that if G is an r-regular Hamiltonian extendable graph where r <
n/2, then G = C,,.

(f) Determine all Hamiltonian extendable graphs of a given order n > 3.

[Hint for (d)-(f): Let G be a Hamiltonian extendable graph of order n > 3.
(i) If there is a vertex that is adjacent to two consecutive vertices of the
Hamiltonian cycle C, then G = K,. (ii) If there is a vertex that is non-
adjacent to two consecutive vertices of the Hamiltonian cycle C, then G = C,,.
If (i) and (ii) don’t occur, then G = Kn n. Thus G € {K,,Cp, Kn n}]






Chapter 4

Matchings and Factorization

There are numerous problems concerning graphs that contain sets of edges or sets
of vertices possessing a property of particular interest. Often we are interested
in partitioning the edge set or vertex set of a graph into subsets so that each
subset possesses this property. In this chapter, we describe some of the best-known
examples of such sets and the subgraphs they induce.

4.1 Matchings
Suppose that A and B are finite nonempty sets with |A| = s and |B| = ¢, say
A={a1,a2,...,as} and B = {by,ba, ..., b:}.

Does there exist a one-to-one function from A to B? Clearly, this question cannot
be answered without more information. Surely such a function exists if and only
if s <t. But what if the image of each element a; (1 < i < s) must be selected
from some nonempty list L(a;) of elements of B? Then this question still cannot
be answered without knowing more about the lists L(a;).

Let’s consider an example of this. If A = {a1,a2,a3,a4} and B = {by1,ba, b3, b4},
where

L(a1) = {b1,b2}, L(az) = {b1,ba}, L(az) = {ba, b3}, L(as) = {b3,ba},
then the function f: A — B defined by

fla1) = b1, f(az) = bs, f(a3) = b2, f(as) = b3 (4.1)

is one-to-one. This situation can be modeled by a bipartite graph G with partite
sets A and B, where a;b; € E(G) if b; € L(a;). (See Figure 4.1.) To show that there
is a one-to-one function f from A to B, it is sufficient to show that G contains a
set of pairwise nonadjacent edges such that each vertex of A is incident with one of
these edges. The edges corresponding to the function f defined in (4.1) are shown
in bold in Figure 4.1.

91
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ai as as ay4

b1 bo b3 ba
Figure 4.1: A bipartite graph modeling a function problem

We consider an additional example. Suppose that A = {a1,a2,...,a5} and
B ={b1,ba,...,bs}, where

L(al) - {b37b5}7 L(G‘Q) - {b1)b25b3)b4)b6})
L(as) = {b1,b2,b4,b5,b6}, L(as) = {b3,bs}, L(as) = {b3, bs}.

Again we ask whether there is a one-to-one function from A to B. This situation can
also be modeled by a bipartite graph, namely the graph G shown in Figure 4.2. In
this case, however, notice that the image of each of the elements a1, a4, and a5 of A
must be chosen from the same two elements of B (namely bs and bs). Consequently,
there is no way to construct a function from A to B such that every two elements of
{a1,a4,as} have distinct images and so no one-to-one function from A to B exists.

Figure 4.2: A bipartite graph modeling a function problem

The problem mentioned above pertains to an important concept in graph theory
that is encountered in a variety of circumstances. In a graph G, a set M of edges,
no two edges of which are adjacent, is called a matching.

Although matchings are of interest in all graphs, they are of particular interest
in bipartite graphs. For example, we saw that the bipartite graph of Figure 4.1
contains a matching of size 4 (and so there is a one-to-one function from A to B
under the given restrictions) but that there is no matching of size 5 in the bipartite
graph of Figure 4.2 (and so there is no one-to-one function from A to B under the
given restrictions).

Let G be a bipartite graph with partite sets U and W, where |U| < |[W|. A

matching in G is therefore a set M = {e1,e2,...,er} of edges, where e; = u;w; for
1 <i < k such that uy, us, ..., u; are k distinct vertices of U and wy, wa, ..., w; are
k distinct vertices of W. In this case, M matches the set {uj,us,...,ux} to the

set {w1,wa, ..., wi}. Necessarily, for any matching of k edges, k < |U|. If |U| = k,
then U is said to be matched to a subset of W.
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For a bipartite graph G with partite sets U and W and for S C U, let N(S) be
the set of all vertices in W having a neighbor in S. The condition that

IN(S)| > |S| forall S CU

is referred to as Hall’s condition. This condition is named for Philip Hall (1904—
1982), a British group theorist. The following 1935 theorem of Hall [93] shows that
this condition provides a necessary and sufficient condition for one partite set of a
bipartite graph to be matched to a subset of the other.

Theorem 4.1 Let G be a bipartite graph with partite sets U and W, where |U| <
|W|. Then U can be matched to a subset of W if and only if Hall’s condition is
satisfied.

Proof. If Hall’s condition is not satisfied, then there is some subset S of U such
that |S| > |N(S)|. Since S cannot be matched to a subset of W, it follows that U
cannot be matched to a subset of W.

The converse is verified by the Strong Principle of Mathematical Induction. We
proceed by induction on the cardinality of U. Suppose first that Hall’s condition is
satisfied and |U| = 1. Since |[N(U)| > |U| = 1, there is a vertex in W adjacent to
the vertex in U and so U can be matched to a subset of W. Assume, for an integer
k > 2, that if G is any bipartite graph with partite sets U; and Wy, where

|U1| < |W1| and 1 < |U1| < k’,

that satisfies Hall’s condition, then U; can be matched to a subset of W7. Let G
be a bipartite graph with partite sets U and W, where k = |U| < |W|, such that
Hall’s condition is satisfied. We show that U can be matched to a subset of W. We
consider two cases.

Case 1. For every subset S of U such that 1 < |S| < |U|, it follows that
IN(S)| > |S]. Let u € U. By assumption, u is adjacent to two or more vertices of
W. Let w be a vertex adjacent to u. Now let H be the bipartite subgraph of G with
partite sets U — {u} and W — {w}. For each subset S of U — {u}, |N(S)| > |S] in
H. By the induction hypothesis, U — {u} can be matched to a subset of W — {w}.
This matching together with the edge uw shows that U can be matched to a subset
of W.

Case 2. There exists a proper subset X of U such that |[N(X)| = |X]|. Let F' be
the bipartite subgraph of G with partite sets X and N(X). Since Hall’s condition
is satisfied in F', it follows by the induction hypothesis that X can be matched to a
subset of N(X). Indeed, since |[N(X)| = | X]|, the set X can be matched to N(X).
Let M’ be such a matching.

Next, consider the bipartite subgraph H of G with partite sets U — X and
W — N(X). Let S be a subset of U — X and let

S'= N(S) N (W — N(X)).
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We show that |S| < |S’|. By assumption, |[N(X US)| > |X U S|. Hence
INX)[+ 19 = IN(X US)| > |X]|+S].

Since |N(X)| = |X|, it follows that |S’| > |S|. Thus Hall’s condition is satisfied in
H and so there is a matching M" from U — X to W — N(X). Therefore, M' U M"
is a matching from U to W in G. [

There are certain kinds of matchings in graphs (bipartite or not) which will be
of special interest. A matching M in a graph G is a

(1) maximum matching of G if G contains no matching with more than |M|
edges;

(2) maximal matching of G if M is not a proper subset of any other matching

in G;
(3) perfect matching of G if every vertex of G is incident with some edge in M.

If M is a perfect matching in G, then G has order n = 2k for some positive integer
k and |M| = k. Thus only a graph of even order can have a perfect matching.
Furthermore, every perfect matching is a maximum matching and every maximum
matching is a maximal matching, but neither converse is true. For the graph G = Py
of Figure 4.3, the matching M = {v1vq, v3v4, v306} is both a perfect and maximum
matching, while M’ = {vqv3,v5v6} is maximal matching that is not a maximum
matching.

O O O O O O
(%1 V2 V3 V4 Vs Ve
O O O O O O
V1 (%] V3 V4 Vs Ve

Figure 4.3: Maximum and maximal matchings in a graph

If G is a bipartite graph with partite sets U and W where |U| < |W| and Hall’s
condition is satisfied, then by Theorem 4.1, G contains a matching of size |U|, which
is a maximum matching. If |U| = |W|, then such a matching is a perfect matching
in G. The following result is another consequence of Theorem 4.1.

Theorem 4.2 FEvery r-regular bipartite graph (r > 1) has a perfect matching.

Proof. Let G be an r-regular bipartite graph with partite sets U and W. Then
|[U| = |W]|. Let S be a nonempty subset of U. Suppose that a total of k edges
join the vertices of S and the vertices of N(S). Thus k = r|S|. Since there are
r|N(S)| edges incident with the vertices of N(S), it follows that k < r|N(S)| or
r|S| < r|N(S)|. Therefore, |S| < |N(S)| and Hall’s condition is satisfied in G. By
Theorem 4.1, G has a perfect matching. [

There is a popular reformulation of Theorem 4.2 that is referred to as the Mar-
riage Theorem.
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Theorem 4.3 (The Marriage Theorem) Let there be given a collection of
women and men such that each each woman knows exactly v of the men and each
man knows exactly v of the women. Then every woman can marry a man she knows.

Another theorem closely related to Hall’s theorem and the Marriage Theorem
involves the concept of systems of distinct representatives. A collection of finite
nonempty sets S1,59,...,5, has a system of distinct representatives if there
exist n distinct elements 1, x2,..., T, such that z; € S; for 1 <i <n.

Theorem 4.4 A collection {S1,Sa,...S,} of finite nonempty sets has a system of
distinct representatives if and only if for each integer k with 1 < k < n, the union
of any k of these sets contains at least k elements.

Proof. Assume first that {5, S2,...,S5,} has a system of distinct representatives.
Then, for each integer k with 1 < k < n, the union of any k of these sets contains
at least k elements.

For the converse, suppose that {S7,52,...,S,} is a collection of n sets such that
for each integer k with 1 < k < n, the union of any k of these sets contains at least
k elements. We now consider the bipartite graph G with partite sets

UZ{Sl,SQ,...,Sn} andW:,5'1USQU~-~USn

such that a vertex S; (1 < i < n) in U is adjacent to a vertex w in W if w € S;.
Let X be any subset of U with |X| = k, where 1 < k& < n. Since the union of
any k sets in U contains at least k elements, it follows that |[N(X)| > |X|. Thus
G satisfies Hall’s condition. By Theorem 4.1, G contains a matching from U to
a subset of W. This matching pairs off the sets Si1,53,...,5, with n distinct
elements in S; U Sy U...US,, producing a system of distinct representatives for

{51,52,...,Sn}. |

Let G be a bipartite graph with partite sets U and W where |U| = |W|. By
Theorem 4.1, G has a perfect matching if and only if for every subset S of U, the
inequality |N(S)| > | S| holds. This, of course, says that G has a perfect matching if
and only if Hall’s condition is satisfied in G. In 1954 William Tutte [177] established
a necessary and sufficient condition for graphs in general to have a perfect matching.
A component of a graph is odd or even according to whether its order is odd or
even. The number of odd components in a graph G is denoted by ko(G).

Theorem 4.5 A nontrivial graph G contains a perfect matching if and only if
ko(G — S) < |S| for every proper subset S of V(G).

Proof. First, suppose that G contains a perfect matching M. Let S be a proper
subset of V(G). If G—S has no odd components, then k,(G—S5) = 0 and k,(G—95) <
|S]. Thus we may assume that k,(G — S) = k > 1. Let G1,Ga,...,Gy be the odd
components of G — S. (There may be some even components of G — S as well.) For
each component G; of G — S, there is at least one edge of M joining a vertex of G;
and a vertex of S. Thus k,(G — 5) < |S|.

We now verify the converse. Let G be a graph such that k,(G — S) < |S] for
every proper subset S of V(G). In particular, k,(G — @) < |@] = 0, implying that
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every component of G is even and so G itself has even order. We now show that
G has a perfect matching by employing induction on the (even) order of G. Since
K is the only graph of order 2 having no odd components and K> has a perfect
matching, the base case of the induction is verified.

For a given even integer n > 4, assume that all graphs H of even order less
than n and satisfying k,(H — S) < |S| for every proper subset S of V(H) contain
a perfect matching. Now let G be a graph of order n satisfying k,(G — S) < |S| for
every proper subset S of V(G). As we saw above, every component of G has even
order. We show that G has a perfect matching.

For a vertex v of G that is not a cut-vertex (see Theorem 2.1) and R = {v}, it
follows that k,(G — R) = |R| = 1. Hence there are nonempty proper subsets T' of
V(G) for which ko(G —T) = |T|. Among all such sets T, let S be one of maximum
cardinality. Suppose that k,(G — S) = |S| = k > 1 and let G1,Ga,...,Gk be the
odd components of G — S.

We claim that k(G — S) = k, that is, G1,Ga,. .., G are the only components
of G — S. Assume, to the contrary, that G — S has an even component Gg. Let vy
be a vertex of Gy that is not a cut-vertex of Go. Let Sy = S U {vp}. Since Gy has
even order,

ko(G — So) > ko(G—S)+1=k+1.
On the other hand, k,(G — Sp) < |So| = k + 1. Therefore,
ko(G - SO) = |SO| =k+ ]-7

which is impossible. Thus, as claimed, G1,Gs, ..., Gy are the only components of
G-S.

For each integer i (1 < i < k), let S; denote the set of those vertices in S
adjacent to at least one vertex of G;. Since G has only even components, each set
S; is nonempty.

We claim, for each integer ¢ with 1 < ¢ < k, that the union of any ¢ of the
sets 51,53, ..., 5, contains at least ¢ vertices. Assume, to the contrary, that this
is not the case. Then there is an integer j such that the union S’ of j of the
sets 51,52, ..., Sk has fewer than j elements. Suppose that S1,5s,...,S; have this
property. Thus

S'=85USU---US; and |5'] < j.
Then Gi,Gs, ..., G, are at least some of the components of G — S” and so
ko(G—5") > 5> 19,

which contradicts the hypothesis. Thus, as claimed, for each integer £ with 1 < ¢ <
k, the union of any ¢ of the sets S1, S9,..., Sk contains at least £ vertices.

By Theorem 4.4, there is a set {v1,vq,...,v5} of k distinct vertices of S such
that v; € S; for 1 < i < k. Since every component G; of G — S contains a vertex u;
such that u;v; is an edge of G, it follows that {u;v; : 1 <@ < k} is a matching of G.

We now show that for each nontrivial component G; of G — S (1 < i < k), the
graph G; — u; contains a perfect matching. Let W be a proper subset of V(G; —u;).
We claim that
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Assume, to the contrary, that ko(G; — u; — W) > |W|. Since G; has odd order,
G; — u; has even order and so k,(G; —u; — W) and |W| are both even or both odd.
Hence

ko(Gi —U; — W) > |W| + 2.
Let X = SUW U {u;}. Then

RY

S|+ |[W[+1=|S|+(W|+2)—1
kO(G—S)—FkO(Gi—U,i—W)—l
ko(G_X) < |X|a

IN

which implies that k,(G — X) = |X| and contradicts the defining property of S.
Thus, as claimed, k,(G; —u; — W) < |W].

Therefore, by the induction hypothesis, for each nontrivial component G; of
G — S (1 <i < k), the graph G; — u; has a perfect matching. The collection of
perfect matchings of G; — wu; for all nontrivial graphs G; of G — S together with the
edges in {u;v; : 1 < i <k} produce a perfect matching of G. [

Clearly, every 1l-regular graph contains a perfect matching, while only the 2-
regular graphs containing no odd cycles have a perfect matching. As expected,
determining whether a cubic graph has a perfect matching is often considerably more
challenging. One of the best known theorems in this connection is due to Julius
Petersen [140] who showed that every bridgeless cubic graph contains a perfect
matching.

Theorem 4.6 Fuvery bridgeless cubic graph contains a perfect matching.

Proof. Let G be a bridgeless cubic graph, and let S be a proper subset of V(G)
with |S| = k. We show that k,(G — S) < |S|. This is true if G — S has no odd
components; so we assume that G—S has ¢ > 1 odd components, say G1, G, ..., Gy.

Let E; (1 < i < ¥) denote the set of edges joining the vertices of G; and the
vertices of S. Since G is cubic, every vertex of G; has degree 3 in GG. Because the
sum of the degrees in G of the vertices of GG; is odd and the sum of the degrees in
G; of the vertices of G is even, it follows that |E;| is odd. Because G is bridgeless,
|E;| #1 and so |E;| > 3 for 1 <4 < ¢. This implies that there are at least 3¢ edges
joining the vertices of G — S and the vertices of S. Since |S| = k, at most 3k edges
join the vertices of G — S and the vertices of S. Thus

3ko(G — S) = 3¢ < 3k = 3[9|

and so k(G — 5) <|S|. By Theorem 4.12, G has a perfect matching. ]

In fact, Petersen showed that a cubic graph with at most two bridges contains a
perfect matching (see Exercise 2). This result cannot be extended further, however,
since the graph G of Figure 4.4 is cubic and contains three bridges but no perfect
matching since k,(G —v) =3 > 1 = [{v}].
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Figure 4.4: A cubic graph with no perfect matching

4.2 Independence in Graphs

A set M of edges in a graph G is independent if no two edges in M are adjacent.
Therefore, M is an independent set of edges of G if and only if M is a matching
in G. The maximum number of edges in an independent set of edges of G is called
the edge independence number of G and is denoted by o' (G). Therefore, if M
is an independent set of edges in G such that |M| = o/(G), then M is a maximum
matching in G. If G has order n, then o/(G) < n/2 and o/(G) = n/2 if and only if
G has a perfect matching.

An independent set M of edges of GG is a maximal independent set if M is a
maximal matching in G. Thus M is not a proper subset of any independent set of
edges of G. The lower edge independence number o/ (G) of G is the minimum
cardinality of a maximal independent set of edges (or maximal matching) in G. For
the graph G = Pg of Figure 4.3, o(G) = 3 and o, (G) = 2. Clearly, o, (G) < ¢/(G)
for every graph G. In fact, we have the following result.

Theorem 4.7 For every nonempty graph G,
a,(G) </ (G) < 205(G).

Proof. As we noted, the inequality o/ (G) < o/(G) follows from the definitions of
the edge independence number and lower edge independence number. Suppose that
o/ (G) = k. Thus G contains a maximal matching M = {e1, eq, ..., e}, where, say
e; = u;v; (1 <i<k). Thus every edge of G is incident with at least one vertex in
the set W = {uy,ua,...,uk,v1,02,...,0x}. Now let M’ be an independent set of
edges such that |[M'| = o/(G). Since each vertex of W is incident with at most one
edge in M, it follows that |M'| < 2k, that is, o/(G) < 2a/(G). ]

Independence in graph theory applies to sets of vertices as well as to sets of
edges. A set U of vertices in a graph G is independent if no two vertices in U
are adjacent. (Some refer to an independent set of vertices as a stable set.) The
maximum number of vertices in an independent set of vertices of G is called the
vertex independence number, or more simply, the independence number of
G and is denoted by a(G). At the other extreme are sets of vertices that induce
complete subgraphs in G. A complete subgraph of G is also called a clique of G.
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A clique of order k is a k-clique. The maximum order of a clique of G is called
the clique number of G and is denoted by w(G). Thus a(G) = w(G) for every
graph G. Vagek Chvdtal and Paul Erdds [46] showed that if G is a graph of order
at least 3 whose independence number never exceeds its connectivity, then G must

be Hamiltonian.

Theorem 4.8 Let G be a graph of order at least 3. If k(G) > a(G), then G is
Hamiltonian.

Proof. If a(G) = 1, then G is complete and therefore Hamiltonian. Hence we
may assume that o(G) = k > 2. Since k(G) > 2, it follows that G is 2-connected
and so G contains a cycle by Theorem 2.19. Let C be a longest cycle in G. By
Theorem 2.19, C contains at least k vertices. We show that C' is a Hamiltonian
cycle. Assume, to the contrary, that C' is not a Hamiltonian cycle. Then there is
some vertex w of G that does not lie on C. Since G is k-connected, it follows with
the aid of Corollary 2.21 that G contains k paths Py, P, -, Py such that P; is a
w — v; path where v; is the only vertex of P; on C' and such that the paths are
pairwise-disjoint except for w.

In some cyclic ordering of the vertices of C, let u; be the vertex that follows
v; on C for each i (1 < i < k). No vertex u; is adjacent to w, for otherwise,
replacing the edge v;u; by P; and wu; produces a cycle whose length exceeds that
of C. Let S = {w,u1,usg,...,ux}. Since |S| =k +1> a(G) and wu; ¢ E(G) for
each i (1 < i < k), there are distinct integers r and s such that 1 < r,s < k and
urus € E(G). Replacing the edges w,v, and usvs by the edge u,us and the paths
P, and Ps produces a cycle that is longer than C. This is a contradiction. [

The following result is a consequence of a theorem of Paul Erdés, Michael Saks,
and Vera T. Sés [63], the proof of which is due to Fan Chung, and shows that the
independence number of every connected graph is always at least its radius.

Theorem 4.9 For every connected graph G,
a(G@) > rad(G).

Proof. Let G be a connected graph with radius r. Since the result is obvious for
r = 1, we may assume that r > 2. Among all connected induced subgraphs of G
having radius r, let H be one of minimum order. Let v, be a vertex of H that is not
a cut-vertex. Hence F' = H — v, is connected and rad(F) = r — 1 (see Exercise 31
of Chapter 2).

Let vg be a central vertex of F. Then dp(vg,w) < r — 1 for each vertex w of F.
Since d (v, w) < dp(vo,w) for each vertex w in F and ep(vg) > r, it follows that
dg(vo,v.) = 1. Let Q = (v, Vr—1,...,v0) be a v, — vy geodesic in H. Let = be a
vertex of H such that dg(ve,x) > r. Then x # v, and so dy(vg, z) < r — 1. Since

dr(v2,v0) + du(vo, ) > du(ve, ) > 1,

it follows that dg (vo,z) > r — 2. Let P be a vy — = geodesic in H.
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We claim that no vertex of P is adjacent to any of the vertices vg,vs, ..., v,, for
suppose that some vertex u of P is adjacent to a vertex v;, where 2 < j <r. Then

dy (vo,u) + dg (u, )
(dr(vo,vj) — 1) + (du (vj,z) — 1)
(dH(U(), ’Uj) — 2) + dH(vj,x).

dm(vo, )

AVARIV)

Since dg(v2,v5) + du(vj, ) > di(ve, x), it follows that
dr(vj, ) = dr (v2, @) — du (v2,v5)
and so

du(vo,z) > (du(vo,v) —2) +du(ve,z) — d(ve,v))
= (dg(vo,v2) —2) +dg (v, x) >,

which contradicts the fact that dgy(ve,z) < r — 1. Hence, as claimed, no vertex
of P is adjacent to any vertex v; for 2 < j < r. If dy(vg,z) = r — 1, then let
P = (vo,21,%2,...,Tr—1 = ). In this case,

S = {Uo,vg,v4,...,U2L%J}U{$2,$4,...,$2L%J}

is an independent set of r vertices and so a(G) > a(H) > r = rad(G). On the

other hand, if dgy(vo,z) = r — 2, then let P = (vo,z1,22,...,2,—2 = x). Since
dpg(vi,x) > r—1, it follows that v; cannot be adjacent to any vertex of the vertices
Z1,%2,- .., Tr_ga, for otherwise dg(v1,2z) > r — 2, a contradiction. In this case, if r
is odd, then

S = {v1,v3,v5,..., 0.} U{x1,23,25,...,Tr_2}

is an independent set of r vertices; while if 7 is even, then
i
S" = {UOa V2,04, ... 7vT} U {x2,$4, s 7:CT72}

is an independent set of r vertices. In either case, a(G) > o(H) > r =rad(G). =

Not only do there exist connected graphs G with a(G) = rad(G) but Ermelinda
DeLaVina, Ryan Pepper, and Bill Waller [53] showed that all such graphs possess
an interesting property.

Theorem 4.10 If G is a connected graph with o(G) = rad(G), then G has a
Hamiltonian path.

4.3 Factors and Factorization
We are often interested in collections of spanning subgraphs of a given graph G

such that every edge of G belongs to exactly one of these subgraphs. By a factor
of a graph GG, we mean a spanning subgraph of G. A k-regular factor is called a
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k-factor. Thus the edge set of a 1-factor in a graph G is a perfect matching in G.
So a graph G has a 1-factor if and only if G has a perfect matching. Therefore,
the theorems stated earlier concerning perfect matchings can be restated in terms
of 1-factors. First, we restate Theorem 4.2 in terms of 1-factors.

Theorem 4.11 Ewvery r-regular bipartite graph (r > 1) has a 1-factor.

Theorem 4.5 (restated here as Theorem 4.12) is often referred to as Tutte’s
1-factor theorem.

Theorem 4.12 A graph G contains a 1-factor if and only if ko(G — S) < |S| for
every proper subset S of V(Q).

The following is a restatement of Petersen’s theorem (Theorem 4.6) in terms of
1-factors.

Theorem 4.13 FEvery bridgeless cubic graph contains a 1-factor.

A factorization F of a graph G is a collection of factors of G such that every
edge of G belongs to exactly one factor in F. Therefore, if each factor in F is
nonempty, then the edge sets of the factors produce a partition of E(G).

The factorizations of a graph in which we are primarily interested are those in
which the factors are isomorphic (resulting in an isomorphic factorization) or
in which each factor has some specified property. Figure 4.5 shows an isomorphic
factorization of Kg into three factors, each isomorphic to the same double star.

o N

Figure 4.5: An isomorphic factorization of Kg

Figure 4.6 shows another isomorphic factorization F = {F}, F», F3} of Kj into
the same double star shown in Figure 4.5 but in this case the factors F; (i = 2,3)
can be obtained from the factor F; by a clockwise rotation of F} through an angle
of 2m(i — 1)/3 radians. For this reason, F is called a cyclic factorization of K.
An isomorphic factorization of a graph G into k copies of a graph H is a cyclic
factorization if H is drawn in an appropriate manner so that rotating H through
an appropriate angle k — 1 times produces this isomorphic factorization.

Probably the most-studied factorizations are those in which each factor is a k-
factor for a fixed positive integer k, especially when k = 1. A k-factorization of a
graph G is a factorization of G into k-factors. A graph G is k-factorable if there
exists a k-factorization of G. If G is a k-factorable graph, then G is r-regular for
some multiple  of k. Furthermore, if k is odd, then G has even order. In particular,
every l-factorable graph is a regular graph of even order.
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Fl F2 F3

Figure 4.6: A cyclic factorization of Kg

The major problem here is that of determining which regular graphs are 1-
factorable. Certainly, every 1-regular graph is 1-factorable. Also, a 2-regular graph
G is 1-factorable if and only if G contains a 1-factor, that is, every component of G
is an even cycle. Determining which cubic graphs are 1-factorable is considerably
more complicated. For example, the cubic graphs K4, K3 3, and Q3 are 1-factorable.
We saw that the cubic graph G of Figure 4.4 does not contain a perfect matching.
Hence this graph does not contain a 1-factor and so is not 1-factorable.

The well-known Petersen graph P (see Figure 4.7) clearly has a 1-factor. Indeed,
M = {uv; : 1 < i < 5} is a perfect matching. Thus P can be factored into a 1-
factor and a 2-factor. Because P contains no triangles or 4-cycles, each 2-factor in
P is either a Hamiltonian cycle or two 5-cycles. By Theorem 3.14, the Petersen
graph is not Hamiltonian. Thus the 2-factor consists of two 5-cycles. Since the
2-factor is not 1-factorable, P is not 1-factorable.

Figure 4.7: The Petersen graph: a cubic graph
with a 1-factor that is not 1-factorable

We now consider two classes of 1-factorable graphs. We saw in Theorem 4.11
that every r-regular bipartite graph, » > 1, contains a 1-factor. Even more can be
said.

Theorem 4.14 FEvery r-reqular bipartite graph, v > 1, is 1-factorable.

Proof. We proceed by induction on r. The result is obvious if r = 1. Assume that
every (r—1)-regular bipartite graph is 1-factorable, where r—1 > 1 and let G be an r-
regular bipartite graph. By Theorem 4.11, G contains a 1-factor Fy. Then G—E(Fy)
is an (r — 1)-regular bipartite graph. By the induction hypothesis, G — E(F}) can



4.3. FACTORS AND FACTORIZATION 103

be factored into r — 1 1-factors, say Fa, F3,...,F,.. Then {Fy, Fy,...,F.} is a 1-
factorization of G. [

Theorem 4.15 For each positive integer k, the complete graph Koy, is 1-factorable.

Proof. Since Kj is trivially 1-factorable, we assume that k > 2. Let G = Koy,
where V(G) = {vg, v1,v2,...,v2k—1}. Place the vertices v1,va,...,veop_1 cyclically
about a regular (2k — 1)-gon and place vy in the center of the (2k — 1)-gon. Join
every two vertices of G by a straight line segment. For 1 < ¢ < 2k — 1, let the
edge set of the factor F; of G consist of the edge vgu; together with all edges of G
that are perpendicular to vgv;. Then F; is a 1-factor of G for 1 < i < 2k — 1 and
{F\,Fs,...,Fy._1} is a 1-factorization of G. n

The proof of Theorem 4.15 is illustrated in Figure 4.8 where a 1-factorization of
Kg is shown.

V1 v1 U1
VU5 O—P@ Vg V5 Vg 5 /:) V2
Vo

Vo
oO— 0O
V4 v3 V4 U3 V4 v3

vo
v1 (%
v5 V2 U5 C;o\ v2
Vo
V4 v3 V4 v3

Figure 4.8: A 1-factorization of Kg

We saw in Corollary 3.8 (a result by Gabriel Dirac) that if G is a graph of
order n > 3 such that degv > n/2 for every vertex v of G, then G is Hamiltonian.
Consequently, if G is an r-regular graph of even order n > 4 such that r > n/2,
then G contains a Hamiltonian cycle C'. Since C'is an even cycle, C can be factored
into two 1-factors. If there exists a 1-factorization of G — E(C), then clearly G is
1-factorable. This is certainly the case if » = 3. For which values of r and n this
can be done is not known; however, there is a conjecture in this connection.

The 1-Factorization Conjecture If G is an r-regular graph of even order n such
that » > n/2, then G is 1-factorable.

The origin of this conjecture is unclear. While its first mention in print appears
to be in a 1986 paper of Amanda G. Chetwynd and Anthony J. W. Hilton [42],
it is possible that it was known to Dirac as early as the 1950s. If, in fact, the
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1-Factorization Conjecture is true, then it cannot be improved. To see this, let H;
and Hs be two graphs with H; = Ky, where k > 5 and k is odd. Let uyv1 € E(H7)
and ugvy € E(Hsz). Furthermore, let

H=H{UH; and G = H — u1v] — usvg + ujus + v1vs2.

Then G is a (k — 1)-regular graph of order 2k. We claim that G is not 1-factorable,
for suppose that it is. Let F be a 1-factorization into k — 1 (> 4) 1-factors. Then
there exists a 1-factor F' € F containing neither ujus nor vivs. Since Hy; and Ho
have odd orders, some edge of F' must join a vertex of H; and a vertex of Hy. This
is impossible.

Thus it is not true that if G is an r-regular graph of even order n such that
r > g — 1, then G is 1-factorable. Hence if the 1-Factorization Conjecture is true,
then the resulting theorem is sharp.

An obvious necessary condition for a graph G to be 2-factorable is that G is 2k-
regular for some positive integer k. Julius Petersen [140] showed that this condition
is sufficient as well as necessary.

Theorem 4.16 A graph G is 2-factorable if and only if G is 2k-reqular for some
positive integer k.

Proof. Since every 2-factorable graph is necessarily regular of positive even degree,
it only remains to verify the converse.

Let G be a 2k-regular graph, where k > 1, and let V(G) = {v1,v2,...,v,}. We
may assume that G is connected. Hence G is Eulerian and therefore contains an
Eulerian circuit C. Necessarily, each vertex of G appears in C' a total of k times.

We construct a bipartite graph H with partite sets

U= {ui,uz,...,up} and W = {wy,wa, ..., w,}

such that u; is adjacent to w; (1 <4, j < n) if v; immediately follows v; on C. Thus
the graph H is k-regular. By Theorem 4.14, H is 1-factorable. Let { Hy, Ha, ..., Hy}
be a 1-factorization of H.

For each 1-factor Hy in H for 1 < ¢ < k, we define a permutation ay on the set

{1,2,...,n} by
ay(i) = j if wyw; € E(Hy).

The permutation ay is now expressed as a product of disjoint permutation cycles.
There is no permutation cycle of length 1 in this product, for otherwise, ay(i) = i
for some integer ¢ and so u;w; € E(Hy). This would imply that v;v; € E(G), which
is impossible. Also, there is no permutation cycle of length 2 in this product, for
otherwise, ay(i) = j and ay(j) = i for some integers ¢ and j. This would imply
that w,w;, ujw; € E(Hp) and so the edge v;v; is repeated on the circuit. Thus the
length of every permutation cycle in the product of ay is at least 3.

Each permutation cycle in ay gives rise to a cycle in G, and the product of
disjoint permutation cycles in ay produces a collection of mutually disjoint cycles in
G that contain all vertices of G, that is, a 2-factor Fy of G. Since the 1-factors Hy
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in H are mutually edge-disjoint, the resulting 2-factors Fy in G are mutually edge-
disjoint. Therefore, the 1-factors Hiy, Hs,..., H; of H produce a 2-factorization
{Fl,FQ,...,Fk} of G. ]

As a consequence of Theorem 4.16, every complete graph of odd order at least 3
is 2-factorable. In fact, more can be said. A graph G is Hamiltonian factorable
if there exists a factorization F of G such that each factor in F is a Hamiltonian
cycle of G.

Theorem 4.17 For every positive integer k, the complete graph Kok41 is Hamil-
tonian factorable.

Proof. We construct G = Ko 1 on the vertex set V(G) = {vg,v1,...,va,} by
first placing the vertices v1, vo, ..., vo) cyclically about a regular 2k-gon and placing
Vo at some convenient position in the 2k-gon. Let F; be the Hamiltonian cycle with
edges

VU1, V1V2, V2V2k, V2kV3, U3VU2k—1, - - +y Vk4+2Vk+1, Vk4+100-

For 2 < ¢ < k, let F; be the Hamiltonian cycle with edges vov; and v; v and
where all other edges are obtained from the edges of F; that are not incident with
vo by rotating them clockwise through an angle of 27 (i — 1)/k radians. Since
{E(F1), E(F2),...,E(F})} is a partition of F(G), the graph G is Hamiltonian fac-
torable. [

The proof of Theorem 4.17 is illustrated in Figure 4.9.

v1 v1 v1
v6 V2 v6 V2 V6 vo V2
Vo
Vo
(% v3 U5 v3 U5 v3
V4 2 V4

Figure 4.9: A Hamiltonian factorization of K7

In every factorization F = {Fy, Fs,...,F}} of a graph G, (1) each factor F;
(1 < i < k) is a spanning subgraph of G and (2) every edge of G belongs to
exactly one factor in F. There are other collections of subgraphs of a graph G
where only condition (2) is a requirement. In particular, a decomposition of a
graph G is a collection D = {G1,Ga,...,Gy} of subgraphs of G such that (1) no
subgraph G; (1 < i < k) has isolated vertices and (2) every edge of G belongs to
exactly one subgraph in D. If such a decomposition exists, then G is said to be
decomposable into the subgraphs G1, G, ...,Gy. If each G; =2 H for some graph
H, then G is H-decomposable and the resulting isomorphic decomposition is an
H-decomposition of G.
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For example, the complete graph K7 is K3-decomposable. One way to see this is
to let v1,va, ..., v7 be the seven vertices of a regular 7-gon and join each pair of ver-
tices by a straight line segment (resulting in K7). Counsider the triangle with vertices
v1, v2, and vy, which we denote by G; (see Figure 4.10). By rotating G7 clockwise
about the center of the 7-gon through an angle of 27/7 radians, another triangle
G is produced. Doing this five more times produces not only a K3-decomposition
of K7 but a cyclic K3-decomposition of K.

v o o

v le) O
G1 : 70 v2 G2 : G3 :
0] ;
v50 v4
O
° o o © o
G4 : G5 : GG : 7 G7 :
o o 0 o o
(0] e} (@) O o

Figure 4.10: A cyclic K3-decomposition of K7

V6 O O3
O

One of the best known conjectures on decompositions is due to Gerhard Ringel
[148].

Ringel’s Conjecture For every tree T of size m, the complete graph Kop41 is
T'-decomposable.

There is, in fact, a stronger conjecture due jointly to Gerhard Ringel and Anton
Kotzig.

The Ringel-Kotzig Conjecture For every tree T of size m, the complete graph
Kom+1 ts cyclically T-decomposable.

Exercises for Chapter 4

1. Prove or disprove: Let G be a bipartite graph with partite sets U and W
such that |U| < |W|. If U can be matched to a subset of W, then for every
nonempty subset S of U, the set S can be matched to a subset of N(S).

2. Prove that every cubic graph with at most two bridges contains a perfect
matching.

3. A connected bipartite graph G has partite sets U and W, where |U| = |W| =
k > 2. Prove that if every two vertices of U have distinct degrees in G, then
G contains a perfect matching.

4. Prove that every tree has at most one perfect matching.
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. For a graph G, the maximal independent graph MI(G) of G has the set

of maximal independent sets of the vertices of G as its vertex set and two
vertices U and W are adjacent if U NW = ().

(a) For each positive integer n, give an example of a graph G such that
MI(G) = K,.

(b) Give an example of a graph G such that MI(G) = K 3.

. For a nonempty graph G and its line graph L(G), express a(L(G)) and

w(L(G)) in terms of some parameter or parameters involving G.

. Show that there exists a connected graph G whose vertex set V(G) can be

partitioned into three independent sets but no fewer and where each vertex
of G can be colored red, blue, or green producing two partitions {V1, Va2, V3}
and {V{, V3, V{} of V(G) into independent sets such that

(1) [Vi| = V]| > 2 for all 4 and j with 1 <4,j <3,
(2) every two vertices of V; are colored the same for each ¢ (1 < ¢ < 3), and

(3) no two vertices of V; are colored the same for each 7 (1 <14 < 3).

. Show that the Petersen graph does not contain two disjoint perfect matchings.

. Give a cyclic factorization of the Petersen graph into

(a) three factors,
(b) five factors.

Give an example of an isomorphic cyclic factorization of K7 into three factors
that is not a Hamiltonian factorization.

Give an example of a connected 4-regular graph this is not Hamiltonian fac-
torable.

Give an example of an isomorphic factorization of K52 o into three factors.

For the 4-regular graph G = K3 22 in Figure 4.11, the circuit C' = (vy, ve, vs,
v1, V4, Vs, Vg, U3, U, V2, U4, Vg, v1) Oof G is Eulerian.
(a) Construct the bipartite graph H described in the proof of Theorem 4.16.

(b) Show that Fy = {ujwy, usws, usws, uswe, uswsz, ugws } is the edge set of
a 1-factor Hy of H.
(¢) Use E; in (b) to construct the corresponding 2-factorization of H de-

scribed in the proof of Theorem 4.16.

Prove that for every positive integer k, the complete graph Ksj can be factored
into £ — 1 Hamiltonian cycles and a 1-factor.

Show that there exists a tree T' of size 5 for which the Petersen graph is
cyclically T-decomposable.
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v2

Figure 4.11: The graph G' = K322 in Exercise 13

Show that K7 is cyclically K 3-decomposable.

Show that it is possible to color each edge of K4 4 with one of four colors such
that there are two 1-factorizations F and F’ of K4 4 for which every two edges
of each factor in F are colored the same and no two edges of each factor in
F’ are colored the same.

Show that it is possible to color each edge of K5 5 with one of five colors such
that there are two 1-factorizations F and F’ of K5 5 for which every two edges
of each factor in F are colored the same and no two edges of each factor in
F' are colored the same.

For each integer k > 2, give an example of a connected graph G}, of size k2
for which it is possible to color each edge of Gy with one of k colors, say
1,2,...,k, such that there are two isomorphic factorizations F and F’ of Gy,
where every two edges of each factor in F are colored the same and no two
edges of each factor in F’ are colored the same.



Chapter 5

Graph Embeddings

When considering a graph G, a diagram of G is often drawn (in the plane). Some-
times no edges cross in a drawing, while on other occasions some pairs of edges
may cross. Even if some pairs of edges cross in a diagram of G, there may very
well be other drawings of G in which no edges cross. On the other hand, it may
be impossible to draw G without some of its edges crossing. Even if this should be
the case, there is a variety of other surfaces on which we may attempt to draw G
so that none of its edges cross. This is the subject of the current chapter.

5.1 Planar Graphs and the Euler Identity

A polyhedron is a 3-dimensional object whose boundary consists of polygonal
plane surfaces. These surfaces are typically called the faces of the polyhedron. The
boundary of a face consists of the edges and vertices of the polygon. In this setting,
the total number of faces in the polyhedron is commonly denoted by F'; the total
number of edges in the polyhedron by E, and the total number of vertices by V.
The best known polyhedra are the so-called Platonic solids: the tetrahedron,
cube (hexahedron), octahedron, dodecahedron, and icosahedron. These are
shown in Figure 5.1, together with the values of V', E, and F for these polyhedra.

During the 18th century, many letters (over 160) were exchanged between Leon-
hard Euler (who, as we saw in Chapter 3, essentially introduced graph theory to the
world when he solved and then generalized the Konigsberg Bridge Problem) and
Christian Goldbach (well known for stating the conjecture that every even integer
greater than or equal to 4 can be expressed as the sum of two primes). In a letter
that Euler wrote to Goldbach on 14 November 1750, he stated a relationship that
existed among the numbers V, E, and F for a polyhedron and which would later
become known as:

The Euler Polyhedral Formula If a polyhedron has V wvertices, E edges, and F
faces, then
V-E+F=2.

109
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/A 1 N

tetrahedron cube

octahedron

dodehedron icosahedron

Platonic solid \% E F
tetrahedron 4 6 4
cube 8 12 6
octahedron 6 12 8
dodecahedron | 20 30 12
icosahedron 12 30 20

Figure 5.1: The five Platonic solids

That Euler was evidently the first mathematician to observe this formula (which
is actually an identity rather than a formula) may be somewhat surprising in light
of the fact that Archimedes (287 BC — 212 BC) and René Descartes (1596 — 1650)
both studied polyhedra long before Euler. A possible explanation as to why others
had overlooked this identity might be due to the fact that geometry had primarily
been a study of distances.

The Euler Polyhedral Formula appeared in print two years later (in 1752) in
two papers by Euler. In the first of these two papers, Euler stated that he had been
unable to prove the formula. However, in the second paper, he presented a proof by
dissecting polyhedra into tetrahedra. Although his proof was clever, he nonetheless
made some missteps. The first generally accepted proof was obtained by the French
mathematician Adrien-Marie Legendre.

By applying a stereographic projection of a polyhedron onto the plane, a map
is produced. Each map can be converted into a graph by inserting a vertex at each
meeting point of the map (which is actually a vertex of the polyhedron). This is
illustrated in Figure 5.2 for the cube.
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-~

Figure 5.2: From a polyhedron to a map to a graph

The graphs obtained from the five Platonic solids are shown in Figure 5.3. These
graphs have a property in which we will be especially interested: No two edges cross
(intersect each other) in the graph.

A K A

tetrahedron cube octahedron
dodehedron icosahedron

Figure 5.3: The graphs of the five Platonic solids

A graph G is called a planar graph if G can be drawn in the plane without
any two of its edges crossing. Such a drawing is also called an embedding of G in
the plane. In this case, the embedding is a planar embedding. A graph G that
is already drawn in the plane in this manner is a plane graph. Certainly then,
every plane graph is planar and every planar graph can be drawn as a plane graph.
In particular, all five graphs of the Platonic solids are planar.

When considering a plane graph G of a polyhedron, the faces of the polyhedron
become the regions of G, one of which is the exterior region of G. On the other
hand, a planar graph need not be the graph of any polyhedron. The plane graph
H of Figure 5.4 is not the graph of any polyhedron. This graph has five regions,
denoted by Ri, R2, R3, R4, and R5, where Rj is the exterior region.
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W

Figure 5.4: The boundaries of the regions of a plane graph

For a region R of a plane graph G, the vertices and edges incident with R form
a subgraph of G called the boundary of R. Every edge of G that lies on a cycle
belongs to the boundary of two regions of GG, while every bridge of G belongs to the
boundary of a single region. In Figure 5.4, the boundaries of the five regions of H
are shown as well.

The five graphs G1, G2, G3, G4, and G5 shown in Figure 5.5 are all planar,
although G; and G3 are not plane graphs. The graph G; can be drawn as Ga,
while G5 can be drawn as G4. In fact, G1 (and Ga) is the graph of the tetrahedron.
For each graph, its order n, its size m, and the number 7 of regions are shown as

well.
=4,m=6,7r = = = n=9m=12,r=5

7 7

Figure 5.5: Planar graphs

Observe that n — m + r = 2 for each graph of Figure 5.5. Of course, this is
not surprising for G since this is the graph of a polyhedron (the tetrahedron) and
n=V,m=FE, and r = F. In fact, this identity holds for every connected plane
graph.
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Theorem 5.1 (The Euler Identity) For every connected plane graph of order
n, size m, and having r regions,

n—m+r=2.

Proof. We proceed by induction on the size m of a connected plane graph. There
is only one connected graph of size 0, namely K;. In this case, n =1, m = 0, and
r = 1. Since n — m + r = 2, the base case of the induction holds.

Assume for a positive integer m that if H is a connected plane graph of order n’
and size m’, where m’ < m such that there are 7’ regions, then n’ —m/+7' = 2. Let
G be a connected plane graph of order n and size m with r regions. We consider
two cases.

Case 1. G is a tree. In this case, m =n—1andr =1. Thusn—m+r =
n—(n—1)+ 1= 2, producing the desired result.

Case 2. G is not a tree. Since G is connected and is not a tree, G contains an
edge e that is not a bridge. In G, the edge e is on the boundaries of two regions.
So in G — e these two regions merge into a single region. Since G — e has order n,
size m — 1, and r — 1 regions and m — 1 < m, it follows by the induction hypothesis
that n— (m —1)+(r—1)=2andson—m+r=2. ]

The Euler Polyhedron Formula is therefore a special case of Theorem 5.1. Recall
that Euler struggled with the verification of V' — E 4+ F' = 2, while the more general
result was not all that difficult to prove. Of course, Euler did not have the luxury
of a developed graph theory at his disposal.

If G is a plane graph of order 4 or more, then the boundary of every region of G
must contain at least three edges. This observation is helpful in showing that the
size of a planar graph cannot be too large in terms of its order.

Theorem 5.2 If G is a planar graph of order n > 3 and size m, then
m < 3n — 6.

Proof. Since the size of every graph of order 3 cannot exceed 3, the inequality
holds for n = 3. So we may assume that n > 4. Futhermore, we may assume
that the planar graphs under consideration are connected, for otherwise edges can
be added to produced a connected graph. Suppose that G is a connected planar
graph of order n > 4 and size m and that there is a given planar embedding of G,
resulting in r regions. By the Euler Identity, n —m +r = 2. Let R1, Ra,..., R, be
the regions of G and suppose that we denote the number of edges on the boundary
of R; (1 <i<r)bym,;. Then m; > 3. Since each edge of G is on the boundary of
at most two regions of G, it follows that

3r < Xr:mi < 2m.

i=1

Hence
6=3n—-3m+3r<3n—3m+2m=3n—m
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and so m < 3n — 6. n
By expressing Theorem 5.2 in its contrapositive form, it follows that:

If G is a graph of order n > 5 and size m such that m > 3n — 6, then G
is nonplanar.

This provides us with a large class of nonplanar graphs.
Corollary 5.3 FEvery complete graph K, of order n > 5 is nonplanar.

Proof. Since n > 5, it follows that (n — 3)(n —4) > 0 and so n? — 7Tn + 12 > 0.
Hence n? —n > 6n — 12, which implies that (g) = w > 3n — 6 and so the size
of K,, exceeds 3n — 6. By Theorem 5.2, K,, is nonplanar. [

Since it is evident that any graph containing a nonplanar subgraph is itself non-
planar, once we know that K5 is nonplanar, we can conclude that K, is nonplanar
for every integer n > 5. Of course, K, is planar for 1 < n < 4. Another corollary
of Theorem 5.2 provides us with a useful property of planar graphs.

Corollary 5.4 FEvery planar graph contains a vertex of degree 5 or less.

Proof. The result is obvious for planar graphs of order 6 or less. Let G be a graph
of order n and size m all of whose vertices have degree 6 or more. Then n > 7 and

2m = Z degv > 6n
veV(G)

and so m > 3n. By Theorem 5.2, G is nonplanar. [

We will soon see that both K5 and K3 3 are important nonplanar graphs. Since
K3 3 has order n = 6 and size m = 9 but m < 3n — 6, Theorem 5.2 cannot be used
to establish the nonplanarity of K3 3. However, we can use the fact that K33 is
bipartite to verify this property.

Corollary 5.5 The graph K33 is nonplanar.

Proof. Suppose that K33 is planar. Let there be given a planar embedding of
K3 3, resulting in r regions. Thus by the Euler Identity, n —m+r=6-9+7r =2
and so r = 5. Let Ry, Rs,..., Rs be the five regions, and let m; be the number
of edges on the boundary of R; (1 < i < 5). Since K33 is bipartite, m; > 4 for
1 < ¢ < 5. Since every edge of K33 lies on the boundary of a cycle, every edge of
K3 3 belongs to the boundary of two regions. Thus

5
20 =4r <> m; =2m =18,
=1
which is impossible. L]

A planar graph G is maximal planar if the addition to G of any edge joining
two nonadjacent vertices of G results in a nonplanar graph. Necessarily then, if a
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maximal planar graph G of order n > 3 and size m is embedded in the plane, then
the boundary of every region of G is a triangle and so 3r = 2m. It then follows by
the proof of Theorem 5.2 that m = 3n — 6. All of the graphs shown in Figure 5.6
are maximal planar. A graph G is nearly maximal planar if there exists a planar
embedding of G such that the boundary of every region of G is a cycle, at most
one of which is not a triangle. For example, the wheels W,, = C,, + K; (n > 3) are
nearly maximal planar.

AVAY

Figure 5.6: Maximal planar graphs

We now derive some results concerning the degrees of the vertices of a maximal
planar graph.

Theorem 5.6 If G is a maximal planar graph of order 4 or more, then the degree
of every vertex of G is at least 3.

Proof. Let G be a maximal planar graph of order n > 4 and size m and let v be
a vertex of (G. Since m = 3n — 6, it follows that G — v has order n — 1 and size
m — degv. Since G — v is planar and n — 1 > 3,

m—degv<3(n—1)—6

and so m —degv =3n — 6 —degv < 3n — 9. Thus degv > 3. [

In 1904 Paul August Ludwig Wernicke was awarded a Ph.D. from the University
of Gottingen in Germany under the supervision of the famed geometer Hermann
Minkowski. (Three years later Dénes Konig, who wrote the first book [115] on graph
theory, published in 1936, would receive a Ph.D. from the same university and have
the same supervisor. Thus Wernicke and Konig were “academic brothers”.) By
Corollary 5.4 and Theorem 5.6, every maximal planar graph of order 4 or more
contains a vertex of degree 3, 4, or 5. In the very same year that he received his
Ph.D., Wernicke [187] proved that every planar graph that didn’t have a vertex of
a degree less than 5 must contain a vertex of degree 5 that is adjacent either to a
vertex of degree 5 or to a vertex of degree 6. In the case of maximal planar graphs,
Wernicke’s result states the following.

Theorem 5.7 If G is a mazimal planar graph of order 4 or more, then G contains
at least one of the following: (1) a vertex of degree 3, (2) a vertex of degree 4, (3)
two adjacent vertices of degree 5, (4) two adjacent vertices, one of which has degree
5 and the other has degree 6.
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Proof. Assume, to the contrary, that there exists a maximal planar graph G of
order n > 4 and size m containing none of (1)—(4). By Corollary 5.4, 6(G) = 5. Let
G be embedded in the plane, resulting in r regions. Then

n—m-+r=2.

Suppose that G has n; vertices of degree i for 5 < i < A(G) = A. Then

A A
g n; =n and g in; = 2m = 3r.
i=5 i=5

We now compute the number of regions that contain either a vertex of degree 5
or a vertex of degree 6 on its boundary. Since the boundary of every region is
a triangle, it follows, by assumption, that no region has two vertices of degree 5
on its boundary or a vertex of degree 5 and a vertex of degree 6 on its boundary.
On the other hand, the boundary of a region could contain two or perhaps three
vertices of degree 6. Fach vertex of degree 5 lies on the boundaries of five regions
and every vertex of degree 6 lies on the boundaries of six regions. Furthermore,
every region containing a vertex of degree 6 on its boundary can contain as many as
three vertices of degree 6. Therefore, G has 5ny regions whose boundary contains
a vertex of degree 5 and at least 6ng/3 = 2ng regions whose boundary contains at
least one vertex of degree 6. Thus

r > 5ng+2ne > dns +2ng —ny —4dng — - -+ — (20 — 3A)na
A A
= ) (20— 3i)n; =20n— 3 in; =20(m —r +2) — 3(2m)
=5 i=5
= (20m — 20r + 40) — 9r = (30r — 20r + 40) — 9r
= r+40,
which is a contradiction. n

The following result gives a relationship among the degrees of the vertices in a
maximal planar graph of order at least 4.

Theorem 5.8 Let G be a maximal planar graph of order n > 4 and size m con-
taining n; vertices of degree i for 3 <i < A = A(G). Then

3ng +2n4 +n5 =124+ n7 4+ 2ng+ -+ + (A — 6)na.

Proof. Since m = 3n — 6, it follows that 2m = 6n — 12. Therefore,

A A
Zmi = 267%‘ —12
i=3 i=3
and so
A
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Hence 3ns +2n4+n5 =12+ n7+2ng+ - - + (A — 6)na. n

Heinrich Heesch (discussed in Chapter 0) introduced the idea of assigning what
is called a “charge” to each vertex of a planar graph as well as discharging rules
which indicate how charges are to be redistributed among the vertices. In a maximal
planar graph G, every vertex v of G is assigned a charge of 6 — degwv. In particular,
every vertex of degree 5 receives a charge of +1, every vertex of degree 6 receives
a charge of 0, and every vertex of degree 7 or more receives a negative charge.
By appropriately redistributing positive charges, some useful results can often be
obtained. According to equation (5.1) in the proof of Theorem 5.8, the sum of the
charges of the vertices of a maximal planar graph of order 4 or more is 12.

Theorem 5.9 If G is a mazimal planar graph of order n > 4, size m, and maz-
imum degree A(G) = A such that G has n; vertices of degree i for 3 < i < A,

then
A

> (6 —i)n; =12.

i=3
We now use the discharging method to give an alternative proof of Theorem 5.7.

Theorem 5.10 IfG is a mazimal planar graph of order 4 or more, then G contains
at least one of the following: (1) a vertex of degree 3, (2) a vertex of degree 4, (3)
two adjacent vertices of degree 5, (4) two adjacent vertices, one of which has degree
5 and the other has degree 6.

Proof. Assume, to the contrary, that there exists a maximal planar graph G of
order n > 4, where there are n; vertices of degree i for 3 < i < A = A(G) such that
G contains none of (1)—(4). Thus §(G) = 5. To each vertex v of G assign the charge
6 — degwv. Hence each vertex of degree 5 receives a charge of +1, each vertex of
degree 6 receives no charge, and each vertex of degree 7 or more receives a negative
charge. By Theorem 5.9, the sum of the charges of the vertices of G is

A

> (6 —i)n; = 12.

=3

Let there be given a planar embedding of G. For each vertex v of degree 5 in G,
redistribute its charge of +1 by moving a charge of % to each of its five neighbors,
resulting in v now having a charge of 0. Hence the sum of the charges of the vertices
of G remains 12. By (3) and (4), no vertex of degree 5 or 6 will have its charges
increased. Consider a vertex u with degu = k > 7. Thus u received an initial
charge of 6 — k. Because no consecutive neighbors of u in the embedding can have
degree 5, the vertex u can receive an added charge of —|—% from at most k/2 of its
neighbors. After the redistribution of charges, the new charge of u is at most
k1 9k
6 k+2-5—6 10<0.

Hence no vertex of G now has a positive charge. This is impossible since the sum
of the charges of the vertices of G is 12. [
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Another result concerning maximal planar graphs that can be proved with the
aid of the discharging method (see Exercise 2) is due to Philip Franklin [71].

Theorem 5.11 IfG is a mazimal planar graph of order 4 or more, then G contains
at least one of the following: (1) a vertex of degree 3, (2) a vertex of degree 4, (3) a
vertex of degree 5 that is adjacent to two vertices, each of which has degree 5 or 6.

5.2 Hamiltonian Planar Graphs

In the previous section, we saw several necessary conditions for a connected graph
to be planar and several necessary conditions for a graph of order at least 4 to be
maximal planar. In this section, we will be introduced to one result, namely, a
necessary condition for a planar graph to be Hamiltonian.

Let G be a Hamiltonian planar graph of order n and let there be given a planar
embedding of G with Hamiltonian cycle C. Any edge of G not lying on C is then a
chord of G. Every chord and every region of G then lies interior to C or exterior
to C. For i = 3,4,...,n, let r; denote the number of regions interior to C' whose
boundary contains exactly ¢ edges and let r; denote the number of regions exterior
to C whose boundary contains exactly ¢ edges.

The plane graph G of Figure 5.7 of order 12 is Hamiltonian. With respect to
the Hamiltonian cycle C = (v1,ve,...,v12,v1), we have

rg=rfy=1,r4=3, 1, =2,r5 =1, =1,

while 7, =0 for 6 <i <12 and r; =0 for i =5,6 and 8 < i < 12.

Figure 5.7: A Hamiltonian planar graph

In 1968 a necessary condition for a planar graph to be Hamiltonian was discov-
ered by the Latvian mathematician Emanuels Ja. Grinberg [84].

Theorem 5.12 For a plane graph G of order n with Hamiltonian cycle C,

n

Z(z —2)(r; — 1) =0.

=3
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Proof. Suppose that ¢ chords of G lie interior to C'. Then ¢ + 1 regions of G lie
interior to C. Therefore,

n

Zri:c—i—landsoc:zn:ri—l.

=3 =3

Let N denote the result obtained by summing over all regions interior to C' the
number of edges on the boundary of each such region. Then each edge on C' is
counted once and each chord interior to C is counted twice, that is,

N:zn:im:n—i—%.

i=3
Therefore,
Zim:n—i—2c:n+22m—2
i=3 i=3
and so .
S (-2 =n-2.
i=3
Similarly,
> (-2 =n-2,
i=3
giving the desired result .1 (i —2)(r; — r}) = 0. ]

Since Theorem 5.12 gives a necessary condition for a planar graph to be Hamil-
tonian, this theorem also provides a sufficient condition for a planar graph to be
non-Hamiltonian. We see how Grinberg’s theorem can be used to show that the
plane graph of Figure 5.8 is not Hamiltonian. This graph is called the Tutte graph
(after William Tutte) and has a great deal of historical interest. We will encounter
this graph again in Chapter 10.

Suppose that the Tutte graph G is Hamiltonian. Then G has a Hamiltonian
cycle C'. Necessarily, C' must contain exactly two of the three edges e, f1, and fs,
say f1 and either e of fy. Similarly, C' must contain exactly two edges of the three
edges ¢, f2, and f3. Since we may assume that C contains fz, we may further
assume that e is not on C. Consequently, R; and Ry lie interior to C.

Let G; denote the component of G — {e, f1, f2} containing w. Thus G; contains
a Hamiltonian v; — vy path P’. Therefore, G5 = G + vivy is Hamiltonian and
contains a Hamiltonian cycle C’ consisting of P’ and vivs. Applying Grinberg’s
theorem to G5 with respect to C’, we obtain

1(rs —r%) +2(ra — 1)) + 3(r5 — 15) + 6(rs — r5) = 0. (5.2)
Since v1v9 is on C’ and the exterior region of Gg lies exterior to C’, it follows that

rg—r5=1-0=1 and rs —rf=0—-1=—1.
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Figure 5.8: The Tutte graph

Therefore, from (5.2), we have
2(ra — 1)) +3(rs — 1) = 5.
Necessarily, both ww; and wws are edges of C' and so 74 > 1, implying that either
rg—ryj=1—-1=0o0rry—r;=2-0=2.

If rgy —7r) =0, then 3(r5 — rf) = 5, which is impossible. On the other hand,
if rg — 7} = 2, then 3(r5 — r§) = 1, which is also impossible. Hence G is not
Hamiltonian.

5.3 Planarity Versus Nonplanarity

In the preceding two sections, we have discussed several properties of planar graphs.
However, a fundamental question remains. For a given graph G, how does one
determine whether G is planar or nonplanar? Of course, if G can be drawn in
the plane without any of its edges crossing, then G is planar. On the other hand,
if G cannot be drawn in the plane without edges crossing, then G is nonplanar.
However, it may very well be difficult to see how to draw a graph G in the plane
without edges crossing or to know that such a drawing is impossible. We saw from
Theorem 5.2 that if G has order n > 3 and size m where m > 3n — 6, then G is
nonplanar. Also, as a consequence of Theorem 5.2, we saw in Corollary 5.4 that if
G contains no vertex of degree less than 6, then G is nonplanar.

Any graph that is a subgraph of a planar graph must surely be planar. Equiva-
lently, every graph containing a nonplanar subgraph must itself be nonplanar. Thus
to show that a disconnected graph G is planar it suffices to show that each compo-
nent of G is planar. Hence when considering planarity, we may restrict our attention
to connected graphs. Since a connected graph G with cut-vertices is planar if and
only if each block of G is planar, it is sufficient to concentrate on 2-connected graphs
only.
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According to Corollaries 5.3 and 5.5, the graphs K5 and K33 are nonplanar.
Hence if a graph G should contain a subgraph that is isomorphic to either K5 or
K3 3, then G is nonplanar. For the maximal planar graph G of order 5 and size
9 shown in Figure 5.9 (that is, G is obtained by deleting one edge from Kj), we
consider the graph F = G x K3, shown in Figure 5.9. Thus F' consists of three
copies of G, denoted by G1, G2, and G5, where ujug ¢ E(G1), vivs ¢ E(G2), and
wrwe ¢ E(G3). To make it easier to draw G, the nine edges of each graph G;
(1 < i < 3) are not drawn. The graph F has order 15 and size m = 42. Since
m = 42 > 39 = 3n — 6, it follows that F' is nonplanar. Furthermore, it can be
shown that no subgraph of F' is isomorphic to either K5 or K3 3. Thus, despite the
fact that F' contains no subgraph isomorphic to either K5 or K33, the graph F' is
nonplanar. Consequently, there must exist some other explanation as to why this
graph is nonplanar.

Figure 5.9: The graph F' = G x K3

A graph H is a subdivision of a graph G if either H = GG or H can be obtained
from G by inserting vertices of degree 2 into the edges of G. Thus for the graph G
of Figure 5.10, all of the graphs Hy, Hs, and H3 are subdivisions of G. Indeed, Hs
is a subdivision of Hs.

Certainly, a subdivision H of a graph G is planar if and only if G is planar.
Therefore, K5 and K33 are nonplanar as is any subdivision of K5 or K3 3. This
provides a necessary condition for a graph to be planar.

Theorem 5.13 A graph G is planar only if G contains no subgraph that is a sub-
division of K5 or K3 3.

The remarkable feature about this necessary condition for a graph to be pla-
nar is that the condition is also sufficient. The first published proof of this fact
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$¢ 7 F

H1 H3

Figure 5.10: Subdivisions of a graph

occurred in 1930. This theorem is due to the well-known Polish topologist Kaz-
imierz Kuratowski (1896-1980), who first announced this theorem in 1929. The
title of Kuratowski’s paper is Sur le probléme des courbes gauches en topologie (On
the problem of skew curves in topology), which suggests, and rightly so, that the
setting of his theorem was in topology — not graph theory. Nonplanar graphs were
sometimes called skew graphs during that period. The publication date of Kura-
towski’s paper was critical to having the theorem credited to him, for, as it turned
out, later in 1930 two American mathematicians Orrin Frink and Paul Althaus
Smith submitted a paper containing a proof of this theorem as well but withdrew
it after they became aware that Kuratowski’s proof had preceded theirs, although
just barely. They did publish a one-sentence announcement [72] of what they had
accomplished in the Bulletin of the American Mathematical Society and, as the title
of their note indicates (Irreducible non-planar graphs), the setting for their proof
was graph theoretical in nature.

It is believed by some that a proof of this theorem may have been discovered
somewhat earlier by the Russian topologist Lev Semenovich Pontryagin (1908-
1988), who was blind his entire adult life. Because the first proof of this theorem
may have occurred in Pontryagin’s unpublished notes, this result is sometimes re-
ferred to as the Pontryagin-Kuratowski theorem in Russia and elsewhere. However,
since the possible proof of this theorem by Pontryagin did not satisfy the estab-
lished practice of appearing in print in an accepted refereed journal, the theorem
is generally recognized as Kuratowski’s theorem. We now present a proof of this
famous theorem [116].

Theorem 5.14 (Kuratowski’s Theorem) A graph G is planar if and only if
G contains no subgraph that is a subdivision of K5 or K3 3.

Proof. We have already noted the necessity of this condition for a graph to be
planar. Hence it remains to verify its sufficiency, namely that every graph containing
no subgraph which is a subdivision of K5 or K33 is planar. Suppose that this
statement is false. Then there is a nonplanar 2-connected graph G of minimum size
containing no subgraph that is a subdivision of K5 or K3 3.

We claim in fact that G is 3-connected. Suppose that this is not the case. Then
G contains a minimum vertex-cut consisting of two vertices z and y. Since G has
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no cut-vertices, it follows that each of x and y is adjacent to one or more vertices
in each component of G — {z,y}. Let F; be one component of G — {z,y} and let
F5 be the union of the remaining components of G — {z,y}. Furthermore, let

G; =GV(F;)U{x,y}] for i =1,2.

We consider two cases, depending on whether x and y are adjacent or not.
Suppose first that « and y are adjacent. We claim that in this case at least one
of G7 and Gs is nonplanar. If both G; and G5 are planar, then there exist planar
embeddings of these two graphs in which xy is on the boundary of the exterior
region in each embedding. This, however, implies that G itself is planar, which is
impossible. Thus G, say, is nonplanar. Since Gy is a subgraph of G, it follows that
G contains no subgraph that is a subdivision of K5 or K3 3. However, the size of
(G is less than the size of G, which contradicts the defining property of G. Hence
x and y must be nonadjacent.

Let f be the edge obtained by joining x and y, and let H; = G; + f for i = 1, 2.
If H; and Hs are both planar, then, as above, there is a planar embedding of G + f
and of G as well. Since this is impossible, at least one of H; and Hs is nonplanar,
say Hi. Because the size of H; is less than the size of G, the graph H; contains a
subgraph F' that is a subdivision of K5 or K3 3. Since GG; contains no such subgraph,
it follows that f € E(F'). Let P be an  — y path in F,. By replacing f in F' by
P, we obtain a subgraph of G that is a subdivision of K5 or K3 3. This produces a
contradiction. Hence, as claimed, G is 3-connected.

To summarize then, G is a nonplanar graph of minimum size containing no
subgraph that is a subdivision of K5 or K3 3 and, as we just saw, G is 3-connected.
Let e = uv be an edge of G. Then H = G — e is planar. Let there be given a planar
embedding of H. Since G is 3-connected, H is 2-connected. By Theorem 2.4, there
are cycles in H containing both u and v. Among all such cycles, let

C=(u=12v9,01,...,00 =0V,...,0, =1u)

be one for which the number of regions interior to C' is maximum.

It is convenient to define two subgraphs of H. The exterior subgraph of H is the
subgraph induced by those edges lying exterior to C' and the interior subgraph of H
is the subgraph induced by those edges lying interior to C. Both subgraphs exist
for otherwise the edge e could be added either to the exterior or interior subgraph
of H so that the resulting graph (namely G) is planar.

No two distinct vertices of {vg, v1,...,ve} or of {vs, vey1,..., v} are connected
by a path in the exterior subgraph of H, for otherwise there is a cycle in H containing
u and v and having more regions interior to it than C has. Since G is nonplanar,
there must be a vs —v; path P in the exterior subgraph of H, where 0 < s < <t <
k, such that only vy and v; belong to C. (See Figure 5.11.) Necessarily, no vertex
of P different from v, and v; is adjacent to a vertex of C' or is even connected to a
vertex of C' by a path, all of whose edges belong to the exterior subgraph of H.

Let S be the set of vertices on C' different from v, and v, that is,

S=V(C)—{vs, v },
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vV ="y

Figure 5.11: A step in the proof of Theorem 5.14

and let H; be the component of H — S that contains P. By the defining property of
C, the subgraph H; cannot be moved to the interior of C' in a plane manner. This
fact together with the fact that G = H + e is nonplanar implies that the interior
subgraph of H must contain one of the following:

(1)

(2)

(4)

A v, — vy path with 0 < a < s and ¢ < b < t such that only v, and v, belong
to C. (See Figure 5.12(a).)

A vertex w not on C that is connected to C' by three internally disjoint paths
such that the terminal vertex of one such path P’ is one of vy, vs, vy and v;.
If, for example, the terminal vertex of P’ is vy, then the terminal vertices of
the other two paths are v, and v, where s < a < £ and £ < b <t where not
both @ = s and b = t occur. (See Figure 5.12(b).) If the terminal vertex of
P’ is one of v, vy and vy, then there are corresponding bounds for a and b for
the terminal vertices of the other two paths.

A vertex w not on C that is connected to C' by three internally disjoint paths
Py, P, and P;3 such that the terminal vertices of these paths are three of the
four vertices vy, vs, v and vy, say vg,ve and v, respectively, together with a
ve — vy path Py (ve # vg,ve, w), where v, is on Py or Py, and Py is disjoint
from Py, Py, and C except for v, and v;. (See Figure 5.12(c).) The remaining
choices for Py, P», and P53 produce three analogous cases.

A vertex w not on C that is connected to vg, vs, vy and vy by four internally
disjoint paths. (See Figure 5.12(d).)

In the first three cases, there is a subgraph of G that is a subdivision of K3 3;
while in the fourth case, there is a subgraph of GG, which is a subdivision of Kj.
This is a contradiction. [

As a consequence of Kuratowski’s theorem, the 4-regular graph G shown in
Figure 5.13(a) is nonplanar since G contains the subgraph H in Figure 5.13(b),
which is a subdivision of K3 3.
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(c) v =y

Figure 5.12: Situations (1)-(4) in the proof of Theorem 5.14

There is another characterization of planar graphs closely related to that given
in Kuratowski’s theorem. Before presenting this theorem, we have some additional
terminology to introduce. For an edge e = uv of a graph G, the graph G’ obtained
from G by contracting the edge ¢ (or identifying the adjacent vertices v and v)
can be considered to have the vertex set

V(G") = V(G),

where u = v and where this vertex is denoted by either u or v, say v in this case,
and the edge set

EG) = {zy: zy€ E(G), z,y € V(G) — {u,v}} U
{ve: ux € E(G) or v € E(G),z € V(G) —{u,v}}.

For the graph G of Figure 5.14, G’ is obtained by contracting the edge uv in G and
where G” is obtained by contracting the edge wy in G'.

When dealing with edge contractions, it is often the case that we begin with a
graph G, contract an edge in G to obtain a graph G’, contract some edge in G’ to
obtain another graph G, and so on, until finally arriving at a graph H. Any such
graph H can be obtained in a different and perhaps simpler manner. In particular,
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(a) (b)

T Y T Y
Figure 5.14: Contracting an edge

H can be obtained from G by a succession of edge contractions if and only if the
vertex set of H is the set of elements in a partition {V1, Va, ..., Vi } of V(G) where
each induced subgraph G[V;] is connected and V; is adjacent to V; (i # j) if and
only if some vertex in V; is adjacent to some vertex in Vj in G. For example, in the
graph G of Figure 5.14, if we were to let

Vi ={t}, Va = {u,v}, V3 = {z}, and V; = {w, y},

then the resulting graph H is shown in Figure 5.15. This is the graph G” of
Figure 5.14 obtained by successively contracting the edge uv in G and then the
edge wy in G'.

- i

. w H: WV Vi

Vs
Figure 5.15: Edge contractions

A graph H is called a minor of a graph G if either H = G or (a graph isomorphic
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to) H can be obtained from G by a succession of edge contractions, edge deletions,
or vertex deletions (in any order). Equivalently, H is a minor of G if H = G or
H can be obtained from a subgraph of G by a succession of edge contractions. In
particular, the graph H of Figure 5.15 is a minor of the graph G of that figure.
Consequently, a graph G is a minor of itself. If H is a minor of G such that H # G,
then H is called a proper minor of G.

Consider next the graph G; of Figure 5.16, where

Vl = {tlatQ}a ‘/2 = {u17u27u37u4}a
V3 - {Ul}) V4 - {w17w27w3})
Vs ={z1,22}, Vo = {y1}, and V7 = {z1}.

Then the graph H; of Figure 5.16 can be obtained from (G; by successive edge
contractions. Thus H; is a minor of G1. By deleting the edge V5V and the vertices
Vs and V7 from H; (or equivalently, deleting Vg and V7 from H;), we see that Ky
is also a minor of Gj.

Wi
7 v, W
5 2 6
o :
0 o
z1 V4 ‘/'3 V?
w o H,

Figure 5.16: Minors of graphs

The example in Figure 5.16 serves to illustrate the following.

Theorem 5.15 If a graph G is a subdivision of a graph H, then H is a minor of
G.

The following is therefore an immediate consequence of Theorem 5.15.
Theorem 5.16 If G is a nonplanar graph, then Ks or K33 is a minor of G.

The German mathematician Klaus Wagner (1910-2000) showed [184] that the
converse of Theorem 5.16 is true only a year after obtaining his Ph.D. from Univer-
sitat zu Koln (the University of Cologne), thereby giving another characterization
of planar graphs.

Theorem 5.17 (Wagner’s Theorem) A graph G is planar if and only if neither
Ks nor Ks 3 is a minor of G.
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Proof. We have already mentioned (in Theorem 5.16) that if a graph G is non-
planar, then either K5 or K33 is a minor of G. It remains therefore to verify the
converse.

Let G be a graph having K5 or K3 3 as a minor. We consider these two cases.

Case 1. H = K33 is a minor of G. The graph H can be obtained by first
deleting edges and vertices of G (if necessary), obtaining a connected graph G’, and
then by a succession of edge contractions in G’. We show, in this case, that G’
contains a subgraph that is a subdivision of K3 3 and therefore that G’, and G as
well, is nonplanar.

Denote the vertices of H by U; and W; (1 < i < 3), where {Uy, Uz, Us} and
{Wy, W5, W3} are the partite sets of H. Since H is obtained from G’ by a succession
of edge contractions, the subgraphs

F; = G'lU;] and H; = G'[Wj]

are connected. Since U;W; € E(H) for 1 <1i,j < 3, there is a vertex u; ; € U; that
is adjacent in H to a vertex w; ; € W;. Among the vertices u; 1, u;,2,u;,3 in U; two
or possibly all three may represent the same vertex. If u; 1 = u;2 = u;,3, then set
Us; = ug; if two of w1, u42, us 3 are the same, say u;1 = w2, then set u; 1 = uy;
if u; 1, u;2 and wu; 3 are distinct, then set u; to be a vertex in U; that is connected
to u;,1, U2 and w; 3 by internally disjoint paths in F;. (Possibly u; = u; ; for some
j.) We proceed in the same manner to obtain vertices w; € W; for 1 <4 < 3. The
subgraph of G induced by the nine edges u;w; together with the edge sets of all of
the previously mentioned paths in F; and H; (1 <14, j < 3) is a subdivision of K3 3.

Case 2. H = Ky is a minor of G. Then H can be obtained by first deleting
edges and vertices of G (if necessary), obtaining a connected graph G’, and then
by a succession of edge contradictions in G’. We show in this case that either G’
contains a subgraph that is a subdivision of K5 or G’ contains a subgraph that is a
subdivision of K3 3.

We may denote the vertices of H by V; (1 < i < 5), where G; = G'[V;] is a
connected subgraph of G’ and each subgraph G; contains a vertex that is adjacent
to G; for each pair 7, j of distinct integers where 1 <7,5 <5. For 1 <17 <5, let v; ;
be a vertex of G; that is adjacent to a vertex of G, where 1 < j <5 and j # 1.

For a fixed integer ¢ with 1 < ¢ <5, if the vertices v; ; (i # j) represent the same
vertex, then denote this vertex by v;. If three of the four vertices v; ; are the same,
then we also denote this vertex by v;. If two of the vertices v; ; are the same, the
other two are distinct, and there exist internally disjoint paths from the coinciding
vertices to the other two vertices, then we denote the two coinciding vertices by
v;. If the vertices v; ; are distinct and G; contains a vertex from which there are
four internally disjoint paths (one of which may be trivial) to the vertices v; ;, then
denote this vertex by v;. Hence there are several instances in which we have defined
a vertex v;. Should v; be defined for all ¢ (1 <4 < 5), then G’ (and therefore G as
well) contains a subgraph that is a subdivision of K5 and so G is nonplanar.

We may assume then that for one or more integers 7 (1 < ¢ < 5), the vertex v;
has not been defined. For each such i, there exist distinct vertices u; and w;, each of
which is connected to two of the vertices v; ; by internally disjoint (possibly trivial)



5.3. PLANARITY VERSUS NONPLANARITY 129

paths, while uw; and w; are connected by a path none of whose internal vertices
are the vertices v;; and where every two of the five paths have only w; or w; in
common. If two of the vertices v; ; coincide, then we denote this vertex by w;. If
the remaining two vertices v; ; should also coincide, then we denote this vertex by
w;. We may assume that ¢ = 1, that u; is connected to v; > and vy 3 and that w; is
connected to vy 4 and vy 5, as described above. Denote the edge set of these paths
by El.

We now consider Gy. If v 1 = va4 = v25, then let wo be this vertex and set
E; = 0; otherwise, there is a vertex ws of Go (which may coincide with vg 1, v2,4 or
v9 5) connected by internally disjoint (possibly trivial) paths to the distinct vertices
in {vg1,v24,v25}. We then let Ey denote the edge set of these paths. Similarly,
the vertices ws, us, and us and the sets Fs, F4, and Fs are defined with the aid
of the sets {vs1,v34,035}, {v4,1,v4.4,v45}, and {vs 1, 52,053}, respectively. The
subgraph of G’ induced by the union of the sets E; and the edges v; jv;,; contains
a subdivision of K33 with partite sets {ui,ug,us} and {wi,ws,ws}. Thus G is
nonplanar. [

In the proof of Wagner’s theorem, it was shown that if K5 is a minor of a graph
G, then G contains a subdivision of K5 or a subdivision of K3 3. In other words,
we were unable to show that G necessarily contains a subdivision of K5. There is
good reason for this, which is illustrated in the next example.

The Petersen graph P is a graph of order n = 10 and size m = 15. Since
m < 3n — 6, no conclusion can be drawn from Theorem 5.2 regarding the planarity
or nonplanarity of P. Nevertheless, the Petersen graph is, in fact, nonplanar. Theo-
rems 5.14 and 5.17 give two ways to establish this fact. Figures 5.17(a) and 5.17(b)
show P drawn in two ways. Since P — z (shown in Figure 5.17(c)) is a subdivision
of K33, the Petersen graph is nonplanar. The partition {Vi,Va,...,V5} of V(P)
shown in Figure 5.17(d), where V; = {u;,v;}, 1 < ¢ < 5, shows that K5 in Fig-
ure 5.17(d) is a minor of P and is therefore nonplanar. Since P is a cubic graph,
there is no subgraph of P that is subdivision of K5, however.

A graph G is outerplanar if there exists a planar embedding of G so that
every vertex of G lies on the boundary of the exterior region. If there is a planar
embedding of G so that every vertex of G lies on the boundary of the same region
of G, then G is outerplanar. The following two results provide characterizations of
outerplanar graphs.

Theorem 5.18 A graph G is outerplanar if and only if G + Ky is planar.

Proof. Let G be an outerplanar and suppose that G is embedded in the plane
such that every vertex of G lies on the boundary of the exterior region. Then a
vertex v can be placed in the exterior region of G and joined to all vertices of G in
such a way that a planar embedding of G + K results. Thus G + K is planar.
For the converse, assume that G is a graph such that G + K3 is planar. Hence
G + K contains a vertex v that is adjacent to every vertex of G. Let there be a
planar embedding of G + K;. Upon deleting the vertex v, we arrive at a planar
embedding of G in which all vertices of G lie on the boundary of the same region.
Thus G is outerplanar. [
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Figure 5.17: Showing that the Petersen graph is nonplanar

The following characterization of outerplanar graphs is analogous to the char-
acterization of planar graphs stated in Kuratowski’s theorem.

Theorem 5.19 A graph G is outerplanar if and only if G contains no subgraph
that is a subdivision of K4 or K» 3.

Proof. Suppose first that there exists some outerplanar graph G that contains a
subgraph H that is a subdivision of K4 or K5 3. By Theorem 5.18, G+ K is planar.
Since H + K is a subdivision of K5 or contains a subdivision K3 3, it follows that
G + K contains a subgraph that is a subdivision of K5 or contains a subdivision
K3 3 and so is nonplanar. This produces a contradiction.

For the converse, assume, to the contrary, that there exists a graph G that is
not outerplanar but contains no subgraph that is a subdivision of K4 or K3 3. By
Theorem 5.18, G + K; is not planar, but G + K; contains a subgraph that is a
subdivision of K5 or K3 3. This contradicts Theorem 5.14. [

An outerplanar graph G is maximal outerplanar if the addition to G of any
edge joining two nonadjacent vertices of G results in a graph that is not outerplanar.
Necessarily then, there is a planar embedding of a maximal outerplanar graph G of
order at least 3, the boundary of whose exterior region of is a Hamiltonian cycle of
G. We now describe some other facts about outerplanar graphs.
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Theorem 5.20 Fvery nontrivial outerplanar graph contains at least two vertices
of degree 2 or less.

Proof. Let G be a nontrivial outerplanar graph. The result is obvious if the order
of G is 4 or less, so we may assume that the order of G is at least 5. Add edges to
G, if necessary, to obtain a maximal outerplanar graph. Thus the boundary of the
exterior region of G is a Hamiltonian cycle of G. Among the chords of C, let uv
be one such that wv and a u — v path on C produce a cycle containing a minimum
number of interior regions. Necessarily, this minimum is 1. Then the degree of the
remaining vertex y on the boundary of this region is 2. There is such a chord wx
of C' on the other u — v path of C, producing another vertex z of degree 2. In G,
the degrees of y and z are therefore 2 or less. [

Theorem 5.21 The size of every outerplanar graph of order n > 2 is at most
2n — 3.

Proof. We proceed by induction on n. The result clearly holds for n = 2. Assume
that the size of every outerplanar graph of order k, where k > 2, is at most 2k — 3
and let G be a outerplanar graph of order k + 1. We show that the size of G is at
most 2(k + 1) — 3 = 2k — 1. By Theorem 5.20, G contains a vertex v of degree at
most 2. Then G —v is an outerplanar graph of order k. By the induction hypothesis,
the size of G — v is at most 2k — 3. Hence the size of G is at most

2k —3+degv <2k—3+4+2=2k—1,
as desired. n

In view of Theorem 5.21, an outerplanar graph of order n > 2 is maximal
outerplanar if and only if its size is 2n — 3.

5.4 Embedding Graphs on Surfaces

We have seen that a graph G is planar if G can be drawn in the plane in such a
way that no two edges cross and that such a drawing is called an embedding of G
in the plane or a planar embedding. We have also remarked that a graph G can
be embedded in the plane if and only if G can be embedded on (the surface of) a
sphere.

Of course, not all graphs are planar. Indeed, Kuratowski’s theorem (Theo-
rem 5.14) and Wagner’s theorem (Theorem 5.17) describe conditions (involving the
two nonplanar graphs K5 and K3 3) under which G can be embedded in the plane.
Graphs that are not embeddable in the plane (or on a sphere) may be embeddable
on other surfaces, however. Another common surface on which a graph may be em-
bedded is the torus, a doughnut-shaped surface (see Figure 5.18(a)). Two different
embeddings of the (planar) graph K4 on a torus are shown in Figures 5.18(b) and
5.18(c).
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(a) (b) (c)
Figure 5.18: Embedding K4 on a torus
While it is easy to see that every planar graph can be embedded on a torus, some

nonplanar graphs can be embedded on a torus as well. For example, embeddings of
K5 and K33 on a torus are shown in Figures 5.19(a) and 5.19(b).

Figure 5.19: Embedding K5 and K33 on a torus

Another way to represent a torus and to visualize an embedding of a graph on
a torus is to begin with a rectangular piece of (flexible) material as in Figure 5.20
and first make a cylinder from it by identifying sides @ and ¢, which are the same
after the identification occurs. Sides b and d are then circles. These circles are then
identified to produce a torus.

b

Figure 5.20: Constructing a torus

After seeing how a torus can be constructed from a rectangle, it follows that
the points labeled A in the rectangle in Figure 5.21(a) represent the same point
on the torus. This is also true of the points labeled B and the points labeled C.
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Figures 5.21(b) and 5.21(c) show embeddings of K5 and K33 on the torus. There
are five regions in the embedding of K5 on the torus shown in Figure 5.21(b) as
R is a single region in this embedding. Moreover, there are three regions in the
embedding of K3 3 on the torus shown in Figure 5.21(c) as R’ is a single region.

(@] e C
B

Ae ¢ A
B

(@] * C

(a)
Figure 5.21: Embedding K5 and K33 on a torus
Another way to represent a torus and an embedding of a graph on a torus is
to begin with a sphere, insert two holes in its surface (as in Figure 5.22(a)), and
attach a handle on the sphere, where the ends of the handle are placed over the two

holes (as in Figure 5.22(b)). An embedding of K5 on the torus constructed in this
manner is shown in Figure 5.22(c).

)
@
(a) (b)

Figure 5.22: Embedding K5 on a torus

While a torus is a sphere with a handle, a sphere with k handles, k£ > 0, is called
a surface of genus k and is denoted by Si. Thus, Sy is a sphere and S; is a torus.
The surfaces Sj, are the orientable surfaces.

Let G be a nonplanar graph. When drawing G on a sphere, some edges of G
will cross. The graph G can always be drawn so that only two edges cross at any
point of intersection. At each such point of intersection, a handle can be suitably
placed on the sphere so that one of these two edges pass over the handle and the
intersection of the two edges has been avoided. Consequently, every graph can be
embedded on some orientable surface. The smallest nonnegative integer k such that
a graph G can be embedded on Sy is called the genus of G and is denoted by v(G).
Therefore, v(G) = 0 if and only if G is planar; while v(G) = 1 if and only if G is
nonplanar but G can be embedded on the torus. In particular,

v(Ks5) =1 and v(K33) = 1.

Figure 5.23(a) shows an embedding of a disconnected graph H on a sphere. In
this case, n =8 m =9, and r = 4. Thusn—m+r =8 -9+ 4 = 3. That
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n —m+r # 2 is not particularly surprising as the Euler Identity (Theorem 5.1)
requires that H be a connected plane graph. Although this is a major reason why
we will restrict our attention to connected graphs here, it is not the only reason.
There is a desirable property possessed by every embedding of a connected planar
graph on a sphere that is possessed by no embedding of a disconnected planar graph
on a sphere.

Suppose that G is a graph embedded on a surface Sg, k& > 0. A region of
this embedding is a 2-cell if every closed curve in that region can be continuously
deformed in that region to a single point. (Topologically, a region is a 2-cell if it is
homeomorphic to a disk.) While the closed curve C' in R in the embedding of the
graph on a sphere shown in Figure 5.23 can in fact be continuously deformed in R
to a single point, the curve C’ cannot. Hence R is not a 2-cell in this embedding.

R
C/
\¢

Figure 5.23: An embedding on a sphere that is not a 2-cell embedding

An embedding of a graph G on some surface is a 2-cell embedding if every
region in the embedding is a 2-cell. Consequently, the embedding of the graph
shown in Figure 5.23 is not a 2-cell embedding. It turns out, however, that every
embedding of a connected graph on a sphere is necessarily a 2-cell embedding. If
a connected graph is embedded on a surface Sy where k > 0, then the embedding
may or may not be a 2-cell embedding, however. For example, the embedding of
K, in Figure 5.18(b) is not a 2-cell embedding. The curves C' and C’ shown in
Figures 5.24(a) and 5.24(b) cannot be continuously deformed to a single point in
the region in which these curves are drawn. On the other hand, the embedding of
K4 shown in Figure 5.18(c) and shown again in Figure 5.24(c) is a 2-cell embedding.

= =

(a) (b) (c)
Figure 5.24: Non-2-cell and 2-cell embeddings of K4 on the torus

The embeddings of K4, K5, and K3 3 on a torus given in Figures 5.18(c), 5.19(a),
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and 5.19(b), respectively, are all 2-cell embeddings. Furthermore, in each case,
n—m —1 = 0. As it turns out, if G is a connected graph of order n and size
m that is 2-cell embedded on a torus resulting in r regions, then n — m —r = 0.
This fact together with the Euler Identity (Theorem 5.1) are special cases of a more
general result. The mathematician Simon Antoine Jean Lhuilier (1750-1840) spent
much of his life working on problems related to the Euler Identity. Lhuilier, like
Euler, was from Switzerland and was taught mathematics by one of Euler’s former
students (Louis Bertrand). Lhuilier saw that the Euler Identity did not hold for
graphs embedded on spheres containing handles. In fact, he proved a more general
form of this identity [118].

Theorem 5.22 (Generalized Euler Identity) If G is a connected graph of
order n and size m that is 2-cell embedded on a surface of genus k > 0, resulting in
r regions, then

n—m+r=2-—2k.

Proof. We proceed by induction on k. If G is a connected graph of order n and
size m that is 2-cell embedded on a surface of genus 0, then G is a plane graph. By
the Euler Identity, n —m +r =2 =2 — 2-0. Thus the basis step of the induction
holds.

Assume, for every connected graph G’ of order n’ and size m’ that is 2-cell
embedded on a surface Sy (k > 0), resulting in 7’ regions, that

n' —m' +1r' =2 —2k.

Let G be a connected graph of order n and size m that is 2-cell embedded on Sk1,
resulting in 7 regions. We may assume, without loss of generality, that no vertex of
G lies on any handle of Si11 and that the edges of G are drawn on the handles so
that a closed curve can be drawn around each handle that intersects no edge of G
more than once.

Let H be one of the k + 1 handles of Si41. There are necessarily edges of G on
H; for otherwise, the handle belongs to a region R in which case any closed curve
around H cannot be continuously deformed in R to a single point, contradicting
the assumption that R is a 2-cell. We now draw a closed curve C' around H, which
intersects some edges of G on H but intersects no edge more than once. Suppose
that there are ¢t > 1 points of intersection of C' and the edges on H. Let the points
of intersection be vertices, where each of the ¢ edges becomes two edges. Also, the
segments of C' between vertices become edges. We add two vertices of degree 2 along
C' to produce two additional edges. (This guarantees that the resulting structure
will be a graph, not a multigraph.)

Let GG be the graph just constructed, where Gy has order ny, size my, and r;
regions. Then

ni=n-+t+2and m; = m+ 2t + 2.

Since each portion of C' that became an edge of G is in a region of G, the addition
of such an edge divides that region into two regions, each of which is a 2-cell. Since
there are t such edges,
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ry=r-+t.

We now cut the handle H along C' and “patch” the two resulting holes, producing
two duplicate copies of the vertices and edges along C' (see Figure 5.25). Denote
the resulting graph by Ga, which is now 2-cell embedded on Sy.

Figure 5.25: Converting a 2-cell embedding of G; on Si41
to a 2-cell embedding of G7 on S

Let G5 have order no, size ms, and ro regions, all of which are 2-cells. Then
no=mn1+t+2, mo=m;+t+2,and ro =ry + 2.

Furthermore, no = n+2t+4, mg = m+3t+4, and ro = r+t+2. By the induction
hypothesis, no — mgs + 1o = 2 — 2k. Therefore,

ng—mo+ry = (M+2t+4)—(m+3t+4)+r+t+2)
= n—-m+r+2=2-2k.
Therefore, n —m+r =2 —2(k +1). ]
The following result [192] was proved by J. W. T. (Ted) Youngs (1910-1970).

Theorem 5.23 FEvery embedding of a connected graph G of genus k on Sy, where
k>0, is a 2-cell embedding.

With the aid of Theorems 5.22 and 5.23, we have the following.

Corollary 5.24 If G is a connected graph of order n and size m that is embedded
on a surface of genus v(Q), resulting in r regions, then

n—m+r=2-2vG).
We now have a corollary of Corollary 5.24.

Theorem 5.25 If G is a connected graph of order n > 3 and size m, then

m n
>0
NG 2= -5+
Proof. Suppose that G is embedded on a surface of genus v(G), resulting in r
regions. By Corollary 5.24, n — m +r = 2 — 29y(G). Let Ri, Ra,..., R, be the
regions of G and let m; be the number of edges on the boundary of R; (1 <i < ).
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Thus m; > 3. Since every edge is on the boundary of one or two regions, it follows
that

3r§§r:mi§2m

i=1

and so 3r < 2m. Therefore,
6—6v(G)=3n—3m+3r<3n—-3m+2m=3n—m (5.3)
Solving (5.3) for v(G), we have y(G) > & — 5 + 1. n

Theorem 5.25 is a generalization of Theorem 5.1, for when G is planar (and so
v(G) = 0) Theorem 5.25 becomes Theorem 5.1. According to Theorem 5.25,
V(Ks) > &, 7(Ke) > 5, and y(K7) > 1.

27

This says that all three graphs K5, K¢, and K7 are nonplanar. Of course, we already
knew by Corollary 5.3 that K,, is nonplanar for every integer n > 5. We have also
seen that v(K5) = 1. Actually, v(K7) = 1 as well. Figure 5.26 shows an embedding
of K7 with vertex set {vy,va,...,v7} on a torus. Because Kg is nonplanar and Kg
is a subgraph of a graph that can be embedded on a torus, y(Kg) = 1.

U1 V2 U3 U1
Q Q Q
Vg C D) Vg
s}
U7
Vs D Ug
o O
U1 V2 U3 U1

Figure 5.26: An embeddings of K7 on the torus

Applying Theorem 5.25 to a complete graph K,,, n > 3, we have

V(Ky) > %) —g+1: —("_?2;”_4).
Since v(K,,) is an integer,
o2 [=30=0]

Gerhard Ringel (born in 1919) and J. W. T. Youngs [150] completed a lengthy
proof involving many people over a period of many years (see Chapter 8 also) that
showed this lower bound for v(K,) is in fact the value of ~v(K,,).
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Theorem 5.26 For every integer n > 3,

Y(Kn) = [Ww :

Gerhard Ringel [149] also discovered a formula for the genus of every complete
bipartite graph.

Theorem 5.27 For every two integers r,s > 2,

NI [T

In particular, Theorem 5.27 implies that a complete bipartite graph G can be
embedded on a torus if and only if G is planar or is a subgraph of K4 4 or K3.

There are other kinds of surfaces on which graphs can be embedded. The
Mo6bius strip (or M6bius band) is a one-sided surface that can be constructed
from a rectangular piece of material by giving the rectangle a half-twist (or a ro-
tation through 180°) and then identifying opposite sides of the rectangle (see Fig-
ure 5.27). Thus A represents the same point on the Mobius strip. The Mé&bius strip
is named for the German mathematician August Ferdinand Md&bius who, as we
noted in Chapter 0, discovered it in 1858 (even though the mathematician Johann
Benedict Listing discovered it shortly before Mobius).

A

Figure 5.27: The M&bius strip

Certainly every planar graph can be embedded on the Mobius strip. Figure 5.28
shows that K3 3 can also be embedded on the Mobius strip.

Of more interest are the nonorientable surfaces (the nonorientable 2-dimensional
manifolds), the simplest example of which is the projective plane. The projective
plane can be represented by identifying opposite sides of a rectangle as shown in
Figure 5.29(a). Note that A represents the same point in the projective plane, as
does B. Figure 5.29(b) shows an embedding of K5 on the projective plane.

The projective plane can also be represented by a circle where antipodal pairs
of points on the circumference are the same point. Using this representation, we
can give an embedding of Kg on the projective plane shown in Figure 5.30.
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o B

A (a) (b)

Figure 5.29: An embedding of K5 on the projective plane

For the embedding of K5 on the projective plane shown in Figure 5.29(b), n = 5,
m = 10, and r = 6; while for the embedding of Kg shown in Figure 5.30, n = 6,
m = 15, and r = 10. In both cases, n —m+r = 1. In fact, for any graph of order n
and size m that is 2-cell embedded on the projective plane, resulting in r regions,

n—m+r=1.

5.5 The Graph Minor Theorem

We have seen by Wagner’s theorem (Theorem 5.17) that a graph G is planar if
and only if neither K5 nor K33 is a minor of G. That is, Wagner’s theorem is a
forbidden minor characterization of planar graphs — in this case two forbidden
minors: K5 and K3 3. A natural question to ask is whether a forbidden minor
characterization may exist for graphs embedded on other surfaces.

It was shown by Daniel Archdeacon and Philip Huneke [12] that there are exactly
35 forbidden minors for graphs that can be embedded on the projective plane.
In recent years, much more general results involving minors have been obtained.
The following theorem of Neil Robertson and Paul Seymour [151] has numerous
consequences. Its long proof is a consequence of a sequence of several papers that
required years to complete.

Theorem 5.28 (Robertson-Seymour Theorem) For every infinite sequence
G1,Ga, ... of graphs, there exist graphs G; and G; with ¢ < j such that G is a
minor of Gj.
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Figure 5.30: An embedding of K¢ on the projective plane

A sequence Gi1,Gs2,Gs, ... of graphs is a descending chain of proper mi-
nors if G;11 is a proper minor of G; for every positive integer i. An immediate
consequence of Theorem 5.28 is the following.

Corollary 5.29 There is no infinite descending chain of proper minors.

Another consequence of Theorem 5.28, however, is one of the major theorems
in graph theory. A set S of graphs is said to be minor-closed if for every graph G
in S, every minor of G also belongs to S.

Theorem 5.30 (Graph Minor Theorem) Let S be a minor-closed set of
graphs. Then there exists a finite set M of graphs such that G € S if and only
if no graph in M is a minor of G.

Proof. Define M to be the set of all graphs F in the complement S of S such
that every proper minor of F' is in S. We claim that this set M has the required
properties. First, we show that G € S if and only if no graph in M is a minor of G.

Suppose, first, that there is a graph G € S such that some graph F' belonging
to M is a minor of G. Since G € S and S is minor-closed, it follows that F' € S.
This, however, contradicts the assumption that F € M and so F € S.

For the converse, assume to the contrary that there is a graph G € S such that
no graph in M is a minor of G. We consider two cases.

Case 1. All of the proper minors of G are in S. Then by the defining property of
M, it follows that G € M. Since G € M and G is a minor of itself, this contradicts
our assumption that no graph in M is a minor of G.

Case 2. Some proper minor of G, say G', is not in S. Thus G’ € S. Then G’
either satisfies the condition of Case 1 or Case 2. Continue in this manner for as
long as we remain in Case 2, producing a chain of proper minors.

If this process terminates, we have the finite sequence
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G.G'=GW,. .. GW,

where each graph in the sequence is a proper minor of all those graphs that precede
it. Then G®) € M, which returns us to Case 1. Hence we have an infinite sequence
G, G =G, GP . .. where each graph is a proper minor of all those graphs that
precede it. This, however, contradicts Corollary 5.29.

It remains only to show that M is finite. Assume, to the contrary, that M is
infinite. Let G1,G2,Gs, ... be any sequence of graphs belonging to M. By the
Robertson-Seymour theorem, there are integers i and j with ¢ < j such that G; is a
minor of G;. However, each graph in M has no proper minor in S and consequently
no proper minor in M as well. This is a contradiction. [

We now return to the question about the existence of a forbidden minor charac-
terization for graphs embeddable on a surface Sy of genus k& > 0. Certainly, if G is a
sufficiently small graph (in terms of order and/or size), then G can be embedded on
Sk. Hence if we begin with a graph F' that cannot be embedded on Sy and perform
successive edge contractions, edge deletions, and vertex deletions, then eventually
we arrive at a graph F’ that also cannot be embedded on Sy but such that any ad-
ditional edge contraction, edge deletion, or vertex deletion of F produces a graph
that can be embedded on Sg. Such a graph F” is said to be minimally nonem-
beddable on Sj. Consequently, a graph F” is minimally nonembeddable on Sy if
F’ cannot be embedded on Sy but every proper minor F’ can be embedded on Sj.
Thus the set of graphs embeddable on Sy, is minor-closed. As a consequence of the
Graph Minor Theorem, we have the following.

Theorem 5.31 For each integer k > 0, the set of minimally nonembeddable graphs
on Sy is finite.

Although the number of minimally nonembeddable graphs on the torus is finite,
it is known that this number exceeds 800.

Exercises for Chapter 5

1. Give an example of two non-isomorphic maximal planar graphs of the same
order.

2. Use a discharging method to prove Theorem 5.11: If G is a mazimal planar
graph of order 4 or more, then G contains at least one of the following: (1)
a vertex of degree 3, (2) a vertex of degree 4, (3) a vertex of degree 5 that is
adjacent to two vertices, each of which has degree 5 or 6.

3. Determine all connected regular planar graphs G such that the number of
regions in a planar embedding of G equals its order.

4. Determine all maximal planar graphs G of order 3 or more such that the
number of regions in a planar embedding of G equals its order.

5. Determine whether the graph G shown in Figure 5.31 is nearly maximal pla-
nar.
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Figure 5.31: The graph G in Exercise 5

6. Show that every graph G of order n > 6 that contains three spanning trees
Ty, Ty, and T35 such that every edge of G belongs to exactly one of these three
trees is nonplanar.

7. If the complement of a nontrivial maximal planar graph G is a spanning tree,
then what is the order of G7

8. Consider the plane graph G in Figure 5.32. What is the minimum number of
colors needed so that each edge of G is assigned a color and the edges on the
boundary of each region of G are colored differently?

Figure 5.32: The graph G in Exercise 8

9. Use Grinberg’s theorem to show that K> 3 is not Hamiltonian.

10. Use Grinberg’s theorem to show that each of the graphs in Figure 5.33 is not
Hamiltonian.

Figure 5.33: Graphs in Exercise 10

11. Let G be the graph shown in Figure 5.34.

(a) Show that G contains a K33 as a subgraph.
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(b) Show that G does not contain a subdivision of K5 as a subgraph.
(¢) Show that K3 is a minor of G.

Figure 5.34: The graph G in Exercise 11

12. Let H be the graph shown in Figure 5.35.

(a) For the order n and size m of H, compare m and 3n — 6. What does this
comparison tell you about the planarity of H?

(b) Show that H does not contain K5 as a subgraph.

(¢) Show that either (1) H contains a subdivision of K5 or (2) K35 is a minor
of H.

Figure 5.35: The graph H in Exercise 12

13. (a) What is the minimum possible order of a graph G containing only vertices
of degree 3 and degree 4 and an equal number of each such that G
contains a subdivision of K5?

(b) Does the graph H of Figure 5.36 contain a subdivision of K5 or a subdi-
vision of K337

(c) Does the graph H of Figure 5.36 contain K5 or K33 as a minor?
(d) Is the graph H of Figure 5.36 planar or nonplanar?

14. Prove or disprove: If a graph H is a minor of a planar graph, then H is planar.

15. Determine all connected graphs G of order n > 4 such that G 4+ K; is outer-
planar.

16. Use Theorem 5.18 to prove Theorem 5.21: The size of every outerplanar graph
of order n > 2 is at most 2n — 3.
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17.

18.

19.

20.

21.

22.

23.

24.
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Figure 5.36: The graph H in Exercise 13

Let Sy, denote the double star in which the degree of the two vertices that
are not end-vertices are a and b. Determine all pairs a, b of integers such that
Sa,p is planar.

A nonplanar graph G of order 7 has the property that G — v is planar for
every vertex v of G.

(a) Show that G does not contain K3 3 as a subgraph.
(b) Give an example of a graph with this property.

(a) Show that there is only one regular maximal planar graph G whose order
n € {5,6,...,11}.

(b) For the graph G in (a), show that G has a perfect matching M. Deter-
mine the genus of the graph G + M.

(c) Prove that if G is a maximal planar graph G of order n > 4 whose
complement contains a perfect matching M, then the genus

7(G+M)21£.

By Theorem 5.26, v(K7) = 1. Let there be an embedding of K7 on the torus,
and let R; and Ry be two neighboring regions. Let G be the graph obtained

by adding a new vertex v in Ry and joining v to the vertices on the boundaries
of both R; and Ry. What is y(G)?

The graph H is a certain 6—regular graph of order 12. It is known that
G = H x K5 can be embedded on S3. What is v(G)?

A certain graph H of order 12 has 6 vertices of degree 6 and 6 vertices of
degree 8. It is known that G = H X K5 can be embedded on S5. What is

(G)?

For a T-regular graph H of order 12, it is known that G = H x K3 can be
embedded on S5. What is v(G)?

It is known that the Petersen graph P is not planar. Thus P cannot be
embedded on the sphere.
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25.

26.

27.

28.
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(a) Show that P can be embedded on the torus, however.

(b) How many regions does P have when it is embedded on the torus?

(a) Show that the set JF of forests is a minor-closed family of graphs.
(b) What are the forbidden minors of F?

Prove for each positive integer n that there exists a sequence G1,Gs,...,G,
of graphs such that if 1 < ¢ < j < n, then G; is not a minor of G;. How is
this related to the Robertson-Seymour Theorem?

Use the Robertson-Seymour theorem (Theorem 5.28) to show for any infinite
sequence G1,Ga,Gs,... of graphs, that there exist infinitely many pairwise

disjoint 2-element sets {i,j} of integers with ¢ < j such that G; is a minor of
Gj.

Use the Robertson-Seymour theorem (Theorem 5.28) to prove Corollary 5.29:
There is no infinite descending chain of proper minors.






Chapter 6

Introduction to Vertex
Colorings

There is little doubt that the best known and most studied area within graph theory
is coloring.

Graph coloring is arquably the most popular subject in graph theory.
Noga Alon (1993)

The remainder of this book is devoted to this important subject. Dividing a given
set into subsets is a fundamental procedure in mathematics. Often the subsets are
required to satisfy some prescribed property — but not always. When the set is
associated with a graph in some manner, then we are dealing with graph colorings.
With its origins embedded in attempts to solve the famous Four Color Problem
(see Chapter 0), graph colorings has become a subject of great interest, largely
because of its diverse theoretical results, its unsolved problems, and its numerous
applications.

The problems in graph colorings that have received the most attention involve
coloring the vertices of a graph. Furthermore, the problems in vertex colorings that
have been studied most often are those referred to as proper vertex colorings. We
begin with these.

6.1 The Chromatic Number of a Graph

A proper vertex coloring of a graph G is an assignment of colors to the vertices of
G, one color to each vertex, so that adjacent vertices are colored differently. When
it is understood that we are dealing with a proper vertex coloring, we ordinarily
refer to this more simply as a coloring of G. While the colors used can be elements
of any set, actual colors (such as red, blue, green, and yellow) are often chosen only
when a small number of colors are being used; otherwise, positive integers (typically
1,2, ..., k for some positive integer k) are commonly used for the colors. A reason

147
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for using positive integers as colors is that we are often interested in the number
of colors being used. Thus, a (proper) coloring can be considered as a function
¢ : V(G) — N (where N is the set of positive integers) such that c(u) # c(v) if u and
v are adjacent in G. If each color used is one of k given colors, then we refer to the
coloring as a k-coloring. In a k-coloring, we may then assume that it is the colors
1,2,...,k that are being used. While all k colors are typically used in a k-coloring
of a graph, there are occasions when only some of the k colors are used.

Suppose that ¢ is a k-coloring of a graph G, where each color is one of the
integers 1,2, ...,k as mentioned above. If V; (1 <4 < k) is the set of vertices in G
colored i (where one or more of these sets may be empty), then each nonempty set
V; is called a color class and the nonempty elements of {Vi,Va,...,V;} produce
a partition of V(G). Because no two adjacent vertices of G are assigned the same
color by ¢, each nonempty color class V; (1 < i < k) is an independent set of vertices
of G.

A graph G is k-colorable if there exists a coloring of G from a set of k colors.
In other words, G is k-colorable if there exists a k-coloring of G. The minimum
positive integer k for which G is k-colorable is the chromatic number of G and is
denoted by x(G). (The symbol x is the Greek letter chi.) The chromatic number of
a graph G is therefore the minimum number of independent sets into which V(G)
can be partitioned. A graph G with chromatic number k is a k-chromatic graph.
Therefore, if x(G) = k, then there exists a k-coloring of G but not a (k—1)-coloring.
In fact, a graph G is k-colorable if and only if x(G) < k. Certainly, every graph
of order n is n-colorable. Necessarily, if a k-coloring of a k-chromatic graph G is
given, then all k£ colors must be used.

Three different colorings of a graph H are shown in Figure 6.1. The coloring in
Figure 6.1(a) is a 5-coloring, the coloring in Figure 6.1(b) is a 4-coloring, and the
coloring in Figure 6.1(c) is a 3-coloring. Because the order of G is 9, the graph H
is k-colorable for every integer k with 3 < k < 9. Since H is 3-colorable, x(H) < 3.
There is, however, no 2-coloring of H because H contains triangles and the three
vertices of each triangle must be colored differently. Therefore, x(H) > 3 and so
x(H) = 3.

Figure 6.1: Colorings of a graph H

The argument used to verify that the graph H of Figure 6.1 has chromatic
number 3 is a common one. In general, to show that some graph G has chromatic
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number k, say, we need to show that there exists a k-coloring of G (and so x(G) < k)
and to show that every coloring of G requires at least k colors (and so x(G) > k).

There is no general formula for the chromatic number of a graph. Consequently,
we will often be concerned and must be content with (1) determining the chromatic
number of some specific graphs of interest or of graphs belonging to some classes of
interest and (2) determining upper and/or lower bounds for the chromatic number
of a graph. Certainly, for every graph G of order n,

1 <x(G) <n.

A rather obvious, but often useful, lower bound for the chromatic number of a
graph involves the chromatic numbers of its subgraphs.

Theorem 6.1 If H is a subgraph of a graph G, then x(H) < x(G).

Proof. Suppose that x(G) = k. Then there exists a k-coloring ¢ of G. Since ¢
assigns distinct colors to every two adjacent vertices of G, the coloring c also assigns
distinct colors to every two adjacent vertices of H. Therefore, H is k-colorable and
so x(H) <k = x(G). =

Recall that the clique number w(G) of a graph G is the order of the largest
clique (complete subgraph) of G. The following result is an immediate consequence
of Theorem 6.1.

Corollary 6.2 For every graph G, x(G) > w(G).

The lower bound for the chromatic number of a graph in Corollary 6.2 is related
to a much studied class of graphs called “perfect graphs”, which will be visited in
Section 6.3.

Two operations on graphs that are often encountered are the union and join.
The chromatic number of a graph that is the union of graphs G1, G, ..., Gy can be
easily expressed in terms of the chromatic numbers of these k graphs (see Exercise 8).

Proposition 6.3 For graphs G1,Ga,..., G and G =G UGy U --- UGy,
X(G) = max{x(Gy) : 1< i < k}.
The following is then an immediate consequence of Proposition 6.3.
Corollary 6.4 If G is a graph with components G1,Gs,...,Gy, then
\(G) = max{x(Gy) : 1 <7 < k}.

There is a result analogous to Corollary 6.4 that expresses the chromatic number
of a graph in terms of the chromatic numbers of its blocks (see Exercise 9).

Proposition 6.5 If G is a nontrivial connected graph with blocks Bi, Ba, ..., By,
then
X(G) = max{x(B;) : 1 <i<k}.
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Corollary 6.4 and Proposition 6.5 tell us that we can restrict our attention to
2-connected graphs when studying the chromatic number of graphs. In the case of
joins, we have the following (see Exercise 10).

Proposition 6.6 For graphs G1,Ga,...,G and G =G, + Ga + - - - + G,

k
X(6) = o x(G).

Every k-partite graph, k& > 2, is k-colorable because the vertices in each par-
tite set can be assigned one of k distinct colors. Thus if G is a k-partite graph,
then x(G) < k. On the other hand, the following statement is a consequence of
Proposition 6.6.

Every complete k-partite graph has chromatic number k.

Since the complete graph K, is trivially a complete n-partite graph, x(K,) = n.
Furthermore, if G is a graph of order n that is not complete, then assigning the
color 1 to two nonadjacent vertices of G and distinct colors to the remaining n — 2
vertices of G produces an (n — 1)-coloring of G. Therefore:

A graph G of order n has chromatic number n if and only if G = K,,.

Since at least two colors are needed to color the vertices of a graph G only when G
contains at least one pair of adjacent vertices, it follows that

A graph G of order n has chromatic number 1 if and only if G = K,,.

Thus for a graph G to have chromatic number 2, G must have at least one edge.
Also, there must be some way to partition V(G) into two independent subsets V4
(the vertices of G colored 1) and V5 (the vertices of G colored 2). Since every edge
of G must join a vertex of V7 and a vertex of V4, the graph G is bipartite. That is:

A nonempty graph G has chromatic number 2 if and only if G is bipar-
tite.

From these observations, we have the following.
Proposition 6.7 A nontrivial graph G is 2-colorable if and only if G is bipartite.
By Theorem 1.9, an alternative way to state Proposition 6.7 is the following:
If every vertex of a graph G lies on no odd cycle, then x(G) < 2.

Stated in this manner, Proposition 6.7 can be generalized. The following upper
bound is equivalent to one obtained by Stephen C. Locke [121].

Theorem 6.8 If every vertex of a graph G lies on at most k odd cycles for some
nonnegative integer k, then

1+\/8k+9—‘

x(G) < [ 5
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Proof. If k¥ = 0, then G is bipartite. Thus x(G) < 2 and the theorem follows.
Hence we may assume that k > 1. Let t = [(1++/8k+9)/2]. Since k > 1, it
follows that ¢ > 3.

We proceed by induction on the order n of the graph. Since x(G) < ¢ for all
graphs of order ¢ or less, the basis step holds. Assume, for an integer n > t, that if
H is any graph of order n with the property that every vertex of H lies on at most
k odd cycles, then x(H) < t. We show that the statement holds for graphs of order
n + 1. Let G be a graph of order n + 1 having the property that every vertex of G
lies on at most k odd cycles. We show that x(G) < t.

Let v be a vertex of G. Then G — v has order n and every vertex of G — v
lies on at most k odd cycles. By the induction hypothesis, x(G — v) < t. Let
there be given a t-coloring of G — v. Since ¢ = [(1+ v/8k +9)/2], it follows that

(1++v8k+9)/2 <t andso

2 —t—2 t
< == —1.

Among the (;) pairs of distinct colors used in the t-coloring of G — v, there is at
least one pair, say {red, blue}, of colors not used to color the two neighbors of v in
any odd cycle of G containing v. Let G’ be the subgraph of G — v induced by those
vertices of G colored red or blue. Necessarily then, G’ is a bipartite graph.

If no red vertex of G’ is a neighbor of v in G, then v can be colored red and
so x(G) < t. Hence we may assume that G’ contains one or more red vertices
that are neighbors of v in G. Let G},G%,...,G% (s > 1) be the components of
G’ containing a red neighbor of v in G. We claim that none of these components
of G’ also contains a blue neighbor of v in G; for otherwise some component G
(1 <i < s) contains a red vertex v and a blue vertex w that are both neighbors of
v in G. Then G’ contains a u — w path P, which is necessarily of odd length. The
cycle C obtained from P by adding the vertex v and the two edges uv and vw is an
odd cycle of G containing v where the two neighbors of v on C' are colored red and
blue, which is impossible. Thus, as claimed, none of the components G}, G, ..., G,
of G’ contains a blue neighbor of v in G. Interchanging the colors red and blue in
each of these components produces a t-coloring of G — v in which no neighbor of v
is colored red. Assigning v the color red yields a ¢-coloring of G. Hence x(G) < t. m

As a consequence of Proposition 6.7 and Theorem 1.9, it follows that:

A graph G has chromatic number at least 3 if and only if G contains an
odd cycle.

Certainly every even cycle is 2-chromatic and the chromatic number of every odd
cycle is at least 3. The coloring ¢ defined on the vertices of an odd cycle C,, =

(vla’UQa"'vvnavl) by

1 ifiisoddand1<i<mn
clv;) = 2 if i is even
3 ifi=n

is a 3-coloring. Thus we have the following.
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Proposition 6.9 For every integer n > 3,

_ 2 ifn is even
X(Cn) = { 3 ifnis odd.

We have already noted that the bound in Theorem 6.8 is sharp when k = 0; for
if no vertex of a nontrivial graph G lies on an odd cycle, then G is a bipartite graph
and x(G) < 2. If G is itself an odd cycle, then £k = 1 in Theorem 6.8, producing
the bound x(G) < 3, which again is sharp. The graph G = K4 has the property
that every vertex of G lies on three triangles. Thus & = 3 in Theorem 6.8, yielding
X(G) < 4, again a sharp bound.

Many bounds (both upper and lower bounds) have been developed for the chro-
matic number of a graph. Two of the most elementary bounds for the chromatic
number of a graph G involve the independence number «(G), which, recall, is the
maximum cardinality of an independent set of vertices of G. The lower bound is
especially useful.

Theorem 6.10 If G is a graph of order n, then

n
<x(G) <n-aG)+1.
26 SX(@ <n-alG) +
Proof. Suppose that x(G) = k and let there be given a k-coloring of G with
resulting color classes Vi, Vs, ..., Vi. Since

k
n=|V(G) = Z Vil < ka(G),

it follows that n
— < x(@).
oG = x(G)
Next, let U be a maximum independent set of vertices of G and assign the color
1 to each vertex of U. Assigning distinct colors different from 1 to each vertex of
V(G) — U produces a proper coloring of G. Hence

X(G) < V(G) —Ul+1=n-a(G)+1
as desired. -

According to Theorem 6.10, for the complete 3-partite graph G = K; 2 3, which
has order n = 6 and independence number a(G) = 3, we have

n/a(G)=2< x(G)<4=n-aG)+1.

Since G is a complete 3-partite graph, it follows that x(G) = 3 and so neither
bound in Theorem 6.10 is attained in this case. On the other hand, w(G) = 3 and
so x(G) = w(G).

For the graph G of order 10 shown in Figure 6.2(a), we have a(G) = 2 and
w(G) = 4. By Corollary 6.2, x(G) > 4; while, according to Theorem 6.10, 5 <
Xx(G) < 9. However, the 5-coloring of G in Figure 6.2(b) shows that x(G) < 5 and
so x(G) = 5.
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(a)
Figure 6.2: A 5-chromatic graph G with a(G) =2 and w(G) =4

Much of Chapter 7 will be devoted to bounds for the chromatic number of a
graph.

6.2 Applications of Colorings

There are many problems that can be analyzed and sometimes solved by modeling
the situation described in the problem by a graph and defining a vertex coloring of
the graph in an appropriate manner. We consider a number of such problems in
this section.

From a given group of individuals, suppose that some committees have been
formed where an individual may belong to several different committees. A meeting
time is to be assigned for each committee. Two committees having a member in
common cannot meet at the same time. A graph G can be constructed from this
situation in which the vertices are the committees and two vertices are adjacent if
the committees have a member in common. Let’s look at a specific example of this.

Example 6.11 At a gathering of eight employees of a company, which we denote
by A={ai,az,...,as}, it is decided that it would be useful to have these individuals
meet in committees of three to discuss seven issues of importance to the company.
The seven committees selected for this purpose are

A = {a17a27a3}7 Ay = {a2,03,a4}; As = {04,615,@6}; Ay = {05,%,@7},
A5 = {Cll,CL’?,CLg}, Aﬁ = {al,a4,a7}, A7 - {CLQ,CE@,CLg}.

If each committee is to meet during one of the time periods
1-2 pm, 2-3 pm, 3-4 pm, 4-5 pm, 5-6 pm,

then what is the minimum number of time periods needed for all seven committees
to meet?

Solution. No two committees can meet during the same period if some employee
belongs to both committees. Define a graph G whose vertex set is
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V(G) = {A1, As, ..., A7}

where two vertices A; and A; are adjacent if A; N A; # 0 (and so A; and A,
must meet during different time periods). The graph G is shown in Figure 6.3.
The answer to the question posed in the example is therefore x(G). Since each
committee consists of three members and there are only eight employees in all,
it follows that the independence number of G is «(G) = 2. By Theorem 6.10,
X(G) > n/a(G) = 7/2 and so x(G) > 4. Since there is a 4-coloring of G, as
shown in Figure 6.3, it follows that x(G) = 4. Hence the minimum number of time
periods needed for all seven committees to meet is 4. According to the resulting
color classes, one possibility for these meetings is

1-2 pm: Ay, Ay;  2-3pm: Ao, As;  3-4pm: Agz;  4-5 pm: Ag, A7. ¢

Figure 6.3: The graph G in Example 6.11

Example 6.12 In a rural community, there are ten children (denoted by c1, co,
.., €10) living in ten different homes who require physical therapy sessions during
the week. Ten physical therapists in a neighboring city have volunteered to visit
some of these children one day during the week but no child is to be visited twice on
the same day. The set of children visited by a physical therapist on any one day is
referred to as a tour. It is decided that an optimal number of children to visit on a
tour is 4. The following ten tours are agreed upon:

Ty = {c1,c2,¢3,¢4}, To={c3,c5,¢7,¢0}, T3 ={c1,c2,c9,c10},
Ty = {ca,c6,c7,c8}, T5={ca,c5,¢9,c10}, T = {c1,ca,¢6, 8},
T7 = {c3,ca,c8,c9}, Tg={ca,c5,¢7,¢10}, To={cs,¢6,¢8,¢10},
T10 = {06,67,68,69}.

It would be preferred if all ten tours can take place during Monday through Friday
but the physical therapists are willing to work on the weekend if necessary. Is it
necessary for someone to work on the weekend?

Solution. A graph G is constructed with vertex set {11, T5,...,Tio}, where T; is
adjacent to Tj (¢ # j) if T;NT}; # (. (See Figure 6.4.) The minimum number of days
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needed for these tours is x(G). Since {T5,T3,T5,T7, Ty, T1o} induces a maximum
clique in G, it follows that w(G) = 6. By Theorem 6.2, x(G) > 6. There is a
6-coloring of G (see Figure 6.4) and so x(G) = 6. Thus, visiting all ten children
requires six days and it is necessary for some physical therapist to work on the

weekend. ¢
T
T 6
10
6 I
1
Ty
5 353
Ts T,
4 2
T7 T
5
4 \ 3
3,

Figure 6.4: The graph G in Example 6.12

Example 6.13 At a regional airport there is a facility that is used for minor
routine maintenance of airplanes. This facility has four locations available for this
purpose and so four airplanes can conceivably be serviced at the same time. This
facility is open on certain days from 7 am to 7 pm. Performing this maintenance
requires 2% hours per airplane; however, three hours are scheduled for each plane.
A certain location may be scheduled for two different planes if the exit time for
one plane is the same as the entrance time for the other. On a particular day,
twelves airplanes, denoted by Py, Ps, ..., Pia, are scheduled for maintenance during
the indicated time periods:

P11 am - 2 pm; Py :3 pm -6 pm; Ps;:8 am - 11 am;
Py :1:30 pm - 4:30 pm; Ps:1pm-4 pm; Ps:2pm -5 pm;
P;:9:30 am - 12:30 pm;  Ps: 7 am - 10 am; Py : noon - 3 pm;
Pio: 4 pm -7 pm; Pi1:10 am -1 pm; Pia: 9 am - noon.

Can a maintenance schedule be constructed for all twelve airplanes?

Solution. A graph G is constructed whose vertex set is the set of airplanes, that
is, V(G) = {P1, Pa,...,Pi2}. Two vertices P; and P; (i # j) are adjacent if their
scheduled maintenance overlaps (see Figure 6.5). Since there are only four locations
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available for maintenance, the question is whether the graph G is 4-colorable. In
fact, x(G) = w(G) = 4, where {Py, Pr, P11, P12} induces a maximum clique in G.
Ideally, it would be good if each color class has the same number of vertices (namely
three) so that each maintenance crew services the same number of planes during
the day. The 4-coloring of G shown in Figure 6.5 has this desired property. ¢

Py
Py P,
4

Figure 6.5: The graph G in Example 6.13

Example 6.14 Two dentists are having new offices designed for themselves. In
the common waiting room for their patients, they have decided to have an aquatic
area containing fish tanks. Because some fish require a coldwater environment while
others are more tropical and because some fish are aggressive with other types of
fish, not all fish can be placed in a single tank. It is decided to have nine exotic fish,
denoted by Fy, Fs, ..., Fy, where the fish that cannot be placed in the same tank as
F; (1 <i<9) are indicated below.

Fy: Fy, Fs, Fy, Fs, Fs, Fy, Fy: I, F3, Fg, Fr, Fs: I, By, B, Iy,
Fy: I, Fs, Fg, Fy, Fs: Fy, Fy, Fg, Fy, Fg: F1, Fy, F3, Fy,
I7: Iy, F3, Fg, Fy, Fg: Fy, Fy, F5, Fy, Fo: Fy, Fs, F7, Fg.

What is the minimum number of tanks required?

Solution. A graph G is constructed with vertex set V(G) = {Fi, F,..., Fy},
where F; is adjacent to F; (i # j) if F; and F; cannot be placed in the same tank
(see Figure 6.6). Then the minimum number of tanks required to house all fish is
X(G). In this case, w(G) = 4, so x(G) > 4. However, n =9 and a(G) = 2 and so
X(G) > 9/2. Thus x(G) > 5. A 5-coloring of G is given in Figure 6.6, implying
that x(G) <5 and so x(G) = 5. ¢
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Y 4
3 Fy

Figure 6.6: The graph of Example 6.14

Example 6.15 Figure 6.7 shows eight traffic lanes L1, L1, ..., Lg at the intersec-
tion of two streets. A traffic light is located at the intersection. During each phase
of the traffic light, those cars in lanes for which the light is green may proceed safely
through the intersection into certain permitted lanes. What is the minimum number

of phases needed for the traffic light so that (eventually) all cars may proceed through
the intersection?

Ls

Ly Lr Lg
Figure 6.7: Traffic lanes at street intersections in Example 6.15
Solution. A graph G is constructed with vertex set V(G) = {L1, Lo, ..., Ls},

where L; is adjacent to L; (i # j) if cars in lanes L; and L; cannot proceed safely
through the intersection at the same time. (See Figure 6.8.) The minimum number
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of phases needed for the traffic light so that all cars may proceed, in time, through
the intersection is x(G). Since {Ls, L3, L5, L7} induces a maximum clique in G, it
follows that w(G) = 4. By Theorem 6.2, x(G) > 4. Since there is a 4-coloring of G
(see Figure 6.8), it follows that x(G) = 4. For example, since Lg, L7, and Lg belong
to the same color class, cars in those three lanes may proceed safely through the

intersection at the same time. ¢
Ly
! L
L 2
84 1
L7 L3
4 2
LG L4
4 2
3 Ls

Figure 6.8: The graph of Example 6.15

The solutions of the problems we’ve just described have something in common.
The vertices of the graphs constructed in the solutions are objects where adjacency
of two vertices indicates that the objects are incompatible in some way. Each
problem involves partitioning the objects into as few subsets as possible so that the
elements in each subset are mutually compatible. There is a graph that describes
this in general.

Let A be a set and let S be a collection of nonempty subsets of A. The intersec-
tion graph of S is that graph whose vertices are the elements of S and where two
vertices are adjacent if the subsets have a nonempty intersection. The chromatic
number of this graph is the minimum number of sets into which the elements of S
can be partitioned so that in each set, every two elements of S are disjoint.

For example, suppose that A = {1,2,...,6} and S is the set of the nine 2-
element subsets {a, b} of A for which a + b is odd. The corresponding intersection
graph is isomorphic to the Cartesian product C3 x C5 and is shown in Figure 6.9
embedded on a torus (see Section 5.3). The chromatic number of this graph is 3 (a
3-coloring is also shown in Figure 6.9) and each color class consists of three mutually
disjoint 2-element subsets of A.

If the sets defining the intersection graph are closed intervals of real numbers,
then the intersection graph is called an interval graph. In fact, the graph con-
structed in Example 6.13 is an interval graph. (Interval graphs will be discussed in
more detail in Section 6.3.)

There is a graph that is, in a sense, complementary to an intersection graph.
While studying a 1953 article on quadratic forms by Irving Kaplansky (1917-2006),
who was a renowned algebraist at the University of Chicago for many years, Martin
Kneser became interested in the behavior of partitions of the family of k-element
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{1,2} {1,4} {1,6}

{32} |{3.4} |{3.6)

\{5,2} | (5,4} | {5,6}

Figure 6.9: C5 x C3: An intersection graph embedded on a torus

subsets of an n-element set.

For positive integers k and n with n > 2k, it is possible to partition the k-element
subsets of an n-element set, say S = {1,2,...,n}, into n — 2k + 2 classes such that
no pair of disjoint k-element subsets belong to the same class. For example, let S;
be the class of all k-element subsets of S containing the integer 1 and let Sy be
the class of all k-element subsets of S containing the integer 2 but not containing
1. More generally, for each integer ¢ with 1 < i < n — 2k + 1, let .S; be class of
all k-element subsets of S containing the integer ¢ but containing no integer j with
1 < j <i. Finally, let S, _ok+2 consist of all k-element subsets of the set

T={n—-2k+2,n—2k+3,...,n}.

For 1 <1i<n—2k+1, every two subsets belonging to .S; contain ¢ and so are not
disjoint. Since |T'| = 2k — 1, no two k-element subsets in S, _oj12 are disjoint. Thus

{Sla 527 ey Sn—2k+2}

is a partition of S with the desired properties. Kneser asked whether the k-element
subsets of S could be partitioned into n — 2k + 1 classes having the same property.

Kneser conjectured that such a partition is not possible and stated this as a prob-
lem (Problem 300) in the Jahresbericht der Deutschen Mathematiker — Vereinigung
in 1955 (see [113]).

Kneser’s Conjecture Let k and n be positive integers with n > 2k. If the k-
element subsets of the set {1,2,...,n} are partitioned into n — 2k + 1 classes, then
at least one of these classes contains two disjoint k-element subsets.

In 1978 the Hungarian mathematician Lészlé Lovész (born in 1948) verified this
conjecture using graph theory and at the same time initiated the area of topological
combinatorics (see [124]). For positive integers k and n with n > 2k, the Kneser
graph KG,, ; is that graph whose vertices are the k-element subsets of the n-
element set S = {1,2,...,n} and where two vertices (k-element subsets) A and B
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are adjacent if A and B are disjoint. The graph KG,, ;. is therefore a (”;k)—regular
graph of order (Z) In particular, KG, 1 is the complete graph K, while KG5 2 is

the Petersen graph (see Figure 6.10).

{12}
O

@ O
{1,5} {2,3}

Figure 6.10: The Kneser graph KGs o (the Petersen graph)

Kneser’s Conjecture can then be stated purely in terms of graph theory, namely:

Kneser’s Conjecture There exists no (n — 2k + 1)-coloring of the Kneser graph
KGy k.

To see why this is an equivalent formulation of Kneser’s Conjecture stated earlier,
suppose that there is an (n — 2k + 1)-coloring of the Kneser graph KG,, ;. Then
this implies that there is a partition of the vertex set of KG,, ; into n — 2k + 1
independent sets. However, this, in turn, implies that each of the n — 2k + 1 color
classes (consisting of k-element subsets of {1,2,...,n}) contains no pair of disjoint
k-element subsets, thereby disproving the conjecture. Indeed, L&szlé Lovédsz [124]
proved the following:

Theorem 6.16  For every two positive integers k and n with n > 2k,
X(KGn,k) =n-—2k+2.

There is a subclass of Kneser graphs that is of special interest. For n > 2,
the odd graph O, is that graph whose vertices are the (n — 1)-element subsets
of {1,2,...,2n — 1} such that two vertices A and B are adjacent if A and B are
disjoint. Consequently, the odd graph O,, is the Kneser graph KGy,_1 ,—1. Hence
O5 is the complete graph K3 and the graph Os is the Petersen graph, while Oy is
a 4-regular graph of order 35. By Theorem 6.16, every odd graph has chromatic
number 3.

6.3 Perfect Graphs

In Corollary 6.2 we saw that the clique number w(G) of a graph G is a lower bound
for x(G). While there are many examples of graphs G for which x(G) = w(G),
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such as complete graphs and bipartite graphs, there are also many graphs whose
chromatic number exceeds its clique number such as the Petersen graph and the
odd cycles of length 5 or more. As we are about to see, the chromatic number of a
graph can be considerably larger than its clique number.

For a given graph H, a graph G is called H-free if no induced subgraph of G
is isomorphic to H. In particular, a K 3-free graph is called a claw-free graph.
We saw in Chapter 1 that a Ks-free graph is commonly called a triangle-free graph.
Therefore, every bipartite graph is triangle-free, as is the Petersen graph and every
cycle of length 4 or more. Consequently, every nonempty triangle-free graph has
clique number 2.

The graph G of Figure 6.11 is triangle-free (and so w(G) = 2) but x(G) = 4.
Hence x(G) exceeds w(G) by 2 in this case. This graph is the famous Grotzsch
graph. It is known to be the unique smallest graph (in terms of order) that is both
4-chromatic and triangle-free. The fact that a graph can be triangle-free and yet
have a large chromatic number has been established by a number of mathematicians,
including Blanche Descartes [54], John Kelly and Leroy Kelly [111], and Alexander
Zykov [194]. The proof of this fact that we present here, however, is due to Jan
Mycielski [135].

Figure 6.11: The Grotzsch graph: A 4-chromatic triangle-free graph

Theorem 6.17 For every positive integer k, there exists a triangle-free k-chromatic
graph.

Proof. Since no graph with chromatic number 1 or 2 contains a triangle, the the-
orem is obviously true for £k = 1 and k = 2. To verify the theorem for k£ > 3, we
proceed by induction on k. Since x(Cs) = 3 and Cj is triangle-free, the statement
is true for k = 3.

Assume that there exists a triangle-free graph with chromatic number k&, where
k > 3. We show that there exists a triangle-free (k + 1)-chromatic graph. Let H be
a triangle-free graph with x(H) = k, where V(H) = {v1, v2,...,v,}. We construct
a graph G from H by adding n 4+ 1 new vertices u, u1, ug, . . ., Uy, joining v to each
vertex u; (1 < i <n) and joining wu; to each neighbor of v; in H. (See Figure 6.12
when k& = 3 and H = (5, in which case the resulting graph G is the Grétzsch graph
of Figure 6.12.)
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v1

U5 v2

V4 U3

Figure 6.12: The Mycielski construction

We claim that G is a triangle-free (k 4 1)-chromatic graph. First, we show that
G is triangle-free. Since S = {uy,us,...,u,} is an independent set of vertices of G
and u is adjacent to no vertex of H, it follows that u belongs to no triangle in G.
Hence if there is a triangle T in G, then two of the three vertices of T must belong
to H and the third vertex must belong to S, say V(T') = {u;,v;,vx}. Since u; is
adjacent v; and vy, it follows that v; is adjacent to v; and vy. Since v; and vy are
adjacent, H contains a triangle, which is a contradiction. Thus, as claimed, G is
triangle-free.

Next, we show that x(G) = k + 1. Since H is a subgraph of G and x(H) = k,
it follows that x(G) > k. Let a k-coloring of H be given and assign to u; the
same color that is assigned to v; for 1 < 4 < n. Assigning the color k + 1 to u
produces a (k + 1)-coloring of G and so x(G) < k + 1. Hence either x(G) = k or
X(G) = k + 1. Suppose that x(G) = k. Then there is a k-coloring of G with colors

1,2,...,k, where u is assigned the color k, say. Necessarily, none of the vertices
U1, Uz, - . ., Uy is assigned the color k; that is, each vertex of S is assigned one of the
colors 1,2,...,k — 1. Since x(H) = k, one or more vertices of H are assigned the

color k. For each vertex v; of H colored k, recolor it with the color assigned to u,.
This produces a (k — 1)-coloring of H, which is impossible. Thus x(G) =k + 1. =

If the Mycielski construction (described in the proof of Theorem 6.17) is applied
to the Grotzsch graph (Figures 6.11 and 6.12), then a triangle-free 5-chromatic graph
of order 23 is produced. Using a computer search, Tommy Jensen and Gordon F.
Royle [108] showed that the smallest order of a triangle-free 5-chromatic graph is
actually 22. Applying the Mycielski construction to this graph, we can conclude that
there is a triangle-free 6-chromatic graph of order 45. Whether 45 is the smallest
order of such a graph is unknown.

With the aid of Theorem 6.17, it can be seen that for every two integers £ and
k with 2 < £ < k, there exists a graph G with w(G) = £ and x(G) = k (see
Exercise 31). A rather symmetric graph G that is not triangle-free but for which
X(G) > w(G) is shown in Figure 6.13. This graph has order 15 and consists of five
mutually vertex-disjoint triangles T; (1 < ¢ < 5) where every vertex of T; is adjacent
to every vertex of T if either |i — j| = 1 or if {4,j} = {1,5}. (We will visit this
graph again in Chapter 7.) This graph G has clique number 6 and independence
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number 2. By Theorem 6.10, x(G) > n/a(G) = 15/2 and so x(G) > 8. If we color
the vertices of T; (1 < i < 5) as indicated in Figure 6.13, then it follows that G is
8-colorable and so x(G) < 8. Therefore, x(G) = 8.

1

2 & 2
T \
@fﬁ Aj
Af“ TO/A)B
4 8
Figure 6.13: A graph G with x(G) =8

While much interest has been shown in graphs G for which x(G) > w(G), even
more interest has been shown in graphs G for which not only x(G) = w(G) but
X(H) = w(H) for every induced subgraph H of G. A graph G is called perfect if
X(H) = w(H) for every induced subgraph H of G. This definition, introduced in
[16], is due to the French graph theorist Claude Berge (1926-2002). As is often the
case when a new concept is introduced, it is not initially known whether the concept
will lead to interesting results and whether any intriguing characterizations will be
forthcoming. For this particular class of graphs, however, all of this occurred.

Certainly, if G = K, then x(G) = w(G) = n. Furthermore, every induced
subgraph H of K, is also a complete graph and so x(H) = w(H). Thus every
complete graph is perfect. On the other hand, if G = K, and H is any induced
subgraph of G, then x(H) = w(H) = 1. So every empty graph is also perfect. A
somewhat more interesting class of perfect graphs are the bipartite graphs.

Theorem 6.18 FEuvery bipartite graph is perfect.

Proof. Let G be a bipartite graph and let H be an induced subgraph of G. If H
is nonempty, then x(H) = w(H) = 2; while if H is empty, then x(H) = w(H) = 1.
In either case, x(H) = w(H) and so G is perfect. ]

The next theorem, which is a consequence of a result due to Tibor Gallai [73],
describes a related class of perfect graphs.

Theorem 6.19 Fuvery graph whose complement is bipartite is perfect.

Proof. Let G be a graph of order n such that G is bipartite. Since the complement of
every (nontrivial) induced subgraph of G is also bipartite, to verify that G is perfect,
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it suffices to show that x(G) = w(G). Suppose that x(G) = k and w(G) = £. Then
k > L. Let there be given a k-coloring of G. Then each color class of G consists
either of one or two vertices; for if G contains a color class with three or more
vertices, then this would imply that G has a triangle, which is impossible.

Of the k color classes, suppose that p of these classes consist of a single vertex
and that each of the remaining ¢ classes consist of two vertices. Hence p + ¢ = k
and p 4+ 2¢ = n. Let W be the set of vertices of G belonging to a singleton color
class. Since every two vertices of W are necessarily adjacent, G[W] = K, and so

GIW] =K,.

Since no k-coloring of G results in more than g color classes having two vertices,
it follows that G has a maximum matching M with ¢ edges (see Chapter 4). We
claim that for each edge uwv € M, either u is adjacent to no vertex of W or v is
adjacent to no vertex of W. Suppose that this is not the case. Then we may assume
that u is adjacent to some vertex w; € W and v is adjacent to some vertex we € W.
Since G is triangle-free, wy # wa. However then, (M — {uv}) U {uw1, vws} is a
matching in G containing more than |M| edges. This, however, is impossible and
S0, as claimed, for each edge uv in M either u is adjacent to no vertex of W or v is
adjacent to no vertex of W.

Therefore, G contains an independent set of at least p + ¢ = k vertices and so
w(G) = > k. Hence x(G) = w(G). L]

From what we've seen, if G is a graph that is either complete or bipartite,
then both G and G are perfect. Indeed, in 1961 Claude Berge made the following
conjecture.

The Perfect Graph Conjecture A graph is perfect if and only if its complement
is perfect.

In 1972, Laszlé Lovész [122] showed that this conjecture is, in fact, true.

Theorem 6.20 (The Perfect Graph Theorem) A graph is perfect if and only
if its complement is perfect.

We now describe another class of perfect graphs. Recall (from Section 6.2) that a
graph G with V(G) = {v1,va,...,v,} is an interval graph if there exists a collection
S of n closed intervals of real numbers, say

S = {[ai,bi] 1 a; < b, 1 <i<n},

such that v; and v; are adjacent if and only if [a;, b;] and [a;, b;] have a nonempty
intersection. Hence if G is an interval graph, then every induced subgraph of G is
also an interval graph (see Exercise 34).

For example, the graph G in Figure 6.14 is an interval graph as can be seen by
considering the five intervals Iy = [0,2], Iz = [1,5], Is = [3,6], I, = [4,8], Is = [7,9],
where v; and v; are adjacent in G, 1 < ¢,j <5, if and only if I, N I; # (. Observe
that x(G) = w(G) = 3 for this graph G. This graph is also a perfect graph. Indeed,
every interval graph is a perfect graph.
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O O O
V1 Vo V4 Us

Figure 6.14: An interval graph

Theorem 6.21 FEvery interval graph is perfect.

Proof. Let G be an interval graph with V(G) = {v1,vq,...,v,}. Since every
induced subgraph of an interval graph is also an interval graph, it suffices to show
that x(G) = w(G). Because G is an interval graph, there exist n closed intervals
I; = [a;,b;], 1 <i < n,such that v; is adjacent to v; (i # j) if and only if I;NI; # 0.
We may assume that the intervals (and consequently, the vertices of G) have been
labeled so that a1 < ag < --- < ay.

We now define a vertex coloring of G. First, assign vy the color 1. If v; and vg
are not adjacent (that is, if I; and I» are disjoint), then assign vs the color 1 as
well; otherwise, assign vs the color 2. Proceeding inductively, suppose that we have
assigned colors to vy, va,...,v, where 1 < r < n. We now assign v,4; the smallest
color (positive integer) that has not been assigned to any neighbor of v,41 in the
set {v1,v9,...,v,}. Thus if v,11 is adjacent to no vertex in {vy,va,...,v,}, then
Ur41 is assigned the color 1. This gives a k-coloring of G for some positive integer
k and so x(G) < k. If k = 1, then G = K,, and x(G) = w(G) = 1. Hence we may
assume that k > 2.

Suppose that the vertex v; has been assigned the color k. Since it was not

possible to assign vy any of the colors 1,2,...,k — 1, this means that the interval
I = [at, by]) must have a nonempty intersection with k—1 intervals I;,, I, , ..., L, _,,

where say 1 < j1 < j2 < -+ < jg—1 <t. Thusa;, <aj, <...<aj, , < a. Since
I;NI; #0 for 1 <i <k —1, it follows that

atGIjlﬁIj20-~-ﬂIj N 1.

Thus for U = {v;,,vj,,...,0j,_,, Ut}
GlU] = K,
and so x(G) <k <w(G). Since x(G) > w(G), we have x(G) = w(G), as desired. m

In the proof of Theorem 6.21, a vertex coloring ¢ of a graph G with V(G) =
{v1,v2,...,v,} is defined recursively by ¢(v1) = 1 and, given that ¢(v;) is defined
for every integer ¢ with 1 < i <r for an integer r with 1 <r < n, the color ¢(v,41)
is defined as the smallest color not assigned to any neighbor of v,y; among the
vertices in {v1,va,...,v,}. We will see vertex colorings of graphs defined in this
manner again in Chapter 7 along with some useful consequences.

We now consider a more general class of graphs. Recall that a chord of a cycle C
in a graph is an edge that joins two non-consecutive vertices of C. For example, wz
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and xz are chords in the cycle C' = (u,v,w, z,y, z,u) in the graph G of Figure 6.15;
while in the cycle C' = (w,z,y, z,w) in G, the edge zz is a chord and wz is not.
The cycle C” = (u,v, w, z,u) has no chords. Obviously no triangle contains a chord.

U v

Yy x
Figure 6.15: Chords in cycles

A graph G is a chordal graph if every cycle of length 4 or more in G has a
chord. Since the cycle C” = (u,v,w, z,u) in the graph G of Figure 6.15 contains
no chords, the graph G is not a chordal graph.

While every complete graph is a chordal graph, no complete bipartite graph
K+, where s,t > 2, is chordal, for if u; and v; belong to one partite set and wus
and v belong to the other partite set, then the cycle (u1, us,v1,v2,u1) contains no
chord. Indeed, no graph having girth 4 or more is chordal. The graphs GG; and G»
of Figure 6.16 are chordal graphs. For the subset S; = {u1,v1, 21} of V(G1) and the
subset S = {ug, wa, x2} of V(Gs), let the graph G3 be obtained by identifying the
vertices in the complete subgraph G1[S;] with the vertices in the complete subgraph
G2[S2], where, say, u; and us are identified, v; and x2 are identified, and x; and
wy are identified. The graph G5 shown in Figure 6.16 is also a chordal graph.

Y2
Uy U1 Uz U2
e [
G ) ta
1: 'A% Go:
w1 x1 w2 Z2 2z
_ 2
Uy = u2 Vo 4
G3 . w1 t2
I = w2 V1 = To
22
Y1

Figure 6.16: Chordal graphs

More generally, suppose that G; and G, are two graphs containing complete
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subgraphs H; and Hs, respectively, of the same order and G is the graph obtained
by identifying the vertices of H; with the vertices of Hy (in a one-to-one manner).
If G5 contains a cycle of length 4 or more having no chord, then C' must belong to
G1 or G. That is, if G; and G2 are chordal, then G3 is chordal. Furthermore, if
(3 is chordal, then both G; and G5 are chordal.

Theorem 6.22 Let G be a graph obtained by identifying two complete subgraphs
of the same order in two graphs G1 and Gs. Then G is chordal if and only if Gy
and Go are chordal.

Proof. We have already noted that if G; and G2 are two chordal graphs containing
complete subgraphs Hy and Ha, respectively, of the same order, then the graph G
obtained by identifying the vertices of H; with the vertices of Hs is also chordal.
On the other hand, if G, say, were not chordal, then it would contain a cycle C' of
length 4 or more having no chords. However then, C' would be a cycle in G having
no chords. [

We have now observed that every graph obtained by identifying two complete
subgraphs of the same order in two chordal graphs is also chordal. These are not
only sufficient conditions for a graph to be chordal. They are necessary conditions
as well. The following characterization of chordal graphs is due to Andras Hajnal
and Jdnos Surdnyi [90] and Gabriel Dirac [59)].

Theorem 6.23 A graph G is chordal if and only if G can be obtained by identifying
two complete subgraphs of the same order in two chordal graphs.

Proof. From our earlier observations, we need only show that every chordal graph
can be obtained from two chordal graphs by identifying two complete subgraphs
of the same order in these two graphs. If G is complete, say G = K,,, then G is
chordal and can trivially be obtained by identifying the vertices of G; = K,, and
the vertices of Gy = K,, in any one-to-one manner. Hence we may assume that G
is a connected chordal graph that is not complete.

Let S be a minimum vertex-cut of G. Now let Vi be the vertex set of one
component of G — S and let Vo = V(G) — (V4 U S). Consider the two S-branches

Gy =G[Vi US| and Gy = G[Va U S]

of G. Consequently, G is obtained by identifying the vertices of S in G; and Gbs.
We now show that G[S] is complete. Since this is certainly true if |S| = 1, we may
assume that |S| > 2.

Each vertex v in S is adjacent to at least one vertex in each component of G— 5,
for otherwise S — {v} is a vertex-cut of G, which is impossible. Let u,w € S. Hence
there are u — w paths in G1, where every vertex except u and w belongs to V.
Among all such paths, let P = (u,z1,x2,...,Zs,w) be one of minimum length.
Similarly, let P' = (u,y1,¥2,...,4t, w) be a u — w path of minimum length where
every vertex except u and w belongs to V5. Hence

C= (uyxlaan'"7x57w7ytayt71;~~'7y17u)
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is a cycle of length 4 or more in G. Since G is chordal, C' contains a chord. No vertex
z; (1 <4 <s) can be adjacent to a vertex y; (1 < j <t) since S is a vertex-cut of
G. Furthermore, no non-consecutive vertices of P or of P’ can be adjacent due to
the manner in which P and P’ are defined. Thus uw € E(G), implying that G[S]
is complete. By Theorem 6.22, G; and G5 are chordal. [

With the aid of Theorem 6.23, we now have an even larger class of perfect graphs
(see Exercise 38).

Corollary 6.24 FEvery chordal graph is perfect.

Proof. Since every induced subgraph of a chordal graph is also a chordal graph,
it suffices to show that if G is a connected chordal graph, then x(G) = w(G). We
proceed by induction on the order n of G. If n = 1, then G = K; and x(G) =
w(G) = 1. Assume therefore that x(H) = w(H) for every chordal graph H of order
less than n, where n > 2 and let G be a chordal graph of order n > 2.

If G is a complete graph, then x(G) = w(G) = n. Hence we may assume that
G is not complete. By Theorem 6.22, G can be obtained from two chordal graphs
G1 and G4 by identifying two complete subgraphs of the same order in G; and Gs.
Observe that

X(G) < max{x(G1),x(G2)} = k.

By the induction hypothesis, x(G1) = w(G1) and x(G2) = w(G2). Thus x(G) <
max{w(G1),w(G2)} = k. On the other hand, let S denote the set of vertices in G
that belong to Gy and G3. Thus G[S] is complete and no vertex in V(Gy1) — S is
adjacent to a vertex in V(Gz2) — S. Hence

w(G) = max{w(G1),w(G2)} = k.

Thus x(G) > k. Therefore, x(G) = k = w(G). L]

The graph G of Figure 6.17 has clique number 3. Thus x(G) > 3. In this
case, however, x(G) # w(G). Indeed, x(G) = 4. A 4-coloring of G is shown in
Figure 6.17. Thus G is not perfect. By Corollary 6.24, G is not chordal. In fact,
C = (u,z,v,y,u) is a 4-cycle containing no chord. Since G is not perfect, it follows
by the Perfect Graph Theorem that G is not perfect either. Indeed, G = C7 and
so X(G) = 3 and w(G) = 2. The graph F of Figure 6.17 is also not chordal;
but yet x(H) = w(H) for every induced subgraph H of F. Hence the converse of
Corollary 6.24 is not true.

We now consider a class of perfect graphs that can be obtained from a given
perfect graph. Let G be a graph where v € V(G). Then the replication graph
R,(G) of G (with respect to v) is that graph obtained from G by adding a new
vertex v’ to G and joining v’ to the vertices in the closed neighborhood Nv] of v.
In 1972 Lészlé Lovész [123] obtained the following result.

Theorem 6.25 (The Replication Lemma) Let G be a graph where v € V(G).
If G is perfect, then R,(G) is perfect.
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Figure 6.17: Non-chordal graphs

Proof. Let G’ = R,(G). First, we show that x(G’) = w(G’"). We consider two
cases, depending on whether v belongs to a maximum clique of G.

Case 1. v belongs to a mazimum clique of G. Then w(G’) = w(G) + 1. Since
X(G) = x(G) +1=w(G) +1=w(d),

it follows that x(G') = w(G").

Case 2. v does not belong to any mazimum clique of G. Suppose that x(G) =
w(G) = k. Let there be given a k-coloring of G using the colors 1,2,...,k. We
may assume that v is assigned the color 1. Let V; be the color class consisting
of the vertices of G that are colored 1. Thus v € V;. Since w(G) = k, every
maximum clique of G must contain a vertex of each color. Since v does not belong
to a maximum clique, it follows that |Vi| > 2. Let Uy = Vi — {v}. Because every
maximum clique of G contains a vertex of Uy, it follows that w(G—U;) = w(G)—1 =
k — 1. Since G is perfect, x(G —U;) = k — 1. Let a (k — 1)-coloring of G — U; be
given, using the colors 1,2,...,k — 1. Since V; is an independent set of vertices, so
is Uy U {v'}. Assigning the vertices of Uy U {v'} the color k produces a k-coloring
of G'. Therefore,

k= w(@) <w(@) < (E) <k

and so x(G') = w(G).

It remains to show that x(H) = w(H) for every induced subgraph H of G'.
This is certainly the case if H is a subgraph of G. If H contains v’ but not v, then
H>G(V(H)—{v})U{v}] and so x(H) = w(H). If H contains both v and v’ but
H % G, then H is the replication graph of G[V (H) — {v'}] and the argument used
to show that x(G’) = w(G’) can be applied to show that x(H) = w(H). ]

In 1961 Claude Berge also conjectured that there are certain conditions that
must be satisfied by all perfect graphs and only these graphs. This deeper conjecture
became known as:

The Strong Perfect Graph Conjecture A graph G is perfect if and only if
neither G nor G contains an induced odd cycle of length 5 or more.
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After an intensive 28-month assault on this conjecture, its truth was established
in 2002 by Maria Chudnovsky, Neil Robertson, Paul Seymour, and Robin Thomas
[44].

Theorem 6.26 (The Strong Perfect Graph Theorem) A graph G is perfect
if and only if neither G nor G contains an induced odd cycle of length 5 or more.

Exercises for Chapter 6

1. Show that there is no graph of order 6 and size 13 that has chromatic number 3.

2. The vertices of G are colored with three colors in such a way that each vertex
is adjacent to vertices colored with only one of the three colors. Show that
X(G) # 3. What does this say if x(G) = 37

3. It is known that it is possible to color the vertices of a graph G of order 12,
size 50, and chromatic number k£ with &k colors so that the number of vertices
assigned any of the k colors is the same. Show that x(G) > 4.

4. Let G be a nonempty graph with x(G) = k. A graph H is obtained from G
by subdividing every edge of G. If x(H) = x(G), then what is k?

5. A balanced coloring of a graph G is an assignment of colors to the vertices of
G such that (i) every two adjacent vertices are assigned different colors and
(i) the numbers of vertices assigned any two different colors differ by at most
one. The smallest number of colors used in a balanced coloring of G is the
balanced chromatic number x;(G) of G.

(a) Prove that the balanced chromatic number is defined for every graph G.

(b) Determine x;(G) for the graph G in Figure 6.18.
T
w

Figure 6.18: The graph in Exercise 5(b)
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6. Let G be an r-regular graph, r > 3, such that 3 < x(G) < r + 1. Prove or
disprove the following.

(a) For every edge e of G, there exists an odd cycle containing e.

(b) For every edge e of G, there exists an odd cycle not containing e.

7. (a) Show for every graph G that x(G) = max{x(H) : H is a subgraph of G}.



6.3.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

PERFECT GRAPHS 171

(b) The problem in (a) should suggest a question to you. Ask and answer
this question.

. Prove Proposition 6.3: For graphs G1,Gs,...,Gy and G = G1UGyU- - - UGy,

X(G) = max{x(G;) : 1 <i<k}.

. Prove Proposition 6.5: If G is a nontrivial connected graph with blocks By,

Bs, ..., B, then x(G) = max{x(B;) : 1 <i < k}.

Prove Prol?cosition 6.6: For graphs G1,Ga,...,Gi and G = G1+Ga+- - -+ G,
X(G) = Zi:l X(G3).

(a) Give an example of a graph G, every vertex of which belongs to no more
than two odd cycles but most vertices belong to exactly two odd cycles.

(b) What does Theorem 6.8 say about x(G) for any graph G in (a)?

(a) Give an example of a graph G, every vertex of which belongs to exactly
three odd cycles.

(b) What does Theorem 6.8 say about x(G) for any graph G in (a)?

To how many odd cycles does each vertex of G = K5 belong? What does
Theorem 6.8 say about x(G) in this case?

For a given positive integer n, determine all graphs of order n for which the
two bounds in Theorem 6.10 are equal.

Let £ > 2 be an integer. For each integer ¢ with 1 < ¢ < 2k + 1, let G; be
a copy of Kj. The graph G of order 2k? + k is obtained from the graphs
G1,Ga,. .. ,Gopy1,Gokr2 = G1 by joining each vertex in G; to every vertex
in Giy1 (1 <4 <2k+1). Compute the bounds n/a(G), n+ 1 — a(G), w(G)
for x(G) for an arbitrary k > 2. Determine x(G).

Give an example of a graph G with x(G) = «(G) in which no x(G)-coloring
of G results in a color class containing «(G) vertices.

Does there exist a k-chromatic graph G in which no color class of a k-coloring
of G contains at least a(G) — 2 vertices?

Give an example of a graph G of order n for which n/a(G) is an integer and
for which x(G) is none of the numbers n/a(G), n — a(G) + 1, and w(G),

Prove that if S is a color class resulting from a k-coloring of a k-chromatic
graph G, where k > 2, then there is a component H of G — S such that
x(H)=k-1.

Let £ > 2 be an integer. Prove that if G is a k-colorable graph of order n such
that §(G) > (%) n, then G is k-chromatic. Is the bound sharp?



172

21.

22.

23.

24.

25.

26.

27.

CHAPTER 6. INTRODUCTION TO VERTEX COLORINGS

Prove or disprove: A connected graph G has chromatic number at least 3 if
and only if for every vertex v of GG, there exist two adjacent vertices u and w
in G such that d(u,v) = d(v,w).

Recall that an independent set of vertices in a graph G is maximal if it is not
properly contained in any other independent set of G.

(a) Let v be a vertex of a k-chromatic graph G and let Uy, Us,...,U; be
the maximal independent sets of G containing v. Prove that for some
k-coloring of G, one of the resulting k color classes is U; for some ¢ with
1<i<k.

(b) Let G be a k-chromatic graph, k& > 2, and S an independent set of
vertices in G. Prove that x(G[V(G) — S]) = k — 1 if and only if S is a
color class in some k-coloring of G.

For a nonempty graph G, let v be a vertex of G and let Uy, Us, ..., U; be the
maximal independent sets of G containing v.

(a) Prove that x(G) = 1+ mini<;<¢ X(G[V(G) — U3)).
(b) What is the relationship between x(G) and

1+ max x(G[V(G) — Uy])?

1<i<t

Prove that every graph of order n = 2k having size at least k241 has chromatic
number at least 3.

Answer the question asked in Example 6.13 when a certain location cannot
be used for two different planes if the exit time for one plane is the same as
as the entrance time for the other.

Suppose that the two dentists in Example 6.14 had decided to have ten exotic
fish, denoted by Fi, Fy, ..., F19, where the fish that cannot be placed in the
same tank as F; (1 < i <10) are indicated below.

Fy: Fy, F3, Fy, F5, Fio Fy: Fy, F3, Fg Fs: Iy, By, Fy
Fy: Fy, F3, Iy Fs: Fy, Fy, Fy Fs: Fy, Fy, Fig
I7: Fg, Iy, Fig Fy: Iy, Iy, Fig Fy: F5, Iy, Fig
Fio: Fi, Fg, F7, Fg, Fy.

What is the minimum number of tanks required?

Figure 6.19 shows traffic lanes L1, L1, ..., L7 at the intersection of two streets.
A traffic light is located at the intersection. During a certain phase of the
traffic light, those cars in lanes for which the light is green may proceed safely
through the intersection in permissible directions. What is the minimum
number of phases needed for the traffic light so that (eventually) all cars may
proceed through the intersection?
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Ly Ly

Figure 6.19: Traffic lanes at street intersections in Exercise 27

28. Prove that every graph is an intersection graph.

29. For the graph G = K4 — e, determine the smallest positive integer k for which
there is a collection S of subsets of {1,2,...,k} such that the intersection
graph of S is isomorphic to G.

30. Determine which connected graphs of order 4 are interval graphs.

31. Show, for every two integers ¢ and k with 2 < ¢ < k, that there exists a graph
G with w(G) =/ and x(G) =k

32. Let n > 2 be an integer. Prove that every (n — 1)-chromatic graph of order n
has clique number n — 1.

33. Prove or disprove the following.

(a) If G is a graph of order n > 3 with x(G) = n — 2, then w(G) =n — 2.

(b) If G is a graph of sufficiently large order n with x(G) = n — 2, then
w(G)=n—2.

34. Prove that every induced subgraph of an interval graph is an interval graph.

35. Let G be a graph with V(G) = {v1,vs,...,v,}. The shadow graph Shad(G)
of G is that graph with vertex set V(G) U {u1,us,...,u,}, where u; is called
the shadow vertex of v; and u; is adjacent to u; if v; is adjacent to v; and
u; is adjacent to v; if v; is adjacent to v; for 1 < 4,7 < n. What is the
relation between w(G) and w(Shad(G)) and the relation between x(G) and
X(Shad(G))?

36. Give an example of a regular triangle-free 4-chromatic graph.
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Show, for every integer k > 3, that there exists a k-chromatic graph that is
not chordal.
Prove that every interval graph is a chordal graph.
Give an example of a chordal graph that is not an interval graph.
Determine whether Cg is perfect.

Let G be the set of all nonisomorphic connected graphs of order 25, say
G ={G1, G, ..., Gi},and let G = G; UG U---UGg. Prove or disprove the
following.

(a) For the graph G, x(G) = w(G).

(b) The graph G is perfect.

Prove that if G is a Hamiltonian-connected graph of order at least 3, then
x(G) > 3.

Let G be a graph where v € V(G). We know from Theorem 6.25 that if G is
perfect, then the replication graph R, (G) is perfect. Is the converse true?



Chapter 7

Bounds for the Chromatic
Number

In Chapter 6 we were introduced to the chromatic number of a graph, the central
concept of this book. While there is no formula for the chromatic number of a
graph, we saw that the clique number is a lower bound for the chromatic number of
a graph and that there are both a lower bound and an upper bound for the chromatic
number of a graph in terms of its order and independence number. There are also
upper bounds for the chromatic number of a graph in terms of other parameters of
the graph. Several of these will be described in this chapter. Many of these bounds
are consequences of an algorithm called the greedy coloring algorithm. We begin
this chapter by discussing a class of graphs whose chromatic number decreases when
any vertex or edge is removed.

7.1 Color-Critical Graphs

For every k-chromatic graph G with k > 2 and every vertex v of G, either x(G—v) =
k or x(G —v) = k — 1. Furthermore, for every edge e of G, either x(G —e) =k or
X(G —e)=k—1. In fact, if e = wv and x(G —e) =k — 1, then x(G —u) =k — 1
and x(G —v) = k — 1 as well. Graphs that are k-chromatic (but just barely) are
often of great interest. A graph G is called color-critical if x(H) < x(G) for every
proper subgraph H of G. If G is a color-critical k-chromatic graph, then G is called
critically k-chromatic or simply k-critical. The graph K5 is the only 2-critical
graph. In fact, K,, is n-critical for every integer n > 2. The odd cycles are the only
3-critical graphs. No characterization of k-critical graphs for any integer k£ > 4 has
ever been given.

Let G be a k-chromatic graph, where k£ > 2, and suppose that H is a k-chromatic
subgraph of minimum size in G having no isolated vertices. Then for every proper
subgraph F' of H, x(F) < x(H), that is, H is a k-critical subgraph of G. From this
observation, it follows that every k-chromatic graph, k > 2, contains a k-critical
subgraph. By Corollary 6.4, every k-critical graph, & > 2, must be connected; while

175
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by Proposition 6.5, every k-critical graph, k > 3, must be 2-connected and therefore
2-edge-connected. The following theorem tells us even more.

Theorem 7.1 FEvery k-critical graph, k > 2, is (k — 1)-edge-connected.

Proof. The only 2-critical graph is K5, which is 1-edge-connected; while the only
3-critical graphs are odd cycles, each of which is 2-edge-connected. Since the theo-
rem holds for k = 2,3, we may assume that k > 4.

Suppose that there is a k-critical graph G, k > 4, that is not (k — 1)-edge-
connected. This implies that there exists a partition {Vi, V2} of V/(G) such that the
number of edges joining the vertices of V7 and the vertices of V5 is at most k& — 2.
Since G is k-critical, the two induced subgraphs

Gl = G[‘/l] and G2 = G[‘/Q]

are (k — 1)-colorable. Let there be given colorings of G and G2 from the same set
of k — 1 colors and suppose that E’ is the set of edges of G that join the vertices
in V4 and the vertices in V5. It cannot occur that every edge in E’ joins vertices of
different colors, for otherwise, G itself is (k — 1)-colorable. Hence there are edges in
E’ joining vertices that are assigned the same color. We now show that there exists
a permutation of the colors assigned to the vertices of V7 that results in a proper
coloring of G in which every edge of E’ joins vertices of different colors, which again
shows that G is (k — 1)-colorable, producing a contradiction.

Let Uy, Us, ..., U; denote the color classes of G for which there is some vertex
in U; (1 <i<k-—2)adjacent to a vertex of V2. Suppose that there are k; edges
joining the vertices of U; and the vertices of V5. Then each k; > 1 and

t
Zkigk—z
=1

If, for every vertex u; € Uj, the neighbors of u; are assigned a color different from
that assigned to u1, then the color of the vertices in U; is not altered. If, on the
other hand, some vertex u; € U; is adjacent to a vertex in V5 that is colored the
same as uj, then the k — 1 colors used to color G; may be permuted so that no
vertex in U; is adjacent to a vertex of V5 having the same color. This is possible
since there are at most k1 colors to avoid when coloring the vertices of U; but there
are k—1—k; > 1 colors available for this purpose. If, upon giving this new coloring
to the vertices of G, each vertex us € Us is adjacent only to the vertices in V5
assigned a color different from that of ug, then no (additional) permutation of the
colors of V; is performed. Suppose, however, that there is some vertex us € Us
that is assigned the same color as one of its neighbors in V. In this case, we may
once again permute the k — 1 colors used to color the vertices of V7, where the color
assigned to the vertices in U; is not changed. This too is possible since there are
at most ko + 1 colors to avoid when coloring the vertices of Us but the number of
colors available for Us is at least

(k—1)— (ks +1) > (k—1) — (ko + k1) > 1.
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This process is continued until a (k — 1)-coloring of G is produced, which, as we
noted, is impossible. [

As a consequence of Theorem 7.1, x(G) < 1+ A(G) for every color-critical graph
G. A related theorem of David W. Matula [127] provides an upper bound for the
chromatic number of an arbitrary graph in terms of the edge connectivity of its
subgraphs.

Theorem 7.2 For every graph G,
X(G) <14 max{A(H)},
where the mazimum is taken over all subgraphs H of G.

Proof. Suppose that F' is a color-critical subgraph of G with x(G) = x(F). By
Theorem 7.1,
X(G) = x(F) <14+ A(F) <1+ max{A(H)},

where the maximum is taken over all subgraphs H of G. [

Since the minimum degree of a graph never exceeds its edge connectivity (by
Theorem 2.4), we have the following corollary of Theorem 7.1.

Corollary 7.3 If G is a color-critical graph, then
X(G) <146(G).

We now consider a consequence of Corollary 7.3. For n > 2, there is no connected
graph of order n having chromatic number 1. Certainly, every tree of order n > 2
is a connected graph of minimum size having chromatic number 2, while every
unicyclic graph of order n > 3 and containing an odd cycle is a connected graph of
minimum size having chromatic number 3. These examples illustrate the following.

Theorem 7.4 For every two integers n and k with 2 < k < n, the minimum size
of a connected graph of order n having chromatic number k is (g) + (n—k).

Proof. Let G be a connected graph of order n having chromatic number k and
let H be a k-critical subgraph of G. Suppose that H has order p. Then k <p <n
and G contains n — p vertices not in H. Therefore, there are at least n — p edges
of G that are not in H. Since H is k-critical, §(H) > k — 1 by Corollary 7.3. Thus
the size of H is at least p(k — 1)/2, implying that the size of G is at least

p(k—1)

5 +(n—-p) = p(ﬂ—1>+n

2

k(k—;l—1>+n=<l;>+(n—k).

Since the graph G obtained by identifying an end-vertex of P,,_;+1 with a vertex
of K}, is connected, has order n and size (g) + (n — k), and has chromatic number
k, this bound is sharp. [

Y
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We have noted that every k-critical graph, k > 3, is 2-connected. While every
4-critical graph must be 3-edge-connected (by Theorem 7.1), a 4-critical graph need
not be 3-connected, however. The 4-critical graph G of Figure 7.1 has connectivity
2. In fact, S = {u, v} is a minimum vertex-cut of G.

u

v

Figure 7.1: A critically 4-chromatic graph

Observe that for the vertex-cut S = {u, v} of the 4-critical graph G of Figure 7.1,
the induced subgraph G[S] is disconnected and is certainly not complete. As it turns
out, this observation is not surprising. Recall, for a vertex-cut S of a graph G and
a component H of G — S, that the subgraph G[V (H) US| is referred to as a branch
of G at S or an S-branch.

Theorem 7.5 If S is a vertez-cut of a (noncomplete) k-critical graph G, k > 3,
then the subgraph G[S] is not a clique.

Proof. Since no color-critical graph contains a cut-vertex, |S| > 2. Let Hy, Ha,
-+, Hg be the components of G — S and let

G; = G[V(Hl) U S] (1 <1< S)

be the resulting S-branches of G. Since each S-branch is a proper subgraph of G,
it follows that x(G;) <k —1for each i (1 <i < s).

If there exists a (k — 1)-coloring of each S-branch G; in which no two vertices
of S are assigned the same color, then by permuting the colors assigned to the
vertices of S in each S-branch, if necessary, a (k — 1)-coloring of G can be produced.
Since this is impossible, there is some S-branch in which no (k — 1)-coloring assigns
distinct colors to the vertices of S. This, in turn, implies that G[S] contains two
nonadjacent vertices and so G[S] is not a clique. (]

The following result is a consequence of Theorem 7.5 and its proof.

Corollary 7.6 Let G be a k-critical (noncomplete) graph, k > 3, where k(G) = 2.
If S = {u,v} is a vertez-cut of G, then uwv ¢ E(G) and there exists some S-branch
G’ of G such that x(G' + uwv) = k.

Proof. If S = {u,v}, then wv ¢ E(G) by Theorem 7.5. As we saw in the proof
of Theorem 7.5, there is an S-branch G’ of G in which no (k — 1)-coloring of G’
assigns distinct colors to u and v. Therefore, G’ + uv is not (k — 1)-colorable and
so X(G' + uwv) = k. m
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7.2 Upper Bounds and Greedy Colorings

Many combinatorial decision problems (those having a “yes” or “no” answer) are
difficult to solve but once a solution is revealed, the solution is easy to verify. For
example, the problem of determining whether a given graph G is k-colorable for
some integer k > 3 is difficult to solve, that is, it is difficult to determine whether
there exists a k-coloring of G. However, it is easy to verify that a given coloring of
G is a k-coloring. It is only necessary to show that no more than k distinct colors
are used and that adjacent vertices are assigned distinct colors. The collection of all
such difficult-to-solve but easy-to-verify problems is denoted by NP. The collection
of all decision problems that can be solved in polynomial time is denoted by P.
The problems in the set NP have only one property in common with the problems
belonging to the set P, namely: Given a solution to a problem in either set, the
solution can be verified in polynomial time. Thus P C NP. One of the best known
problems in mathematics is whether every problem in the set NP also belongs to
the set P. This problem is called the P = NP problem and is considered by
many as the most important unsolved problem in theoretical computer science. Its
importance and fame have only been magnified because of a one million dollar prize
offered by the Clay Mathematics Institution for the first correct solution of this
problem.

A problem in the set NP is called NP-complete if a polynomial-time algorithm
for a solution would result in polynomial-time solutions for all problems in NP.
The NP-complete problems are among the most difficult in the set NP and can
be reduced from and to all other NP-complete problems in polynomial time. The
concept of NP-completeness was initiated in 1971 by Stephen Cook [49] who gave
an example of the first NP-complete problem. The following year Richard M. Karp
[110] described some twenty diverse problems, all of them NP-complete. It is now
known that there are thousands of NP-complete problems.

Since determining the chromatic number of a graph is known to be so very diffi-
cult, it is not surprising that much of the research emphasis on coloring has centered
on finding bounds (both lower bounds and upper bounds) for the chromatic number
of a graph. For a graph G of order n with clique number w(G) and independence
number a(G), we have already seen that w(G) and n/a(G) are lower bounds for
Xx(G) while n — a(G) + 1 is an upper bound for x(G). Of course, n is also an upper
bound for x(G). In particular,

w(G) < x(G) < n.

Bruce Reed [147] showed that x(G) can never be closer to n than to w(G).

Theorem 7.7 For every graph G of order n,

n+w(G)J .

x©) < |55

Proof. We proceed by induction on the nonnegative integer |V (G)| — w(G). If G
is a graph such that |V(G)| — w(G) = 0, then G = K, for some positive integer n
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and so x(G) = w(G) = n. Thus x(G) = V—WT(G)J . This verifies the basis step of
the induction.
Assume for a positive integer k and every graph H (having order n’) such that

n' —w(H) < k that x(H) < {%J Let G be a graph of order n such that
n—w(G) =k. If k=1, then

2

V@) =n—1=w(@) = {L‘”(G)J

Hence we may assume that k£ > 2. Since G is not complete, G contains two nonad-
jacent vertices u and v. Let H = G — u — v. Then H has order n — 2 and either
w(H) =w(G) or w(H) = w(G) — 1. In either case, 0 < (n — 2) — w(H) < k and so

X(H) < {7n_2;w(H)J

n—2+w(H) J
2

by the induction hypothesis. Hence there exists a { -coloring of H. As-

signing v and v the same new color implies that

@[22 [z |nei

giving the desired result. L]

Suppose that we would like to assign colors to the vertices of some graph G.
Ideally of course, we would like to provide a coloring of G using as few colors as
possible, namely x(G) colors. Since we have mentioned that this is an extraor-
dinarily difficult problem in general, this suggests consideration of the problem of
providing a coloring of G that does not use an excessive number of colors (if this
is possible). One possible approach is to use a greedy method, which provides a
step-by-step strategy for coloring the vertices of a graph such that at each step, an
apparent optimal choice for a color of a vertex is made. While this method may
not result in coloring the vertices of G using the minimum number of colors, it does
provide an upper bound (in fact, several upper bounds) for the chromatic number
of G.

Let G be a graph of order n whose n vertices are listed in some specified order.
In a greedy coloring of G, the vertices are successively colored with positive integers
according to an algorithm that assigns to the vertex under consideration the smallest
available color. Hence, if the vertices of GG are listed in the order vy, vs, ..., v,, then
the resulting greedy coloring ¢ assigns the color 1 to vy, that is, c(v1) = 1. If vy
is not adjacent to vy, then also define ¢(ve) = 1; while if vo is adjacent to vy, then
define ¢(vg) = 2. In general, suppose that the first j vertices v1,vs,...,v; in the
sequence have been colored, where 1 < j < n, and ¢ is the smallest positive integer
not used in coloring any neighbor of vj41 from among v1,vs,...,v;. We then define
c(vj41) = t. When the algorithm ends, the vertices of G have been assigned colors
from the set {1,2,...,k} for some positive integer k. Thus x(G) < k and so k is
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an upper bound for the chromatic number of G. This algorithm is now stated more
formally.

The Greedy Coloring Algorithm Suppose that the vertices of a graph G are
listed in the order vi,va,...,Uy.

1. The vertex vy is assigned the color 1.

2. Once the vertices v1,va, .. .,v; have been assigned colors, where 1 < j < n, the
vertex vj41 15 assigned the smallest color that is not assigned to any neighbor
of vj+1 belonging to the set {vi,va,...,v;}

While the greedy coloring algorithm is efficient in the sense that the vertex
coloring that it produces, regardless of the order in which its vertices are listed, is
done in polynomial time (a polynomial in the order n of the graph), the number
of colors in the coloring obtained need not equal or even be close to the chromatic
number of the graph. Indeed, there is reason not to be optimistic about finding
any efficient algorithm that produces a coloring of each graph where the number of
colors is close to the chromatic number of the graph since Michael R. Garey and
David S. Johnon [77] have shown that if there should be an efficient algorithm that
produces a coloring of every graph G using at most 2x(G) colors, then there is an
efficient algorithm that determines x(G) exactly for every graph G.

As an illustration of the greedy coloring algorithm, suppose that we consider
the graph Cg of Figure 7.2. If we list the vertices of Cg in the order u,w,v,y, z, z,
then the greedy coloring algorithm yields the coloring ¢ of G defined by

c(u) =1, c(w) =1, c(v) =2, c(y) =1, c(z) =2, c(z) = 2.

This gives x(Cs) < 2. Of course, x(Cs) = 2 and so with this ordering of the vertices
of Cs, a x(Cg)-coloring is produced. On the other hand, if the vertices of G are listed
in the order u, z, v, w, z, ¥y, then the greedy coloring algorithm yields the coloring ¢’
of G defined by

du)=1,dx)=1,d@w) =2, (w) =3, d(z) =2, (y) =3.
This gives a 3-coloring of Cg, which, of course, is not the chromatic number of Cg.

u

T

Figure 7.2: The graph Cg

From the second listing of the vertices of Cg, we see that x(Cs) < 3. No greater
upper bound for x(Cp) is possible using the greedy coloring algorithm.
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Theorem 7.8 For every graph G,
X(G) <1+ A(G).

Proof. Suppose that the vertices of G are listed in the order vi,vs,...,v, and
the greedy coloring algorithm is applied. Then vy is assigned the color 1 and for
2 < i < n, the vertex v; is either assigned the color 1 or is assigned the color k + 1,
where k is the largest integer such that all of the colors 1,2, ...,k are used to color
the neighbors of v; in the set S = {v1,v2,...,v,-1}. Since at most degv; neighbors
of v; belong to S, the largest value of k is degv;. Hence the color assigned to v; is
at most 1 + degv;. Thus

X(G) < max {1 +degui} =1+ A(G),

as desired. -

The following theorem of George Szekeres and Herbert S. Wilf [169] gives a
bound for the chromatic number of a graph that is an improvement over that
stated in Theorem 7.8 but which is more difficult to compute. This result is also a
consequence of Theorem 7.2 and Corollary 7.3.

Theorem 7.9 For every graph G,
X(G) <14 max{§(H)},
where the mazimum is taken over all subgraphs H of G.

Proof. Let x(G) =k and let F be a k-critical subgraph of G. By Corollary 7.3,
§(F) >k —1. Thus
kE—1<4(F) <max{d(H)},

where the maximum is taken over all subgraphs H of G. Therefore, x(G) < 1+
max{d(H)}. ]

Since §(H') < §(H) for each spanning subgraph H' of a graph H, it follows
that in Theorem 7.9 we may restrict the subgraphs H of G only to those that are
induced.

For an r-regular graph GG, both Theorems 7.8 and 7.9 give the same upper bound
for x(G), namely 1+ 7. On the other hand, if T" is a tree of order at least 3, then
Theorem 7.8 gives 1 + A(T) > 3 for an upper bound for x(T"); while Theorem 7.9
gives the improved upper bound x(7') < 2 since every subgraph of a tree contains
a vertex of degree 1 or less.

When applying the greedy coloring algorithm to a graph G, there are, in general,
less colors to avoid when coloring a vertex if the vertices of higher degree are listed
early in the ordering of the vertices of G. The following result is due to Dominic J.
A. Welsh and Martin B. Powell [180]

Theorem 7.10 Let G be a graph of order n whose vertices are listed in the order
V1,02, ...,Un SO that degvy > degvg > --- > degw,. Then

< i | — }} = mi ' 3}
X(G) <1+ in. {max{i — 1,degv;}} oin {max{i,1 + degv;}}
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Proof. Suppose that x(G) = k and let H be a k-critical subgraph of G. Hence
the order of H is at least k and §(H) > k — 1 by Corollary 7.3. Therefore, for
1<i<k,

max{i, 1 + degv;} > k;

while for £+ 1 <i <n,
max{i, 1+ degv;} > k+ 1.

Consequently, x(G) = k < minj<;<,, {max{i,1 + degv;}}. m

Let G be a connected graph. The core of G is obtained by successively deleting
end-vertices until none remain. Thus, if G is a tree, then its core is Ki; while if
G is not a tree, then the core of G is the induced subgraph H of maximum order
with 6(H) > 2. If G is not a tree and H is the core of G, then x(H) = x(G). The
following result by William C. Coffman, S. Louis Hakimi, and Edward Schmeichel
[48] gives an upper bound for the chromatic number of a graph in terms of its order
and size only.

Theorem 7.11 Let G be a connected graph of order n and size m that is not a
tree. If the core of G is neither a complete graph nor an odd cycle, then

() < 3+ /T+8(m—n)
< 5 .

Proof. We may assume that 6(G) > 2 for if §(G) = 1, then the core of G is
obtained by reducing m and n by an equal amount and x(H) = x(G). Hence we
may assume (1) that max{6(H)} > 2 where the maximum is taken over all induced
subgraphs H of G and (2) that G is neither a complete graph nor an odd cycle. If
G is an even cycle, them m = n and the bound for x(G) is 2, which is correct in
this case. Thus we may further assume that m > n + 1.

Suppose that d = max{d(H)} where the maximum is taken over all induced
subgraphs H of G. Hence d > 2. We consider two cases.

Case 1. d > 4. In this case, we show that m > n + ((21) Let k£ be the smallest
integer for which there is an induced subgraph H of G having order n — k + 1 and
§(H) =d. Then
(n—k—-1)d

5 .
We now consider two subcases, depending on whether £ =1 or k > 2.

m > |E(H)| >

Subcase 1.1. k = 1. Thus H = G in this case. Since G is not complete, d < n—2.
Thus

< nd _ +n(d—2)
m 2 - =n 5
-2 2
G )2(d+ ) < +<;l)

as desired.
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Subcase 1.2. k > 2. First, we claim that the size of H is at most m — k. Let
V(G) — V(H) = S, where then |S| = k — 1. Suppose that the size of the subgraph
G]S] is my and the size of the subgraph [V(G) — V(H), S] is mq. Since §(G) > 2,
it follows that

2mi + maq = Zdegcv >2(k—1).
veS
Since G is connected, mg > 1 and so

m1—|—m22(/€—1)—|—%2k.

Therefore, as claimed, the size of H is at most m — k. That is,

(n—k—1)d
—

Since the order of H is n — k — 1, it follows that n —k—1 > d+1 and son—k > d.
Because d > 4, we have (n — k)(d — 2) > d(d — 2), which is equivalent to

k+fﬁl%lﬁé>n+(®. (7.2)

By (7.1) and (7.2), m > n + (g) in this subcase as well.

m > k4 |E(H)| >k + (7.1)

Since d > 4 and m > n + (‘21), it follows that d?> —d — 2(m —n) < 0 and so

d < vitsmon) 1+28(m_n). Thus

3+ \/1+8(m—n)
. .

Case 2. 2 < d < 3. Since x(G) < 1+d < 4, the bound in the theorem is correct
if m —n > 3. Hence we may assume that 1 <m —n < 2. If n > 5, then d = 2 and
X(G) < 3, giving the correct bound. On the other hand, if n < 4, then x(G) < 3
since G # K4, again giving the correct bound. [

X(G)<1+4d<

Dennis Paul Geller [78] gave a lower bound for the chromatic number of a graph
in terms of its order and size.

Theorem 7.12 If G is a graph of order n and size m, then

n2

x(@) z n? —2m’
Proof. Suppose that x(G) = k and let ¢ be a k-coloring of G resulting in color
classes V1, Va, ...,V with |V;] = n; for 1 <4 < k. Then the largest possible size of
G occurs when G is a complete k-partite graph with partite sets Vi, Vs, ..., Vi and
the cardinalities of these partite sets are as equal as possible (or each |V;] is as close
to % as possible for 1 <4 < k). This implies that

M=\9) %2
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and so " | i
—1)n
om < I
mETy
Thus , )
n n
n2—2m =~ p2 _ (k=Dn? =k =x(G),
k
giving the desired result. .

We have seen that x(K,) = n and x(K,) = 1. So x(K,) + x(K,) =n+ 1.
By Theorem 6.19, if G is a graph such that G is a nonempty bipartite graph, then
X(G) = 2, while x(G) = w(G) < n—1. Thus x(G) + x(G) < n + 1. Edward
A. Nordhaus and James W. Gaddum [136] showed that this inequality holds for
all graphs G of order n when they established two pairs of inequalities involving
the sum and product of the chromatic numbers of a graph and its complement.
Such inequalities established for any parameter have become known as Nordhaus-

Gaddum inequalities. The following proof is due to Hudson V. Kronk (see [39]).

Theorem 7.13 (Nordhaus-Gaddum Theorem) If G is a graph of order n,
then

(1) 2v/n < x(G) +x(G) <n+1
(i) n < X(G) - x(@) < (2£2)*.

Proof. Suppose that x(G) = k and x(G) = £. Let a k-coloring ¢ of G and
an (-coloring ¢ of G be given. Using these colorings, we obtain a coloring of K.
With each vertex v of G (and of G), we associate the ordered pair (c(v),¢(v)). Since
every two vertices of K, are either adjacent in G or in G, they are assigned different
colors in that subgraph of K,,. Thus this is a coloring of K, using at most k¢ colors.
Therefore,

n=x(Kn) <kl =x(G) - x(G).

This establishes the lower bound in (ii). Since the geometric mean of two positive
real numbers never exceeds their arithmetic mean, it follows that

Vi < /x(@) (@ < XEIXE) (7.3

2v/n < x(G) + x(G),

which verifies the lower bound in (i).

To verify the upper bound in (i), let p = max{d§(H)}, where the maximum is
taken over all subgraphs H of G. Hence the minimum degree of every subgraph of
G is at most p. By Theorem 7.9, x(G) <1+ p.

We claim that the minimum degree of every subgraph of G is at most n —p — 1.
Assume, to the contrary, that there is a subgraph H of G such that §(H) > n—p for
the subgraph H in G. Thus every vertex of H has degree p — 1 or less in G. Let F'

Consequently,
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be a subgraph of G such that §(F) = p. So every vertex of F' has degree p or more.
This implies that no vertex of F' belongs to H. Since the order of F'is at least p+1,
the order of H is at most n — (p + 1) = n — p — 1. This, however, contradicts the
fact that 6(H) > n — p. Thus, as claimed, the minimum degree of every subgraph
of G is at most n —p — 1. By Theorem 7.9, x(G) <1+ (n—p—1) =n — p and so

X(G)+x(G) < (1+p)+(n—p)=n+1.

This verifies the upper bound in (i). By (7.3),

@@= (")

verifying the final inequality. [

Bonnie M. Stewart [167] and Hans-Joachim Finck [69] showed that no improve-
ment in Theorem 7.13 is possible.

Theorem 7.14  Let n be a positive integer. For every two positive integers a and
b such that

2\/ﬁ§a+b§n+1andn§ab§("7“)2

there is a graph G of order n such that x(G) = a and x(G) = b.

Proof. Let ni,no,...,n, be positive integers such that Z?Zl n; = n and n; <
ng < ...<mg =b. Since a+b—1<n < ab, such integers n; (1 < i < a) exist.
The graph G = Ky, n,.,...n, has order n and G=K, UK,,U---UK,, . Hence
X(G) = a and x(G) = b. n

We saw in Theorem 7.11 that for a connected graph G of order n and size m
that is not a tree,
34+ 1+8(m—mn)

X(G) < 5 ,

provided that the core of G is neither a complete graph nor an odd cycle. Com-
plete graphs and odd cycles are exceptional graphs in another upper bound for the
chromatic number. While 1 + A(G) is an upper bound for the chromatic number
of a connected graph G, Rowland Leonard Brooks [25] showed that the instances
where x(G) =1+ A(G) are rare.

Theorem 7.15 (Brooks’ Theorem) For every connected graph G that is not
an odd cycle or a complete graph,

X(G) < A(G).

Proof. Let x(G) = k > 2 and let H be a k-critical subgraph of G. Thus H is
2-connected and A(H) < A(G). If H = K}, or H is an odd cycle, then G # H since
G is neither an odd cycle nor a complete graph. Since G is connected, A(G) > k if
H = Ky; while A(G) > 3if H is an odd cycle. If H = K, then k = x(H) = x(G) <
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A(G); while if H is an odd cycle, then 3 = x(H) = x(G) < A(G). Therefore, in
both cases, x(G) < A(G), as desired. Hence we may assume that H is a k-critical
subgraph that is neither an odd cycle nor a complete graph. This implies that
k> 4.

Suppose that H has order n. Since x(G) = k > 4 and H is not complete, n > k
and son > 5. Since H is 2-connected, either H is 3-connected or H has connectivity
2. We consider these two cases.

Case 1. H is 3-connected. Since H is not complete, there are two vertices v and
w of H such that dg(u,w) = 2. Let (u,v,w) be a u — w geodesic in H. Since H
is 3-connected, H — u — w is connected. Let v = uq, ug, ..., u,_o be the vertices of
H — u — w, so listed that each vertex u; (2 <i <n —2) is adjacent to some vertex
preceding it. Let u,—1 = u and u,, = w. Consequently, for each set

Uj :{’U,l,UQ,...,Uj}, 1 S] S’I’L7

the induced subgraph H[U;] is connected.
We now apply a greedy coloring to H with respect to the reverse ordering

W= Up, % = Up—1,Up_2,...,U2, U] =V (7.4)

of the vertices of H. Since w and u are not adjacent, each is assigned the color 1.
Furthermore, each vertex u; (2 < ¢ < n — 2) is assigned the smallest color in the
set {1,2,...,A(H)} that was not used to color a neighbor of u; that preceded it in
the sequence (7.4). Since each vertex u; has at least one neighbor following it in
the sequence (7.4), u; has at most A(H) — 1 neighbors preceding it in the sequence
and so a color is available for u;. Moreover, the vertex u; = v is adjacent to two
vertices colored 1 (namely w = u,, and u = u,—1) and so at most A(H) — 1 colors
are assigned to the neighbors of v, leaving a color for v. Hence

X(G) = x(H) < A(H) < A(G). (7.5)

Case 2. k(H) = 2. We claim that H contains a vertex z such that 2 < degy = <
n — 1. Suppose that this is not the case. Then every vertex of H has degree 2 or
n — 1. Because x(H) > 4, it follows that H cannot contain only vertices of degree
2; and because H is not complete, H cannot contain only vertices of degree n — 1.
If H contains vertices of both degrees 2 and n — 1 and no others, then either

-1
H = K1 + (TLT) KQ or H= K1717n_2.

In both cases, x(H) = 3 and H is not critical, which is impossible. Thus, as claimed,
H contains a vertex x such that 2 < degyz <n —1.

Since k(H) = 2, either K(H —z) =2 or k(H —x) = 1. If k(H — z) = 2, then
x belongs to no minimum vertex-cut of H, which implies that H contains a vertex
y such that dg(z,y) = 2. Proceeding as in Case 1 with v = z and w = y, we see
that there is a coloring of H with at most A(H) colors and so once again we have
(7.5), that is, x(G) < A(G).
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Finally, we may assume that x(H — z) = 1. Thus H — x contains end-blocks
By and Bs, containing cut-vertices x1 and xo, respectively, of H — . Since H is
2-connected, there exist vertices y; € V(B1) — {z1} and y2 € V(Bs) — {z2} such
that x is adjacent to both y; and y,. Proceeding as in Case 1 with v = y; and
w = ya, we obtain a coloring of H with at most A(H) colors, once again giving us
(7.5) and so x(G) < A(Q). n

We have now seen several bounds for the chromatic number of a graph G. The
clique number w(@G) is the best known and simplest lower bound for x(G), while
1+ A(G) is the best known and simplest upper bound for x(G). If A(G) > 3 and G
is not complete, then A(G) is an improved upper bound for x(G) by Theorem 7.15.
Bruce Reed [147] conjectured that x(G) is always at least as close to w(G) as to
1+ A(G).

Reed’s Conjecture For every graph G,

w(G) +1+AG)
X(G) < 5 -

As we saw in Theorem 6.10, for a graph G of order n, the number n—a(G)+1 is
also an upper bound for x(G). By Theorem 7.7, (n+w(G))/2 is also an upper bound
for x(G). Robert C. Brigham and Ronald D. Dutton [24] presented an improved
upper bound for x(G).

Theorem 7.16 For every graph G of order n,
wG@) +n+1—a(G)
5 .

Proof. We proceed by induction on n. When n =1, G = K; and x(G) = w(G) =
a(G@) =1 and so

X(G) <

w(G +n+1-alG
1(6) = £E) 1 +1=0(6)
Thus the basis step holds for the induction.
Assume that the inequality holds for all graphs of order less than n where n > 2

and let G be a graph of order n. If G = K, then x(G) = w(G) =1 and a(G) = n;

X(G):w(G)—i-n—zi—l—a(G).

Hence we may assume that G # K,,. Thus 1 < a(G) < n—1. Let V be a maximum
independent set of vertices in G. Therefore, |Vo| = «a(G). Let G; = G — Vj,

where a(G1) = a1 and w(G1) = wy. Furthermore, let V(G1) = Vi, where, then,
[Vi| = n — a(G). We consider two cases.

Case 1. G is a_complete graph. Thus V(G) can be partitioned into V and
Vi, where G[Vo] = Ko@) and G1 = G[Vi] = K,,_4(g). Therefore, either x(G) =
w(G) =n—a(G) or x(G) = w(G) =n— a(G) + 1. We now consider these two

subcases.
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Subcase 1.1. x(G) = w(G) =n — a(G). So

Subcase 1.2. x(G) = w(G) =n — a(G) + 1. Here

m—a(@)+1)+(n—alG)+1)
2

x(G) n—ao(G)+1=
w(G@) + (n — a(GQ) + 1).

2

Case 2. Gy is not a complete graph. In this case, a3 > 2. Since x(G) <
x(G1) + 1, it follows by the induction hypothesis that

X(G) < ><(C¥1)+1§””("—04(26'))“—ozlle

w(G)—l—(n—o;(G))—i—l—al _|_1Sw(G)—!—(n;oa(G)—i—l)7

completing the proof. [

<

Applying Theorem 7.16 to both a graph G of order n and its complement G

(where then w(G) = o(G) and «(G) = w(G)), we have

w(G@+n+1—-alG)
2

X(G) <

and _ _
—  w@+n+1-0a(G)
x(G) < 5 :
Adding these inequalities gives us an alternative proof of the major inequality stated

in the Nordhaus-Gaddum Theorem (Theorem 7.10): For every graph G of order n,

X(G) +x(G) <n+1.

7.3 Upper Bounds and Oriented Graphs

Bounds for the chromatic number of a graph G can also be given in terms of the
length ¢(D) of a longest (directed) path in an orientation D of G. Suppose that G
is a k-chromatic graph, where a k-coloring of G is given using the colors 1,2, ... k.
An orientation D of G can be constructed by directing each edge uv of G from u
to v if the color assigned to u is smaller than the color assigned to v. Thus the
length of every directed path in D is at most k — 1. In particular, (D) < x(G) — 1.
So there exists an orientation D of G such that x(G) > 1+ ¢(D). On the other
hand, Tibor Gallai [74], Bernard Roy [157], and L. M. Vitaver [179] independently
discovered the following result.
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Theorem 7.17 (The Gallai-Roy-Vitaver Theorem) For every orientation
D of a graph G,
X(G) <14 4(D).

Proof. Let D be an orientation of G and let D’ be a spanning acyclic subdigraph
of D of maximum size. A coloring ¢ is defined on G by assigning to each vertex v
of G the color 1 plus the length of a longest path in D’ whose terminal vertex is v.
Then, as we proceed along the vertices in any directed path in D’, the colors are
strictly increasing.

Let (u,v) be an arc of D. If (u,v) belongs D', then ¢(u) < ¢(v). On the other
hand, if (u,v) is not in D’ then adding (u,v) to D’ creates a directed cycle, which
implies that ¢(v) < ¢(u). Consequently, c¢(u) # c(v) for every two adjacent vertices
u and v of G and so

c:V(G)—{1,2,...,14+4(D)}
is a proper coloring of G. Therefore, x(G) < 1+ ¢(D). L]

The following result is therefore a consequence of Theorem 7.17 and the obser-
vation that precedes it.

Corollary 7.18 Let G be a graph and let £ = min{{(D)}, where the minimum is
taken over all orientations D of G. Then

X(G)=1+¢.
There is also a corollary to Corollary 7.18.

Corollary 7.19 FEvery orientation of a graph G contains a directed path with at
least x(QG) wvertices.

Not only does every orientation of a k-chromatic graph G contain a directed
path with at least k vertices but for each k-coloring of G, every orientation of G
has a directed path containing a vertex of each color. The following even stronger
result is due to Hao Li [119], but the proof we present is due to Gerard J. Chang,
Li-Da Tong, Jing-Ho Yan, and Hong-Gwa Yeh [32].

Theorem 7.20 Let G be a connected k-chromatic graph. For every k-coloring of
G and for every vertex v of G, there exists a path P in G with initial vertex v such
that for each of the k colors, there is a vertex on P assigned that color.

Proof. We proceed by induction on the chromatic number of a graph. If x(G) = 1,
then G = K; and the result follows trivially. Therefore, the basis step of the
induction is true.

For an integer k > 2, assume for every connected graph H with y(H) =k — 1
that for every (k — 1)-coloring of H and for every vertex x of H, there exists a path
in H with initial vertex & such that for each of the k — 1 colors, there is a vertex
on the path assigned that color. Let G be a connected k-chromatic graph and let a
k-coloring ¢ of G be given with colors from the set S = {1,2,...,k}. Furthermore,
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let v be a vertex of G and suppose that c¢(v) = j, where j € S. Let V; be the
color class consisting of those vertices of G assigned the color j. Then there exists
a component H of G — V; such that x(H) =k — 1.

Let u be a vertex of H whose distance from v is minimum and let P’ be a v —u
geodesic in G. By the induction hypothesis, there is a path P” in H with initial
vertex u such that for each color i € S—{j}, there is a vertex x on P in H such that
¢(x) = i. The path P consisting of P’ followed by P” has the desired property. m

Not only is there an upper bound for the chromatic number of a graph G in
terms of the length of a longest path in an orientation D of G, an upper bound can
be given with the aid of orientations and the cycles of G.

Let D be an acyclic orientation of a graph G that is not a forest. For each cycle
C of G, there are then a(C) edges of C oriented in one direction and b(C) edges
oriented in the opposite direction for some positive integers a(C) and b(C) with
a(C) > b(C). We will refer to each of these a(C) edges of C as a forward edge
and each of the b(C) edges as a backward edge. Let r(D) denote the maximum
of a(C)/b(C) over all cycles C of G, that is,

@ -muf19)

where the maximum is taken over all cycles C' of G. Then

<

<r(D)

for each cycle C of G. Also, if W is a u — v walk in G, where
W = (u=vp,v1,...,0, =v),

then v;v;41 is a forward edge of W if (v;,v;41) is an arc of D; while v;v;41 is a
backward edge of W if (v;41,v;) is an arc of D. If there are k > 2 occurrences
of an edge xy of G on W, then zy is a forward edge and/or backward edge of W a
total of k times.

The length of a (directed) path P in D is denoted by ¢(P). The following
theorem is due to George James Minty, Jr. [131].

Theorem 7.21 Let G be a graph that is not a forest. Then x(G) < k for some
integer k > 2 if and only if there exists some acyclic orientation D of G such that
r(D) <k-—1.

Proof. First, suppose that x(G) < k and let there be given a k-coloring ¢ of G
using the colors in the set {1,2,...,k}. Let D be the orientation of G obtained
by directing each edge uv of G from u to v if ¢(u) < ¢(v). Then D is an acyclic
orientation of G and the length of each directed path in D is at most £ — 1. Let C'
be a cycle of G such that r(D) = a(C)/b(C), where C' is the underlying graph of C’
in D. Since C’ is acyclic, C’ can be decomposed into an even number 2t of directed
paths Py, P/, Py, P}, ..., P;, P/ where as we proceed around C’ in some direction,
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the paths Py, P, ..., P; are oriented in some direction and the paths P/, Py, ..., P/
are oriented in the opposite direction. Suppose that

t t

a(C) = ((P;) and b(C) = > _L(P)).

i=1 i=1

Since ¢(P;) <k —1and £(P!) > 1 for each i (1 <14 <), it follows that

—1)
b0 -t k-1
as desired.

We now verify the converse. Let D be an acyclic orientation of a graph G that
is not a forest such that r(D) < k — 1 for some integer k > 2. We show that there
exists a k-coloring of GG. Select a vertex uw of D. For a vertex v of G distinct from
u, let W be a u — v walk in G. Suppose that W has a = a(W) forward edges and
b = b(W) backward edges and define

s(W) =a(W) —-b(W)(k—1).
Next, define a function f on V(G) by

f(v) = max{s(W)}

over all u —v walks W in G. We claim that f(v) = s(P) for some v — v path P
in G, for suppose that this is not case. Let W be a u — v walk of minimum length
such that f(v) = s(W). By assumption, W is not a path. Observe that no edge of
G can occur consecutively in W. Thus W contains a cycle C' in G. Suppose that
C has o forward edges and b’ backward edges. By assumption, a’/b’ < k — 1 and
so a’ — b (k —1) < 0. Hence by deleting the edges of C from W, we obtain a u — v
walk W’ of smaller length such that

s(W')y =s(W) —(a' = b'(k—1)) > s(W).

Thus s(W') = s(W), contradicting the defining property of W. Since there are only
finitely many uw — v paths in G, the function f is well-defined.

Let v; and v9 be two adjacent vertices of G. We may assume that vivs is directed
from v; to vo. We claim that

0 < |f(vr) = f(v2)] <.

First, we show that f(v1) # f(v2). Assume, to the contrary, that f(v1) = f(v2).
Let P; be a u — v; path of minimum length such that f(v;) = s(P;) = a; —b;(k— 1),
where a; edges of P; are forward and b; edges of P; are backward for i = 1,2. Thus
a1 —bi(k — 1) = ag — ba(k — 1) or, equivalently,

ay —ag = (b1 — bg)(k — 1) (76)

If P, does not contain wvo, then the path P consisting of P; followed by vy has
s(P) > s(P1), which implies that s(P;) > s(P;), which is a contradiction. Thus P;
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must contain vg. The vo — v1 subpath P of P contains a; — as forward edges and
b1 — by backward edges. The cycle C’ consisting of P| followed by v9 has a; —as+1
forward edges and b; — b backward edges. By assumption,

It then follows by (7.6) that a; —as +1 < (by — b2)(k — 1) = a1 — as, which is
impossible. Therefore, f(v1) # f(v2) for every two adjacent vertices vq and vy of
G, as claimed.

Next we show that |f(v1) — f(v2)| < k for every two adjacent vertices v; and
vy of G. Assume, to the contrary, that |f(vi) — f(v2)| > k for some pair vy, v of
adjacent vertices of G. We now consider four cases.

Case 1. Py does not contain vy and Py does not contain vi. Let Pj be the
u — v9 path obtained by following P; by va. Then s(Pj) = s(P1) + 1. Hence
f(v2) = s(Ps) > s(Pj) > f(v1) and so by our assumption that |f(v1) — f(ve)| > k,
we have f(v2) > f(v1) + k. Let P be the u — v1 path obtained by following P> by
vy. Then s(P]) = s(P2) — (k —1). Thus

J(or) = s(P) > s(P}) = f(v2) — (k — 1).

Hence
fo2) +1 < f(v1) +k < f(va),
which is impossible.

Case 2. Py contains v1 but Py does not contain vy. As in Case 1, f(ve) >
f(v1) + k. If P’ is the u — vy subpath of Py, then s(P’) = s(P;). Let P be the
v1 — vy subpath of Ps. Since f(ve) > f(v1) + k and k > 2, it follows that P is not
the path (v1,v3). Hence there is a cycle C' consisting of P followed by v;. Then

ag — ay
—— <k-1
by —by +1 —

and so ag — a3 — (ba — b1)(k — 1) <k — 1. Thus
0 < f(v2) = f(n1) < (k—1),
a contradiction.

Case 3. Py contains vy but Py does not contain v1. Let P{ be the u — v; path
obtained by following P, by v;. Thus s(P;) = s(P2) — (k— 1) and so

f(or) = s(P1) = s(P)) = s(P) — (k= 1) = f(v2) = (k = 1).

Thus f(ve) < f(v1) + (k — 1). Because |f(v1) — f(v2)| > k, it follows that f(v;) >
f(v2) and so f(v1) > f(v2)+k. Let C be the cycle obtained by following the vy — vy
subpath of P; by v3. Then

a1 —as+1

<k-1
b1 — ba -
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and so a1 —ags + 1 < (by — ba)(k — 1). Hence
f(v2) = f(v1) = [az — ba(k — 1)] — a1 — b1 (k — 1)] > 1,

which contradicts f(v1) > f(vs).

Case 4. Py contains vy and Py contains v1. Let Py be the u — vy subpath of P,
and let P{ be the u — vy subpath of P;. Then s(Pj) < f(v1) and s(Py) < f(v2).
Suppose that the v; — vy subpath of P, has a forward edges and b backward edges,
while the vy — v; subpath of P; has a’ forward edges and b’ backward edges. Then

fv2) = s(P2)=s(Py)+a—0bk—1) (7.7)
flv1) = s(P)=s(P)+ad —b(k-1).

Let P be the u — vy path obtained by following Py by vs.
If the v — vo subpath of Py is (v1,v2), then
F(va) = s(Pe) = s(P§) +1 < f(vr) + 1.

Since |f(vi) — f(v2)| > k, it follows that f(ve) < f(v1). If the v; — v2 subpath of
P; has at least two edges, then let C' be the cycle obtained by following the v; — vy
subpath of P, by v;. Then

a
<k-1.
b+1—
Thus
a—blk—1)<k-1. (7.8)

Since f(ve) = s(Py) +a — b(k — 1) and s(Pj) < f(v1), it follows by (7.7) and (7.8)
that
flv2) < fvr) +a—b(k—1) < f(or) + (k= 1).

Thus f(ve2)— f(v1) < k—1. By assumption, |f(v1)— f(v2)| > k and so f(va) < f(v1).
Therefore, in each case,

f(v2) < f(v1). (7.9)
If the vo — vy subpath of P; is (ve,v1), then

for) = s(P1) = s(P) = (k= 1) < f(v2) = (k= 1).

Thus f(v2) — f(v1) > k—1 and so f(v2) > f(v1), which contradicts (7.9). If the
vo — v1 subpath of P; has at least two edges, then let C’ be the cycle obtained by
following the vy — vy subpath of P; by vy. Then
a +1
b/
and so @’ —b'(k—1) < —1. Since f(vy) = s(P{)+a —b'(k—1) and f(v2) > s(Fy),
it follows that

f(v1)

<k-1

s(P))+ad —b(k—1) < f(v2) +a" =0 (k—1)
< floz) =1 < f(v2).
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Therefore, f(v2) > f(v1), which again contradicts (7.9).

Consequently, as claimed, 0 < |f(v1)— f(v2)| < k for every two adjacent vertices
v1 and ve of G. We now define a coloring ¢ of G by ¢(u) = 1 and for each vertex
v distinet from u we define ¢(v) as the color in {1,2,...,k} such that c(v) = (1 +
f(v)) (mod k). Since ¢ is a proper k-coloring of G, it follows that x(G) < k. L]

Letting k = 1+ [r(D)] in Theorem 7.21, we have the following result.

Corollary 7.22 For every graph G that is not a forest, there exists an acyclic
orientation D of G such that

X(G) <1+ [r(D)].

We saw in the proof of Theorem 7.21 that if D is an acyclic orientation of a graph
G that is not a forest, the length of whose longest directed path is £(D), then every
cycle C of G gives rise to a subdigraph C’ that can be decomposed into 2t directed
paths P, P{, Ps, P;, ..., P,, P/ where, as we proceed about C’ in some direction, the
paths Py, Ps, ..., P; are oriented in some direction and the paths P|, P, ..., P/ are
oriented in the opposite direction. Since

t t

a(C) = U(P;) < tl(D) and b(C) = > _U(P]) > t,

i=1 =1

it follows that c "D
(D) = Z(((,*; < % = ¢(D).

Therefore, the Gallai-Roy-Vitaver Theorem (Theorem 7.17) is a consequence of
Corollary 7.22.

7.4 The Chromatic Number of Cartesian Products

Since the Cartesian product G x H of two graphs G and H contains subgraphs that
are isomorphic to both G and H, it is a consequence of Theorem 6.1 that

X(G x H) = max{x(G), x(H)}.
In this case, more can be said.
Theorem 7.23 For every two graphs G and H,
X(G x H) = max{x(G), x(H)}-
Proof. As observed above, x(G x H) > max{x(G), x(H)}. Let

k = max{x(G), x(H)}.
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Then there exist both a k-coloring ¢’ of G and a k-coloring ¢’ of H. We define
a k-coloring ¢ of G x H by assigning the vertex (u,v) of G x H the color ¢(u,v),
where 0 < ¢(u,v) < k—1 and ¢(u,v) = (/(u)+¢”(v)) (mod k). To show that ¢ is a
proper coloring, let (z,y) be a vertex adjacent to (u,v) in G x H. Then either u = x
and vy € E(H) or v = y and uz € E(G), say the former. Then (u,y) is adjacent
to (u,v). Hence 0 < c(u,y) < k—1 and c(u,y) = (¢'(u) + ¢'(y)) (mod k). Since
vy € E(H), it follows that ¢’(v) £ ¢’(y) (mod k) and c(u,v) = '(u) + '(v) £
d(u)+ " (y) = c(u,y) (mod k). L]

As a consequence of Theorem 7.23, we have the following.
Corollary 7.24 For every nonempty graph G,
X(G x K3) = x(G).

The Cartesian product G x K5 of a graph G and K is a special case of a more
general class of graphs. Let G be a graph with V(G) = {v1,va,...,v,} and let a be
a permutation of the set S = {1,2,...,n}. By the permutation graph P,(G) we
mean the graph of order 2n obtained from two copies of G, where the second copy
of G is denoted by G’ and the vertex v; in G is denoted by u; in G’ and v; is joined
to the vertex uq(;) in G'. The edges Vig(;) are called the permutation edges of
P, (G). Therefore, if « is the identity map on S, then P,(G) = G x Ks. Since G is
a subgraph of P, (G) for every permutation « of S, it follows by Theorem 6.1 that
X(Pa(G)) > X(G).

For example, consider the graph G = C5 of Figure 7.3 and the permutation
a = (1)(2354) of the set {1,2,3,4,5}. Then the graph P,(C5) is also shown in
Figure 7.3. Redrawing P,(C5s), we see that this is, in fact, the Petersen graph.
Thus x(C5) = x(Pa(C5)) = 3. All four permutation graphs of Cs appear on the
cover of the book Graph Theory by Frank Harary [95].

V4

Figure 7.3: The Petersen graph as a permutation graph
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The examples we’ve seen thus far might suggest that if G is a nonempty graph
with V(G) = {v1,v2,...,v,} and « is a permutation on the set S = {1,2,...,n},
then x(G) = x(Pa(G)). This, however, is not the case.

Let G be the graph of order 5 shown in Figure 7.4, where V(G) = {v1, va,...,v5}
and let @ = (1324)(5). The permutation graph P, (G) is also shown in Figure 7.4.

1 1
(% V2

U3 V4

Us
Figure 7.4: A permutation graph P, (G) with x(P.(G)) > x(G)

Certainly, x(G) = 3 for the graph G of Figure 7.4. Therefore, x(P,(G)) > 3
for the permutation graph P, (G) of Figure 7.4. We claim that x(Py(G)) > x(G).
Suppose that x(P,(G)) = 3. Then there exists a 3-coloring ¢ of P,(G). We may
assume that ¢(v1) = c(vz) = ¢(vs) = 1, ¢(v3) = 2, and ¢(vs) = 3. Since none of ug,
uy4, and us can be colored 1, two of these vertices must be colored either 2 or 3.
Since they are mutually adjacent, this is a contradiction. The 4-coloring of P, (G)
in Figure 7.4 shows that x(P,(G)) = 4. No permutation graph of the graph G of
Figure 7.4 can have chromatic number greater than 4, however, according to the
following theorem of Gary Chartrand and Joseph B. Frechen [34]

Theorem 7.25 For every graph G and every permutation graph P,(G) of G,

X(G) < x(Pa(Q)) < {@w .

Proof. Let G be a graph of order n and let P,(G) be a permutation graph of
G. Since G is a subgraph of P,(G), it follows that x(G) < x(Pa(G)). It remains
therefore to establish the upper bound for x(Py(G)).

Suppose that x(G) = k. If k = 1, then x(Pa(G)) = 2 = [2£]. Thus we
may assume that k > 2. Suppose that € is the identity permutation on the set
S={1,2,...,n}. Then P,(G) = P.(G) = G x K3. By Corollary 7.24, x(P.(G)) =
x(G) = k.

We now show that for every permutation graph P,(G) of G, there exists a
[%’ﬂ—coloting of P,(G). We begin with a k-coloring of G with the color classes
Vi, Va, ..., Vi, where ¢(v) = i for each v € V; for 1 <4 < k and the same k-coloring
of G’ with color classes V{,Vy...,V/. We now consider two cases according to
whether [%1 is even or odd.

Case 1. {%] is even, say {%] = 20 for some positive integer . We assign to

each vertex of the set V;, 1 < ¢ < /, the color 7; while we assign to each vertex
of the set V/, 1 < i < ¢, the color i + ¢. For j = 1,2,...,k — £, we assign the
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color £ + j to the vertices of Vi ; that are not adjacent to any vertices of V; and
assign the color 2¢ + 1 — j to the vertices of V,1; otherwise. In a similar manner,
we assign the color j = 1,2,...,k — £ to the vertices of VZ'H not adjacent to any
vertices of V; and assign the color £+ 1 — j to the vertices of Vj, ; otherwise. Since

[4—?ﬂ = 2/, it follows that % < 2¢ and so k < 3¢/2. Hence there are sufficiently
many colors for this coloring. Because this coloring of P,(G) is a proper coloring,
X(Pa(G)) <20 =[4].

Case 2. [%1 is odd, say {%] = 20+ 1 for some positive integer £. We assign to

each vertex of the set V;, 1 < i < /+1, the color 4; while we assign the color i+ £+ 1
to the vertices of the set V/, 1 < i < {. For a vertex of Vigj for 2 < j <k —¢,
we assign the color £+ j if it is not adjacent to any vertices of Vj’_1 and assign the
color 2¢ 4+ 3 — j otherwise. For a vertex ‘/él+j for 1 < j <k — ¢, we assign the color
j if it is adjacent to no vertex of V; and assign the color £ 4 2 — j otherwise. The
fact that 2¢ 4+ 1 > 4k/3 gives k < (6¢ + 3)/4 and assures us that there are enough
colors to accomplish the coloring. Since this coloring of P,(G) is a proper coloring,
X(Pa(G)) <20+1=[%]. n

We now show that the upper bound for x(P,(G)) is sharp. For an integer
kE>21let S=1{1,2,...,k} and let G = Ky, n,,...n, be a complete k-partite graph
in which n; = k for 1 <14 < k. Denote the partite sets of G by V1, Va, ..., V}, where
Vi = {wi,, iy, ..., v, } for 1 < i < k. Then x(G) = k. Let G’ be a second copy of
G with corresponding partite sets V{, V3, ..., V), where V' = {v] ,vj,,... v} } for
1 <4 < k. Let a be the permutation defined on the set SxS = {(i,5): 1 <14,5 <k}
by

a(i, j) = (4,4),

that is, the vertex v;; in G is joined to the vertex v;.i in G'. (See Figure 7.5 for the
case when k = 3 in which only the permutation edges are shown.)

V11 V12 V13 U1 Uz V23 v31  U32 V33

G

G o

/ / / / / / ! / /
Uiy Vs Uiz Uy Vo V23 V31 U3y Usg
Figure 7.5: The permutation edges in P, (K3 33,)

Because of the construction of P,(G), it follows that (1) if any color is assigned
to a vertex of V;, then this color cannot be used for any vertex in V; (i # j) and (2)
if a color a is assigned to all of the vertices in some set V; and a color b is assigned

to all of the vertices in some set V/, then a # b. We claim that x(Pu(G)) = [4E7.

Assume, to the contrary, that x(P.(G)) = £ < {%k] and let there be given an

¢-coloring of P, (G). Thus ¢ < 4k/3. Suppose that r of the sets V; have the same
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color assigned to each vertex of the set and that s of the sets V] have the same
color assigned to each vertex of the set. As we noted in (2), each of the r colors is
distinct from each of the s colors. Thus 7 + s < x(Pa(G)) and at least two colors
are used for each of the remaining k — r sets of V. Thus at least r +2(k —r) colors
are used to color the vertices of G and at least s + 2(k — s) colors are used to color
the vertices of G'. Hence

r+2(k—r)<land s+2(k—s) </
and so
r>2k—{and s > 2k — (.
Therefore,
X(Py(G)) > 1+ s >4k —2(4k/3) = 4k /3 > L = x(Pa(Q)),

which is a contradiction.

Let G = Kogy,. o be the complete 9-partite graph with partite sets V; =
{vi1,vi2, ..., 09}, 1 < i < 9. For the set S = {1,2,...,9} and the permutation
a on S x S defined by «((4,5)) = (j,4), it follows that

(@) = | 5| <12

The 12-coloring of P, (G) described in the proof of Theorem 7.25 is shown in Fig-

ure 7.6.
Vi Va Vs Va Vs Ve V7 Vs Vo
1 2 3 4 5 6 7 8 9
7 8 9 10 11 12 1 2 3
|41 Vi 4 %4 14 Ve V7 Vg Vg

Figure 7.6: A 12-coloring of Py (Koo, 9)
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Exercises for Chapter 7

1.

10.
11.

12.

Let G be a k-chromatic graph where k& > 2.

(a) Prove that for every vertex v of G, either x(G—v) = k or x(G—v) = k—1.
(b) Prove that for every edge e of G, either x(G—e¢) =k or x(G—e) =k—1.

. Let G be a k-chromatic graph such that x(G—e) = k—1 for some edge e = uv

of G. Prove that x(G —u) = x(G—v) =k — 1.
Show that the odd cycles are the only 3-critical graphs.

Let G be a graph of order n > 3 such that G # K,,. Suppose that x(G —v) <
X(G) for every vertex v of G. Either give an example of a graph G such that
G # K, and x(G —u—w) < x(G —u) for every two vertices u and w of G or
show that no such graph G exists.

Determine all k-critical graphs with & > 3 such that G — v is (k — 1)-critical
for every vertex v of G.

Prove or disprove: For every integer k > 3, there exists a triangle-free, k-
critical graph.

Prove or disprove: If G and H are color-critical graphs, then G + H is color-
critical.

It has been mentioned that every k-critical graph, k > 3, is 2-connected. Show
that there exists a k-critical graph having connectivity 2 for every integer
k> 3.

Prove or disprove the following.

(a) There exists no graph G with x(G) = 3 without isolated vertices such
that x(G — v) = 2 for exactly 75% of the vertices v of G.

(b) There exists no graph G with x(G) = 3 without isolated vertices and
containing a 3-critical component such that x(G — v) = 2 for exactly
75% of the vertices v of G.

Let G be a k-critical graph of order n. Prove that if G is perfect, then k = n.

By Theorem 6.10, it follows that for every graph G of order n,

n
—— <x(G) <n—afG@) +1.

G YO <n-al0) +
Prove or disprove: The chromatic number of a graph G can never be closer
to n — a(G) + 1 than to FIER

Show, for every connected graph G of order n and diameter d, that

X(G) <n—d+1.
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13. (a) Show, for every k-chromatic graph G, that there exists an ordering of the
vertices of G such that the greedy coloring algorithm gives a k-coloring
of G.
(b) Show, for every positive integer p, that there exists a graph G and an
ordering of the vertices of G such that the greedy coloring algorithm
gives a k-coloring of G, where k = p + x(QG).

14. For each integer k > 3, give an example of a regular k-chromatic graph G
such that G # K.

15. (a) What upper bound for x(G) is given in Theorem 7.9 for the graph G in
Figure 7.77

(b) What is x(G) for this graph G?

Figure 7.7: The graph G in Exercise 15

16. For the double star T' containing two vertices of degree 4, what upper bound
for x(T) is given by Theorems 7.8, 7.9, and 7.107?

17. We have seen that x(T') = 2 for every nontrivial tree T'. Prove, for every
integer k > 2, that there exists a tree T}, with A(T}) = k and an ordering s
of the vertices of T}, that produces a greedy coloring of T}, using k + 1 colors.

18. Let T be the tree of Figure 7.8.

v3

U1 Us Us T
T o 0 e 0 0
l U7 Ve Vg

V2

Figure 7.8: The tree T' in Exercise 18

(a) What is the greedy coloring ¢ produced by the ordering s : v1,va,...,vs
of the vertices of T'7
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(b) Does there exist a different ordering of the vertices of T giving a greedy
coloring that uses fewer colors?

(¢) Does there exist a different ordering of the vertices of T' giving a greedy
coloring that uses more colors?

19. Since the upper bound (3 4+ /1 + 8(m — n))/2 given in Theorem 7.11 for a
connected graph G of order n and size m that is not a tree is not always an
integer, it follows that

X(G) < FJF v 1+28(m_n)J . (7.10)

(a) How does the upper bound in (7.10) compare with x(G) for the wheel
G = W5 = C5 + K7 of order 67

(b) Find a 5-chromatic graph G for which the upper bound in (7.10) gives
the exact value of x(G).

(¢) The question asked in (b) should suggest another question to you. Ask
and answer this question.

20. What does the bound in Theorem 7.12 say for a complete k-partite graph
Knyns,....n, Of order n where ny =ng =--- =ng?

21. By Theorem 7.13, x(G) - x(G) > n for every graph G of order n.

(a) Show that if G is a perfect graph of order n, then w(G) - w(G) > n.

(b) Show that there are graphs G of order n for which w(G) - w(G) < n.
22. (a) Use the fact that the chromatic number of K, is 4 to show that every
orientation of K4 has a directed path of length 3.

(b) Determine the minimum length of a longest path among all orientations
of Grotzsch graph shown in Figure 7.9.

Figure 7.9: The Grotzsch graph in Exercise 22



7.4.

23.

24.

25.

26.

27.
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Use Corollary 7.18 to determine the chromatic number of every nonempty
bipartite graph.

Let G = W5 = C5 + K, be the wheel of order 6. Prove that for every acyclic
orientation D of G, there always exists some cycle C’ of G where in D more
than twice as many edges of C’ are oriented in one direction than in the
opposite direction.

What is the smallest upper bound that Corollary 7.22 gives for x(G) when
G =K, for n > 3?7

(a) Find the smallest positive integer n for which there exists a permutation
graph P, (C),) such that x(Pa(Cy)) # x(Ch).

(b) Show for every permutation graph P, (C5) that x(P.(Cs)) = x(Cs).

(c) Parts (a) and (b) should suggest a question to you. Ask and answer such

a question.

Consider the complete 3-partite graph G = K3 2 2 where V(G) = {v1,v2,...,v6}
such that its three partite sets are Vi = {vy,va2}, Vo = {vs,v4}, and V3 =
{vs, v6}.

(a) For the permutation a; = (1)(2 4 6 5 3), determine x(P,, (G)) and
provide a x(Py, (G))-coloring of the graph P,, (G).

(b) Repeat (a) for the permutation ag = (1)(2 3 5)(4 6).






Chapter 8

Coloring Graphs on Surfaces

Many historical events related to the famous Four Color Problem are described
in Chapter 0. It is this problem that would lead to graph coloring parameters and
problems and play a major role in the development of graph theory. In this chapter,
the Four Color Problem problem is revisited and some of these events are reviewed,
together with some conjectures, concepts, and results, which initially had hoped to
provide added insight into and possibly even a solution to this problem.

8.1 The Four Color Problem

The origin of graph colorings has been traced back to 1852 when the Four Color
Problem was first posed. While the history of this problem is discussed in some
detail in Chapter 0, we give a brief review here of a few of the key events that took
place during this period.

In 1852 Francis Guthrie (1831-1899), a former graduate of University College
London, observed that the counties of England could be colored with four colors so
that neighboring counties were colored differently. This led him to ask whether the
counties of every map (real or imagined) can be colored with four or fewer colors
so that every two neighboring counties are colored differently. Francis mentioned
this problem to his younger brother Frederick, who at the time was taking a class
from the well-known mathematician Augustus De Morgan. With the approval of
his brother, Frederick mentioned this problem to De Morgan, who considered the
problem to be new but was unable to solve it. Despite De Morgan’s great interest
in the problem, few other mathematicians who were aware of the problem seemed
to share this interest. A quarter century passed with little activity on the problem.

At a meeting of the London Mathematical Society in 1878, the great mathe-
matician Arthur Cayley inquired about the status of this Four Color Problem. This
revived interest in the problem and would lead to an 1879 article written by the
British lawyer Alfred Bray Kempe containing a proposed proof that every map
can be colored with four or fewer colors so that neighboring counties are colored
differently. For the next ten years, the Four Color Problem was considered to be

205
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solved. However, an 1890 article by the British mathematician Percy John Heawood
presented a map and a partial coloring of the counties of the map, which Heawood
showed was a counterexample to the technique used by Kempe. Although this coun-
terexample did not imply that there were maps requiring five or more colors, it did
show that Kempe’s method was unsuccessful. Nevertheless, Heawood was able to
use Kempe’s technique to prove that every map could be colored with five or fewer
colors. (Heawood accomplished even more in his paper, which will be discussed in
Section 8.4.)

The Four Color Problem can be stated strictly in terms of plane (or planar)
graphs, rather than in terms of maps. Let G be a plane graph. Then G is k-
region colorable if each region of G can be assigned one of k given colors so that
neighboring (adjacent) regions are colored differently. Since it was believed by many
that the question posed in the Four Color Problem had an affirmative answer, this
led to the following.

The Four Color Conjecture Every plane graph is 4-region colorable.

There is another, even more popular statement of the Four Color Conjecture,
which involves the coloring of vertices. Let G be a plane graph. The planar dual
(or, more simply, the dual) G* of G can be constructed by first placing a vertex
in each region of G. This set of vertices is V/(G*). Two distinct vertices of G* are
then joined by an edge for each edge on the boundaries of the regions corresponding
to these vertices of G*. Furthermore, a loop is added at a vertex of G* for each
bridge of G on the boundary of the corresponding region. Each edge of G* is drawn
so that it crosses its associated edge of G but crosses no other edge of G or of G*.
Thus the dual G* is planar. Since G* may contain parallel edges and possibly loops
(perhaps even parallel loops), G* is a multigraph and may not be a graph. The
dual G* has the properties that its order is the same as the number of regions of G
and the number of regions of G* is the order of G. Both G and G* have the same
size. If each set of parallel edges in G* is replaced by a single edge and all loops
are deleted, a graph G’ results, called the dual graph of G. A plane graph G, its
planar dual G*, and its dual graph G’ are shown in Figure 8.1.

Figure 8.1: A graph, its dual, and its dual graph
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A few observations regarding duals and dual graphs of plane graphs are useful.
First, if G is a connected plane graph, then (G*)* = G, a property expected of
dual operations. Second, every connected plane graph is the dual graph of some
connected plane graph. And, finally, a plane graph G is k-region colorable for some
positive integer k if and only if its dual graph G’ is k-colorable. Hence the Four
Color Conjecture can now be rephrased.

The Four Color Conjecture Every planar graph is 4-colorable.

Thus, what Heawood proved with the aid of Kempe’s proof technique is the
following.

Theorem 8.1 (The Five Color Theorem) FEuvery planar graph is 5-colorable.

Proof. We proceed by induction on the order n of the graph. Clearly, the result
is true if 1 <n < 5. Assume that every planar graph of order n — 1 is 5-colorable,
where n > 6, and let G be planar graph of order n. We show that G is 5-colorable.

By Corollary 5.4, G contains a vertex v with degv < 5. Since G — v is a planar
graph of order n—1, it follows by the induction hypothesis that G — v is 5-colorable.
Let there be given a 5-coloring of G — v, where the colors used are denoted by 1, 2,
3, 4, 5. If one of these colors is not used to color the the neighbors of v, then this
color can be assigned to v, producing a 5-coloring of G. Hence we may assume that
degv =5 and that all five colors are used to color the neighbors of v.

Let there be a planar embedding of G and suppose that v, v, v3, v4,v5 are the
neighbors of v arranged cyclically about v. We may assume that v; has been assigned
the color ¢ for 1 < ¢ < 5. Let H be the subgraph of G — v induced by the set of
vertices colored 1 or 3. Thus v1,vs € V(H). If v; and vs should belong to different
components of H, then by interchanging the colors of the vertices belonging to the
component H; of H containing vy, a 5-coloring of G can be produced by assigning
the color 1 to v.

Suppose then that v; and vz belong to the same component of H. This implies
that G — v contains a v; — v path P, every vertex of of which is colored 1 or 3. The
path P and the path (v1,v,v3) in G produce a cycle, enclosing either vy or both
vg and vs. In particular, this implies that there is no vy — vy4 path in G — v, every
vertex of which is colored 2 or 4.

Let F' be the subgraph of G — v induced by the set of vertices colored 2 or 4,
and let F be the component of F' containing vy. Necessarily, vs ¢ V(F2). By
interchanging the colors of the vertices of F», a 5-coloring of G can be produced by
assigning the color 2 to v. [

In the 19th century, neither Kempe nor Heawood had access to upper bounds for
the chromatic number of a planar graph that would be established decades later. Of
course, the upper bound 1+ A(G) for the chromatic number of a planar graph G is
of no value since every star K4 ,_1, for example, is planar and the bound 1+ A(G)
only tells us that x(Kin-1) <1+ A(K1,-1) =n. By Theorem 7.8, however, the
chromatic number of a planar graph G is bounded above by 1+ max{d(H)} over all
subgraphs H of G. Since 0(H) < 5 for every subgraph H of G (see Corollary 5.4),
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it follows that max{d(H)} <5 and so x(G) < 6. Hence “The Six Color Theorem”
follows immediately from this bound. After the publication of Heawood’s paper in
1890, it was known that the chromatic number of every planar graph is at most 5
but it was not known whether even a single planar graph had chromatic number 5.
Despite major attempts to settle this question by many people (much of which is
described in Chapter 0), it would take another 86 years to resolve the issue, when in
1976 Kenneth Appel and Wolfgang Haken announced that they had been successful
in providing a computer-aided proof of what had once been one of the most famous
unsolved problems in mathematics.

Theorem 8.2 (The Four Color Theorem) Fuvery planar graph is 4-colorable.

8.2 The Conjectures of Hajos and Hadwiger

We know that x(G) > w(G) for every graph G and that this inequality can be
strict. Indeed, Theorem 6.17 states that for every integer k > 3, there is a graph
G such that x(G) = k and w(G) = 2. Even though K} need not be present in a
k-chromatic graph G, it has been thought (and conjectured) over the years that Ky,
may be indirectly present in G. Of course, K} is present in a k-chromatic graph
for £k = 1,2. This is not true for k = 3, however. Indeed, every odd cycle of order
at least 5 is 3-chromatic but none of these graphs contains K3 as a subgraph. All
of these do contain a subdivision of K3, however. Since every 3-chromatic graph
contains an odd cycle, it follows that if G is a graph with x(G) > 3, then G
must contain a subdivision of K3. In 1952 Gabriel A. Dirac [57] showed that the
corresponding result is true as well for graphs having chromatic number at least 4.

Theorem 8.3 If G is a graph with x(G) > 4, then G contains a subdivision of
Ky.

Proof. We proceed by induction on the order n > 4 of G. The basis step of the
induction follows since K is the only graph of order 4 having chromatic number at
least 4. For an integer n > 5, assume that every graph of order n’ with 4 <n’ <n
having chromatic number at least 4 contains a subdivision of K4. Let G be a graph
of order n such that x(G) > 4. We show that G contains a subdivision of Kj.

Let H be a critically 4-chromatic subgraph of G. If the order of H is less than
n, then it follows by the induction hypothesis that H (and G as well) contains a
subdivision of K4. Hence we may assume that H has order n. Therefore, H is
2-connected.

Suppose first that x(H) = 2 and S = {u,v} is a vertex-cut of H. By Corol-
lary 7.5, uv ¢ E(H) and H contains an S-branch H’ such that x(H' + uv) = 4.
Because the order of H' + uw is less than n, it follows by the induction hypothesis
that H’ 4+ wv contains a subdivision F' of K4. If F does not contain the edge uwv,
then H' and therefore G contains F'. Hence we may assume that F' contains the
edge wv. In this case, let H” be an S-branch of H distinct from H’. Because S
is a minimum vertex-cut, both u and v are adjacent to vertices in each component
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of H—S. Hence H” contains a u — v path P. Replacing the edge wv in F by P
produces a subdivision of K4 in H.

We may now assume that H is 3-connected. Let w € V(H). Then H —w is 2-
connected and so contains a cycle C'. Let wy, we, and ws be three vertices belonging
to C. With the aid of Corollary 2.21, H contains w — w; paths P; (1 <i < 3) such
that every two of these paths have only w in common and w; is the only vertex of
P; on C. Then C and the paths P; (1 <i < 3) produce a subdivision of K4 in H.

Since H contains a subdivision of Ky, the graph G does as well. [

Consequently, for 2 < k < 4, every k-chromatic graph contains a subdivision of
Kj. In 1961 Gydrgy Hajos [91] conjectured that this is true for every integer k > 2.

Hajés’ Conjecture If G is a k-chromatic graph, where k > 2, then G contains a
subdivision of Kj.

In 1979 Paul Catlin [31] constructed a family of graphs that showed that Hajos’
Conjecture is false for every integer k& > 7. For example, recall the graph G of
Figure 6.13 of order 15 (shown again in Figure 8.2) consisting of five mutually
vertex-disjoint triangles T; (1 < 4 < 5), where every vertex of T; is adjacent to
every vertex of T} if either |i — j| = 1 or if {4,j} = {1,5}. It was shown that
w(G) = 6 and x(G) = 8. Since w(G) = 6, the graph G does not contain Ky as a
subgraph (or even K7). We claim, in fact, that G does not contain a subdivision
of Kg either, for suppose that H is such a subgraph of G. Then H contains eight
vertices of degree 7 and all other vertices of H have degree 2.

o&{ \TQO&

\
A

Figure 8.2: A counterexample to Hajés’ Conjecture for k = 8

First, we show that no triangle T; (1 <1 < 5) can contain exactly one vertex of
degree 7 in H. Suppose that the triangle 77, say, contains exactly one such vertex
v. Then v is the initial vertex of seven paths to the remaining seven vertices of
degree 7 in H, where every two of these paths have only v in common. Since v is
adjacent only to six vertices outside of 77, this is impossible.
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Next, we show that no triangle can contain exactly two vertices of degree 7 in
H. Suppose that the triangle T3, say, contains exactly two such vertices, namely
w and v. Then v is the initial vertex of six paths to six vertices outside of T7.
Necessarily, these six paths must contain all six vertices in To and T5. However,
this is true of the vertex v as well. This implies that the six vertices of T and Ty
are the remaining vertices of degree 7 in H. Therefore, there are two vertices us
and vs in T5 and two vertices us and vy in T such that the interior vertices of some
us — uo path, us — ve path, vs — us path, and vs — vy path contain only vertices of
T5 and T}. Since these four paths must be internally disjoint and since T3 (and Tj)
contains only three vertices, this is impossible.

Therefore, no triangle T; (1 < ¢ < 5) can contain exactly one or exactly two
vertices of degree 7 in H. This, however, says that no triangle T; (1 < ¢ < 5) can
contain exactly three vertices of degree 7 in H either. Thus, as claimed, G does
not contain a subdivision of Kg. Hence the graph G is a counterexample to Hajos’
Conjecture for k = 8.

Let k£ be an integer such that k& > 9 and consider the graph F' = G+ K}_g. Then
X(F) = k. We claim that F' does not contain a subdivision of K}, for suppose that
H is such a subgraph in F. Delete all vertices of K_g that belong to H, arriving
at a subgraph H' of G. This says that H' contains a subdivision of Kg, which is
impossible. Hence Hajés’ Conjecture is false for all integers & > 8. As we noted,
Catlin showed that this Conjecture is false for every integer k > 7 (see Exercise 2).

Recall that a graph G is perfect if x(H) = w(H) every induced subgraph H of
G. Furthermore, for a graph G and a vertex v of G, the replication graph R, (G) of
G is that graph obtained from G by adding a new vertex v’ to G and joining v’ to
every vertex in the closed neighborhood N[v] of v. We saw in Theorem 6.25 that if
G is perfect, then R,(G) is perfect for every v € V(G). Carsten Thomassen [172]
showed that there is a connection between perfect graphs and Hajds’ conjecture.

A graph G is perfect if and only if every replication graph of G satisfies
Hajos’ Conjecture.

Recall also that a graph H is a minor of a graph G if H can be obtained from G
by a sequence of contractions, edge deletions, and vertex deletions (in any order).
Furthermore, from Theorem 5.15, if a graph G contains a subdivision of a graph H,
then H is a minor of a graph G. In particular, if a k-chromatic graph G contains a
subdivision of K}, then K} is a minor of G. Of course, we have seen that for k > 7,
a k-chromatic graph need not contain a subdivision of K. This does not imply,
however, that a k-chromatic graph need not contain Kj as a minor. Indeed, years
before Hajés’ conjecture, on December 15, 1942 Hugo Hadwiger made the following
conjecture during a lecture he gave at the University of Ziirich in Switzerland.

Hadwiger’s Conjecture Every k-chromatic graph contains K} as a minor.

A published version of Hadwiger’s lecture appeared in a 1943 article [88]. This
paper not only contained the conjecture but three theorems of interest, namely:

(1) Hadwiger’s Conjecture is true for 1 < k < 4.
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(2) If G is a graph with §(G) > k — 1 where 1 < k < 4, then G contains K}, as a
minor.

(3) If G is a connected graph of order n and size m that has K} as a minor, then
m>n+ (g) — k (see Exercise 3).

In 1937 Klaus Wagner [184] had proved that every planar graph is 4-colorable
if and only if every 5-chromatic graph contains Ky as a minor. That is, Wagner
had shown the equivalence of the Four Color Conjecture and Hadwiger’s Conjec-
ture for k = 5 six years before Hadwiger stated his conjecture. In his 1943 paper
[88], Hadwiger mentioned that his conjecture for k& = 5 implies the Four Color
Conjecture and referenced Wagner’s paper but he did not refer to the equivalence.
Hadwiger’s Conjecture can therefore be considered as a generalization of the Four
Color Conjecture.

Using the Four Color Theorem, Neil Robertson, Paul Seymour, and Robin
Thomas [152] verified Hadwiger’s Conjecture for ¥ = 6. While Hadwiger’s Con-
jecture is true for k < 6, it is open for every integer k > 6.

The Hadwiger number had(G) of a graph G has been defined as the great-
est positive integer k for which Kj is a minor of G. In this context, Hadwiger’s
Conjecture can be stated as:

For every graph G, x(G) < had(G).

A proof of the general case of Hadwiger’s Conjecture would give, as a corollary,
a new proof of the Four Color Theorem.

8.3 Chromatic Polynomials

During the period that the Four Color Problem was unsolved, which spanned more
than a century, many approaches were introduced with the hopes that they would
lead to a solution of this famous problem. In 1912 George David Birkhoff [20]
defined a function P(M, \) that gives the number of proper A-colorings of a map
M for a positive integer A\. As we will see, P(M, )) is a polynomial in \ for every
map M and is called the chromatic polynomial of M. Consequently, if it could be
verified that P(M,4) > 0 for every map M, then this would have established the
truth of the Four Color Conjecture.

In 1932 Hassler Whitney [189] expanded the study of chromatic polynomials
from maps to graphs. While Whitney obtained a number of results on chromatic
polynomials of graphs and others obtained results on the roots of chromatic poly-
nomials of planar graphs, this did not contribute to a proof of the Four Color
Conjecture.

Renewed interest in chromatic polynomials of graphs occurred in 1968 when
Ronald C. Read [146] wrote a survey paper on chromatic polynomials.

For a graph G and a positive integer A, the number of different proper A-colorings
of G is denoted by P(G,\) and is called the chromatic polynomial of G. Two
A-colorings ¢ and ¢’ of G from the same set {1,2,...,A} of A colors are considered
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different if c¢(v) # ¢'(v) for some vertex v of G. Obviously, if A < x(G), then
P(G,)\) = 0. By convention, P(G,0) = 0. Indeed, we have the following.

Proposition 8.4 Let G be a graph. Then x(G) = k if and only if k is the smallest
positive integer for which P(G, k) > 0.

As an example, we determine the number of ways that the vertices of the graph G
of Figure 8.3 can be colored from the set {1,2,3,4,5}. The vertex v can be assigned
any of these 5 colors, while w can be assigned any color other than the color assigned
to v. That is, w can be assigned any of the 4 remaining colors. Both u and ¢ can be
assigned any of the 3 colors not used for v and w. Therefore, the number P(G,5)
of 5-colorings of G is 5 -4 - 3% = 180. More generally, P(G,\) = A(A — 1)(A — 2)?
for every integer .

t
Figure 8.3: A graph G with P(G,\) = A(A — 1)(\ — 2)?
There are some classes of graphs G for which P(G, A) can be easily computed.
Theorem 8.5 For every positive integer X\,
(@) P(Knp,A) = XA =1)(A=2)---(A—n+1) =\,
(b) P(K,,\) = A",
In particular, if A > n in Theorem 8.5(a), then

Al
A —n)!’

P(K,,\) =" =

We now determine the chromatic polynomial of Cy in Figure 8.4. There are A
choices for the color of v;. The vertices vo and vy must be assigned colors different
from the that assigned to v;. The vertices v and v, may be assigned the same color
or may be assigned different colors. If vy and v4 are assigned the same color, then
there are A — 1 choices for that color. The vertex vz can then be assigned any color
except the color assigned to vy and vy. Hence the number of distinct A-colorings of
C, in which vy and v4 are colored the same is A(A — 1)2.

If, on the other hand, vo and v4 are colored differently, then there are A — 1
choices for vy and A — 2 choices for vy. Since vz can be assigned any color except
the two colors assigned to vo and v4, the number of A-colorings of C in which v9
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vy v
Cy -
Vg U3

Figure 8.4: The chromatic polynomial of Cy

and vy are colored differently is A(A — 1)(A — 2)2. Hence the number of distinct
A-colorings of Cy is

P(CyN) = MA—12+AA-1)(A—2)2
= MA=1)(\=3)1+3)
= M =4\ +6)% -3\
= A=D*+(-1).

The preceding example illustrates an important observation. Suppose that u and
v are nonadjacent vertices in a graph G. The number of A-colorings of G equals the
number of A-colorings of GG in which w and v are colored differently plus the number
of A-colorings of G in which v and v are colored the same. Since the number of
A-colorings of G in which u and v are colored differently is the number of A-colorings
of G + wv while the number of A-colorings of G in which u and v are colored the
same is the number of A-colorings of the graph H obtained by identifying v and v
(an elementary homomorphism), it follows that

P(G,\) = P(G+uv,\) + P(H,\).
This observation is summarized below:

Theorem 8.6 Let G be a graph containing nonadjacent vertices uw and v and let
H be the graph obtained from G by identifying w and v. Then

P(G,)\) = P(G + uv,\) + P(H, \).

Note that if G is a graph of order n > 2 and size m > 1, then G 4 wv has order
n and size m + 1 while H has order n — 1 and size at most m.
Of course, the equation stated in Theorem 8.6 can also be expressed as

P(G 4+ uv,\) = P(G,\) — P(H, \).

In this context, Theorem 8.6 can be rephrased in terms of an edge deletion and an
elementary contraction.

Corollary 8.7 Let G be a graph containing adjacent vertices u and v and let F
be the graph obtained from G by identifying u and v. Then

P(G,\) = P(G —uv,\) — P(F,\).
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By systematically applying Theorem 8.6 to pairs of nonadjacent vertices in a
graph G, we eventually arrive at a collection of complete graphs. We now illustrate
this. Suppose that we wish to compute the chromatic polynomial of the graph G of
Figure 8.5. For the nonadjacent vertices u and v of G and the graph H obtained by
identifying u and v, it follows that by Theorem 8.6 that the chromatic polynomial
of GG is the sum of the chromatic polynomials of G 4+ uv and H.

u

G: G+uv: H : ;; i

Figure 8.5: P(G,\) = P(G +uv,\) + P(H, \)

At this point it is useful to adopt a convention introduced by Alexander Zykov
[194] and utilized later by Ronald Read [146]. Rather than repeatedly writing the
equation that appears in the statement of Theorem 8.6, we represent the chromatic
polynomial of a graph by a drawing of the graph and indicate on the drawing which
pair u, v of nonadjacent vertices will be separately joined by an edge and identified.
So, for the graph G of Figure 8.5, we have

Continuing in this manner, as shown in Figure 8.6, we obtain

u

P(G,\) = A% — 6A% + 143 — 1502 4 6.

Using this approach, we see that the chromatic polynomial of every graph is the
sum of chromatic polynomials of complete graphs. A consequence of this observation
is the following.

Theorem 8.8 The chromatic polynomial P(G,)\) of a graph G is a polynomial
m .

There are some interesting properties possessed by the chromatic polynomial of
every graph. In fact, if G is a graph of of order n and size m, then the chromatic
polynomial P(G,\) of G can be expressed as

P(G,N) = coA" 4+ A" F e\ 4 e A+ cny
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Figure 8.6: P(G,\) = P(G +uv,\) + P(H, \)

where ¢y = 1 (and so P(G, ) is a polynomial of degree n with leading coefficient
1),c1=—m,¢; >0ifiiseven with 0 <i <mn,and ¢; <0if7is odd with 1 <1i < n.
Since P(G,0) = 0, it follows that ¢, = 0.

The following theorem is due to Hassler Whitney (see [189]).

Theorem 8.9 Let G be a graph of of order n and size m. Then P(G,)\) is a
polynomial of degree n with leading coefficient 1 such that the coefficient of A"~ 1 is
—m, and whose coefficients alternate in sign.

Proof. We proceed by induction on m. If m = 0, then G = K,, and P(G,\) = \",
as we have seen. Then P(K,,\) = A" has the desired properties.

Assume that the result holds for all graphs whose size is less than m, where
m > 1. Let G be a graph of order m and let e = wv an edge of G. By Corollary 8.7,

P(G,\) = P(G —e,\) — P(F,\),

where F' is the graph obtained from G by identifying u and v. Since G — e has order
n and size m — 1, it follows by the induction hypothesis that

P(G—e,N) =ap\" + A" a2 an N+ an,
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where ag =1, a1 = —(m — 1), a; > 0if ¢ is even with 0 < 4 < n, and a; < 0 if ¢
is odd with 1 < ¢ < n. Furthermore, since F' has order n — 1 and size m’, where
m' < m — 1, it follows that

P(F,N) = boA" 4+ by A" "2 4 0o A2 4o by oA+ by,
where bg =1, b1 = —m/, b; > 0if i is even with 0 <i <n—1, and b; <0 if 7 is odd
with 1 <47 <n — 1. By Corollary 8.7,
P(G,\) = P(G—e X —P(F,\)
= (aoA"+ @A\ a4 agi At ay) —
(A" F DA T2 b N T by oA D)
= ag\" + (a1 — b))\ + (ag —b))A"TE 4 - -
+(an—1 - bn—Q))\ + (an - bn—l)-

Since ap =1, a1 —bp = —(m—1)—1=—m, a;—b;—1 > 0if i is even with 2 < ¢ < n,
and a; —b;—1 < 01if ¢ is odd with 1 < i < n, P(G, \) has the desired properties and
the theorem follows by mathematical induction. [

Suppose that a graph G contains an end-vertex v whose only neighbor is u.
Then, of course, P(G — v, \) is the number of A-colorings of G — v. The vertex
v can then be assigned any of the A colors except the color assigned to w. This
observation gives the following.

Theorem 8.10 If G is a graph containing an end-vertex v, then
P(G,\)=(A—=1)P(G —wv,\).
One consequence of this result is the following.
Corollary 8.11 IfT is a tree of order n > 1, then
P(T,\) = A\ —1)""1

Proof. We proceed by induction on n. For n = 1, T = K; and certainly
P(K1,A) = A. Thus the basis step of the induction is true. Suppose that P(T’, \) =
A(A —1)"=2 for every tree T’ of order n — 1 > 1 and let T be a tree of order n. Let
v be an end-vertex of T'. Thus T'— v is a tree of order n — 1. By Theorem 8.10 and
the induction hypothesis,

P(T,AN)=A=1)P(T -v,A)=A=1)AA=1)"*] =A(A-1)""1,
as desired. -

Two graphs are chromatically equivalent if they have the same chromatic
polynomial. By Theorems 8.6 and 8.10, two chromatically equivalent graphs must
have the same order, the same size, and the same chromatic number. By Corol-
lary 8.11, every two trees of the same order are chromatically equivalent. It is not
known under what conditions two graphs are chromatically equivalent in general.
A graph G is chromatically unique if P(H,\) = P(G, ) implies that H =~ G.
Here too it is not known under what conditions a graph is chromatically unique.
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8.4 The Heawood Map-Coloring Problem

As mentioned in Section 8.1 and reported in more detail in Chapter 0, it was Percy
John Heawood’s 1890 article [100] in which he described an error that occurred in
Alfred Bray Kempe’s attempted proof of the Four Color Theorem. As a consequence
of Heawood’s discovery of an irreparable error by Kempe, it was no longer known
in 1890 whether the chromatic number of every graph that can be embedded on the
sphere was at most 4. Indeed, it was not known how large the chromatic number of
a planar graph could be. However, as we noted, Heawood was able to use Kempe’s
proof technique to give a proof of the Five Color Theorem (presented in Section 8.1).
Heawood was not content with this, however. He introduced much more in his paper
and it is these added accomplishments for which he will be forever remembered.
Heawood became interested in the largest chromatic number of a graph that could
be embedded on certain surfaces. The chromatic number of a surface S is
defined by

X(85) = max{x(G)}

where the maximum is taken over all graphs G that can be embedded on S. That
X(So) = 4 is the Four Color Theorem. Heawood was successful in determining the
chromatic number of the torus.

Theorem 8.12 x(S1) =7.

Proof. In Figure 5.28, we saw that the complete graph K7 can be embedded on
the torus. Since x(K7) =7, it follows that x(S1) > 7.

Now let G be a graph that can be embedded on the torus. Among the subgraphs
of G, let H be one having the largest minimum degree. We show that 6(H) < 6.
Suppose that H has order n and size m. If n < 7, then certainly 6(H) < 6. Hence
we may assume that n > 7.

Since G is embeddable on the torus, so is H. Thus v(H) < 1. It therefore
follows by Theorem 5.25 that

1>~(H) =

m
— 1
6 +

|3

and so m < 3n. Hence

nd(H) < Z degy v =2m < 6n
veV (H)

and so 0(H) < 6. Therefore, in any case, §(H) < 6. By Theorem 7.8,
X(G)<1+4+6(H)<T.

Hence x(S1) = 7. L]

In his important paper, Heawood obtained an upper bound for the chromatic
number of Sy for every positive integer k.
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Theorem 8.13  For every nonnegative integer k,

s < | T

Proof. Let G be a graph that is embeddedable on the surface Sy and let

T+ VI+48k

h 2

Hence 1 + 48k = (2h — 7)%. Solving for h — 1, we have

12(k — 1)

h—1=
6+ ——

(8.1)
Among the subgraphs of G, let H be one having the largest minimum degree. We
show that 6(H) < h — 1. Suppose that H has order n and size m. If n < h, then
§(H) < h — 1. Hence we may assume that n > h. Since G is embeddable on Sk, so
is H. Therefore, v(H) < k. By Theorem 5.25,

k>o(H) > T

+ 1.

|3

Thus m < 3n+ 6(k — 1). We therefore have
nd(H) < > deggv=2m < 6n+12(k—1)
veEV (H)

and so, by (8.1),

12(k—1) o 12-1)
n h
Hence §(H) < h — 1 in any case. By Theorem 7.8

T4+ V11 48k
-2

S(H) <6+

X(G)<14+6(H)<h

giving the desired result. [

In fact, Heawood was under the impression that he had shown that

X(Sk) = {77 a WJ

(8.2)
for every positive integer k, but, in fact, all he had established was the bound given
in Theorem 8.13. It was not unusual during the period surrounding Heawood’s
paper for mathematicians to write and present arguments in a more casual style,
which made it easier for errors and omissions to occur. Indeed, the year following
the publication of Heawood’s paper, Lothar Heffter [102] wrote a paper in which he
drew attention to the incomplete nature of Heawood’s argument. Heffter was able
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to show that equality held in (8.2) not only for £ = 1 but for 1 < k < 6 and some
other values of k as well. To verify equality in (8.2) for every positive integer k, it
would be necessary to show, for every positive integer k, that there is a graph Gy
that is embeddable on Sy for which

o) = | PR

The question whether equality held in (8.2) for every positive integer k would be-
come a famous problem.

The Heawood Map-Coloring Problem For every positive integer k, is it true

that
7++V1+ 48k
X(Sk) = — 5 "

There was a great deal of confusion surrounding this famous problem and the
origin of this confusion is also unknown. For example, in their famous book What
is Mathematics?, Richard Courant and Herbert E. Robbins [50] reported that

X(Sk) = {77 h \/TWJ

for every positive integer k. Whether the belief that this is true led Courant and
Robbins to include this premature statement in their book or whether writing this
statement in their book led to mathematical folklore is not known. Indeed, this was
not even known to Courant and Robbins. There were reports that the Heawood
Map-Coloring Problem had been solved as early as the early 1930s in Gottingen in
Germany.

Solving the Heawood Map-Coloring Problem would require the work of many
mathematicians and another 78 years. However, primarily through the efforts of
Gerhard Ringel and J. W. T. (Ted) Youngs [150], this problem was finally settled.

Theorem 8.14 (The Heawood Map-Coloring Theorem) For every positive

integer k,
7+ v1+ 48k
)= |

Exercises for Chapter 8

1. It was once thought that the regions of every map can be colored with four
or fewer colors because no map contains five mutually adjacent regions. Show
that there exist maps that do not contain four mutually adjacent regions. Does
this mean that every such map can be colored with three or fewer colors?

2. Show that there exists a 7-chromatic graph that does not contain a subdivision
of K7.
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3. Prove that if G is a connected graph of order n and size m that has K as a
minor, then m >n + (g) — k.

4. Prove that the chromatic polynomial of every graph can be expressed as the
sum and difference of the chromatic polynomials of empty graphs.

5. (a) Determine P(Cg, A) by repeated application of Theorem 8.6.

(b) Use the polynomial obtained in (a) to determine P(Cs,2). Explain why
this answer is not surprising.

6. (a) Determine P(K3 22, A) by repeated application of Theorem 8.6.

(b) Use the polynomial obtained in (a) to determine P(K2 3 2,3). Explain
why this answer is not surprising.

7. Prove that P(Cp, ) = (A —1)" 4+ (—=1)"(A — 1) each integer n > 3.
8. We know that every two trees of the same order are chromatically equivalent.

(a) Which unicyclic graphs of the same order are chromatically equivalent?

(b) How many distinct chromatic polynomials are there for unicyclic graphs
of order n > 37

9. Prove that if G is a graph with components G1, Gs, ..., Gy, then

k
P(G,\) =[] P(Gi, \).

i=1

10. (a) Prove that if G is a nontrivial connected graph, then P(G, ) = Ag()),
where g(0) # 0.

(b) Prove that a graph G has exactly k¥ components if and only if
P(G, ) = X f(N),
where f(\) is a polynomial with f(0) # 0.
11. Show that if F'is a forest of order n with k components, then

P(F,\) =\ —1)" 7k,

12. Prove that if G is a connected graph with blocks Bi, Bo, ..., B,, then

" P(Bi, )
P(G,)\) = 7&"}51 )

13. It has been stated that if G and H are two chromatically equivalent graphs,
then G and H have the same order, the same size, and the same chromatic
number. Show that the converse of this statement is false.
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14.

15.

16.
17.

18.

19.

20.
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Prove for each integer » > 2 that K, , is chromatically unique.

Let G be a graph. Prove that if P(G,\) = A(A — 1)"~ !, then G is a tree of
order n.

Prove that if G is a connected graph of order n, then P(G,\) < A(A —1)""1.

Prove or disprove: The polynomial A\* —3X3 43?2 is the chromatic polynomial
of some graph.

Prove or disprove: The graph G in Figure 8.7 is chromatically unique.

Figure 8.7: The graph G in Exercise 18
Prove or disprove: If G is a graph such that x(G) < x(Sg) for some positive
integer k, then G can be embedded on Sj.

Let M be a perfect matching in the graph G = K34. Can the graph G — M
be embedded on the torus?






Chapter 9

Restricted Vertex Colorings

When attempting to properly color the vertices of a graph G (often with a restricted
number of colors), there may be instances when (1) there is only one choice for the
color of each vertex of G except for the names of the colors, (2) every vertex of
G has some preassigned restriction on the choice of a color that can be used for
the vertex, or (3) some vertices of G have been given preassigned colors and the
remaining vertices must be colored according to these restrictions. Colorings with
such restrictions are explored in this chapter.

9.1 Uniquely Colorable Graphs

Suppose that G is a k-chromatic graph. Then every k-coloring of G produces
a partition of V(G) into k independent subsets (color classes). If every two k-
colorings of G result in the same partition of V(G) into color classes, then G is called
uniquely k-colorable or simply uniquely colorable. Trivially, the complete
graph K, is uniquely colorable. In fact, every complete k-partite graph, k > 2, is
uniquely colorable.

Certainly every 1-chromatic graph is uniquely colorable. Moreover, let there be
given a 2-coloring of a nontrivial connected bipartite graph G with the colors 1 and
2. Then if some vertex v of G is assigned the color 1, say, then only the vertices
of G whose distance from v is even can be colored 1 as well. Therefore, every
nontrivial connected bipartite graph is uniquely 2-colorable. Such a graph is shown
in Figure 9.1(a). The necessity of the condition that a uniquely colorable bipartite
graph is connected is shown in Figures 9.1(b) and 9.1(c), where two 2-colorings of
a disconnected bipartite graph H result in different partitions of V(H).

Each of the graphs G; and G of Figure 9.2 is 3-chromatic. Since the vertex u in
(1 is adjacent to the remaining four vertices of G, it follows that whatever color is
assigned to u cannot be assigned to any other vertex of G;. Since G; — u is a path
(and therefore a nontrivial connected bipartite graph), there is a unique 2-coloring
of G1 —u except for the names of the colors. Thus (G is uniquely colorable. In fact,
every 3-coloring of Gy results in the partition {{u}, {v,z}, {w,y}} of V(G;1) into

223
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Figure 9.1: A graph that is uniquely 2-colorable and another that is not

color classes. The unique 3-coloring of Gy (except for the names of the colors) is
shown in Figure 9.2(a). On the other hand, the graph G2 is not uniquely colorable
since there are five 3-colorings of G4 that result in five different partitions of V(G2)
into color classes. Two of these are shown in Figures 9.2(b) and 9.2(c), resulting in

the partitions {{u}, {v,z}, {w,y}} and {{v}, {w,y}, {u,z}}, respectively.

Figure 9.2: A graph that is uniquely 3-colorable and another that is not

Recall (see Section 8.3) that the chromatic polynomial P(G, \) of a graph G is
the number of distinct A-colorings of G. Thus a k-chromatic graph G is uniquely
k-colorable if and only if P(G, k) = kL

We have noted that every uniquely colorable bipartite graph must be connected.
In fact, Dorwin Cartwright and Frank Harary [29] showed that in every k-coloring
of a uniquely k-colorable graph G, where k > 2, the subgraph of G induced by any
two color classes must also be a connected bipartite graph.

Theorem 9.1 In every k-coloring of a uniquely k-colorable graph G, where k > 2,
the subgraph of G induced by the union of every two color classes of G is connected.

Proof. Assume, to the contrary, that there exist two color classes Vi and V5 in
some k-coloring of G such that H = G[V; U V5] is disconnected. We may assume
that the vertices in V; are colored 1 and those in V5 are colored 2. Let H; and Ho
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be two components of H. Interchanging the colors 1 and 2 of the vertices in H;
produces a new partition of V' (G) into color classes, producing a contradiction. m

As a consequence of Theorem 9.1, every uniquely k-colorable graph, k > 2, is
connected. In fact, Gary Chartrand and Dennis Paul Geller [35] showed that more
can be said.

Theorem 9.2 FEvery uniquely k-colorable graph is (k — 1)-connected.

Proof. The result is trivial for £ = 1 and, by Theorem 9.1, the result follows for
k = 2 as well. Hence we may assume that k£ > 3. Let G be a uniquely k-colorable
graph, where k > 3. If G = K}, then G is (k — 1)-connected; so we may assume
that G is not complete. Assume, to the contrary, that G is not (k — 1)-connected.
Hence there exists a vertex cut W of G with |W| =k — 2.

Let there be given a k-coloring of G. Consequently, there are at least two colors,
say 1 and 2, not used to color any vertices of W. Let V; be the color class consisting
of the vertices colored 1 and V5 the set of the vertices colored 2. By Theorem 9.1,
H = G[V4 U V] is connected. Hence H is a subgraph of some component Gy of
G — W. Let G2 be another component of G — W. Assigning some vertex of G2 the
color 1 produces a new k-coloring of G that results in a new partition of V(G) into
color classes, contradicting our assumption that G is uniquely k-colorable. [

We then have an immediate corollary of Theorem 9.2.
Corollary 9.3 If G is a uniquely k-colorable graph, then 6(G) > k — 1.

Much of the interest in uniquely colorable graphs has been directed towards pla-
nar graphs. Since every complete graph is uniquely colorable, each complete graph
K,, 1 <n <4, is a uniquely colorable planar graph. Indeed, each complete graph
K,,1 <n <4,is auniquely colorable maximal planar graph. Since the complete 3-
partite graph K5 2o (the graph of the octahedron) is also uniquely colorable, K 2 2
is a uniquely 3-colorable maximal planar graph (see Figures 9.3(a)). The graph G
in Figures 9.3(b) is also a uniquely 3-colorable maximal planar graph. The fact
that the 3-colorable maximal planar graphs shown in Figures 9.3 are also uniquely
colorable is not surprising, as Chartrand and Geller [35] observed.

Theorem 9.4 If G is a 3-colorable mazimal planar graph, then G is uniquely
3-colorable.

Proof. The result is obvious if G = K3, so we may assume that the order of G is
at least 4. Let there be a planar embedding of G. Every edge lies on the boundaries
of two distinct triangular regions of G. Let T" denote a triangle that is the boundary
of some region in the embedding and assign the colors 1, 2, 3 to the vertices of T'.
Let v be a vertex of G not on T. Then there exists a sequence

T="TyT,..., Tk

of k 4+ 1 > 2 triangles in G, each the boundary of a region of G, such that T; and
T;+1 share a common edge for 0 < ¢ < k — 1. Once the vertices of the triangles
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(a)

Figure 9.3: Uniquely 3-colorable maximal planar graphs

T =Ty,Th,...,T; (0 <j <k—1) have been assigned colors, the vertex in ;41
that is not in 7} is then uniquely determined and so G is uniquely 3-colorable. m

The two 3-colorable maximal planar graphs in Figures 9.3 have another property
in common. There are both Eulerian. That this is a characteristic of all maximal
planar 3-chromatic graphs was first observed by Percy John Heawood [101] in 1898.

Theorem 9.5 A maximal planar graph G of order 3 or more has chromatic number
8 if and only if G is FEulerian.

Proof. Let there be given a planar embedding of G. Suppose first that G is not
Eulerian. Then G contains a vertex v of odd degree k > 3. Let

N(v) = {vy,v9,..., 0},

where C' = (v1,v2,...,0k,v1) is an odd cycle in G. Because v is adjacent to every
vertex of C, it follows that x(G) = 4.

We verify the converse by induction on the order of maximal planar Eulerian
graphs. If the order of G is 3, then G = K3 and x(G) = 3. Assume that every
maximal planar FEulerian graph of order k£ has chromatic number 3 for an integer
k > 3 and let G be a maximal planar Eulerian graph of order £ + 1. Let there
be given a planar embedding of G and let uw be an edge of G. Then uw is on
the boundary of two (triangular) regions of G. Let x be the third vertex on the
boundary of one of these regions and y the third vertex on the boundary of the
other region. Suppose that

N(z)={u=m1,29,...,2, =w} and N(y) = {u=y1,92,...,y¢ = W},

where k and £ are even, such that C = (z1, 22, ..., 2k, 1) and C" = (y1, Y2, - -, Yo, Y1)
are even cycles. Let G’ be the graph obtained from G by (1) deleting z,y, and uw
from G and (2) adding a new vertex z and joining z to every vertex of C' and C’.
Then G’ is a maximal planar Eulerian graph of order k. By the induction hypoth-
esis, x(G') = 3. According to Theorem 9.4, G’ is uniquely colorable. Since z is
adjacent to every vertex of C' and C’, we may assume that z is colored 1 and that
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the vertices of C' and C” alternate in the colors 2 and 3. From the 3-coloring of G,
a 3-coloring of G can be given where every vertex of V(G) — {z,y} is assigned the
same color as in G’ and x and y are colored 1. [

Since the boundary of every region in a planar embedding of a maximal planar
graph G of order 3 or more is a triangle, it follows that x(G) = 3 or x(G) = 4. While
K, is both maximal planar and uniquely 4-colorable, the graph G of Figure 9.4 is
maximal planar and 4-chromatic but is not uniquely 4-colorable. For example,
interchanging the colors of the vertices v and v in G produces a 4-coloring of G that
results in a new partition of V(G) into color classes.

Figure 9.4: A 4-chromatic maximal planar graph
that is not uniquely 4-colorable

On the other hand, Chartrand and Geller [35] showed that every uniquely 4-
colorable planar graph must be maximal planar.

Theorem 9.6 Every uniquely 4-colorable planar graph is maximal planar.

Proof. Let G be a uniquely 4-colorable planar graph of order n > 4 and let
there be given a 4-coloring of G. Denote the (unique) color classes resulting from
this 4-coloring by Vi, Va2, Vs, and Vi, where |V;| = n; for 1 < i < 4 and so n =
n1 + n2 + ng + na. By Theorem 9.1, each of the induced subgraphs G[V; U Vj] is
connected, where 1 < ¢ < j < 4. Thus the size of this subgraph is at least n;+n;—1.
Summing these over all six pairs 7, j with 1 < i < j < 4, we obtain

3(n1 +ng +ng +n4) — 6 =3n—6.

Hence the size of G is at least 3n — 6. However, since the size of every planar graph
of order n > 3 is at most 3n — 6, the size of G is 3n — 6, implying that G is maximal
planar. [

For a planar graph G with chromatic number k, consider the following two
statements:

If G is maximal planar, then G is uniquely colorable. (9.1)

If G is uniquely colorable, then G is mazimal planar.
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By Theorem 9.5, (9.1) is true if kK = 3, while by Theorem 9.6, (9.2) is true if k = 4.
However, if the values of k are interchanged, then neither (9.1) nor (9.2) is true.
For example, the 4-chromatic graph of Figures 9.4 is a maximal planar graph that
is not uniquely colorable. Also the 3-chromatic graph of Figures 9.2(a) is uniquely
colorable but is not maximal planar.

Recall that a graph G is outerplanar if there exists a planar embedding of G
so that every vertex of G lies on the boundary of the exterior region. By Theo-
rem 5.19, every nontrivial outerplanar graph contains at least two vertices of degree
at most 2. Since every subgraph of an outerplanar graph is outerplanar, it follows
by Theorem 7.8 that for every outerplanar graph G,

X(G) <1+ max{é(H)} <3 (9.3)

where the maximum is taken over all subgraphs H of G. Since there are many
3-chromatic outerplanar graphs, the bound in (9.3) is sharp.

Recall also that every maximal outerplanar graph of order n > 3 is 2-connected
and that the size of every maximal outerplanar graph of order n > 2 is 2n — 3. We
now show for an outerplanar graph G with x(G) = 3 that both (9.1) and (9.2) are
true with “maximal planar” replaced by “maximal outerplanar”.

Theorem 9.7 An outerplanar graph G of order n > 3 is uniquely 3-colorable if
and only if G is maximal outerplanar.

Proof. Let G be a uniquely 3-colorable outerplanar graph of order n > 3 and
let there be given a 3-coloring of G. Furthermore, let the (unique) color classes
resulting from this 3-coloring be denoted by Vi, Vs, and V3, where |V;| = n; for
1 <4 <3andson=mng+ny+ns. By Theorem 9.1, each of the induced subgraphs

G[V1 U Vs], G[V1 U V3], and G[V2 U V3]

is connected. Thus the sizes of these three subgraphs are at least ny + no — 1,
n1 +ns — 1, and ny + ng — 1, respectively. Consequently, the size of G is at least

(ni4+ne—1)+ M1 +n3—1)+ (ne+ns—1)=2(ny +n2+ng) —3=2n-3.

Since the size of an outerplanar graph cannot exceed 2n — 3, it follows that the size
of G is 2n — 3 and so G is maximal outerplanar.

For the converse, let G be a maximal outerplanar graph of order n > 3 and
let there be given an outerplanar embedding of G such that the boundary of every
region of G is a triangle except possibly the exterior region. As we noted, x(G) = 3.
Assign the colors 1, 2, 3 to the vertices of some triangle T' of G. For every vertex v
of G not on T, there exists a sequence

T =T Th,...., T (k>1)

of triangles such that T; and T} share a common edge for each s with 0 < i < k—1
and v belongs to T}, but to no triangle 7; with 0 < ¢ < k — 1. The only uncolored
vertex of 17 has its color uniquely determined by the other two vertices of T7.
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Proceeding successively through the vertices of 11,75, ..., T not already colored,
we have that the vertex v is uniquely determined and so G is uniquely 3-colorable. m

Exercise 21 of Chapter 6 states that if G is a k-colorable graph, k > 2, of order
n such that 6(G) > (%) n, then G is k-chromatic. Béla Bollobés [21] showed

that with only a slightly stronger minimum degree condition, the graph G must be
uniquely k-colorable.

Theorem 9.8 If G is a k-colorable graph, k > 2, of order n such that
3k—5
— 4
16> (5=) (0.4
then G is uniquely k-colorable.

Proof. We proceed by induction on k. First, we consider the case k£ = 2. Let
G be a 2-colorable graph of order n such that 6(G) > n/4. Hence G is bipartite.
We claim that G is connected. Suppose that G is disconnected. Then G contains
a component H of order p < n/2. Since 6(G) > n/4, it follows that §(H) > p/2.
Since H has a partite set of order at most p/2, this contradicts the assumption that
d(H) > p/2. Thus G is connected and so G is uniquely 2-colorable.

Assume, for an integer k > 3, that if G’ is a (k — 1)-colorable graph of order n’

such that Sk 1) 5
5(GQ! — — 1
(G)><ak—n_2>”’
then G’ is uniquely (k — 1)-colorable. Let G be a k-colorable graph of order n such
that .
We show that G is uniquely k-colorable.
Let v be any vertex of G and let G, = G[N(v)] be a subgraph of order p. Since

v is adjacent to every vertex of G, no vertex of G, is assigned the color of v in any
k-coloring of G and so G, is (k — 1)-colorable. Since degy v = p > 0(G), it follows

that
> <—3k — 5) n.
3k —2
Hence P n
3k—5 3k 2
and so

(3 N, (3  [3k—38
P= 32 P=\3k =5 )P 7 \3,—5) ¥

For a vertex u in G,

degs u > k=5 n—(n—p) =p-— 3 n
86 3k — 2 PI=P= 3k -2
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Since G, is a (k — 1)-colorable graph, it follows by the induction hypothesis that
G, is uniquely (k — 1)-colorable.

Now let there be given a k-coloring ¢ of G and let x be an arbitrary vertex of G.
As we have seen, G, is uniquely (k — 1)-colorable and so x(G.) = k — 1. Since z is
adjacent to every vertex in G, the vertex = must be assigned a color different from
all those colors assigned to vertices in G,. Thus there is only one available color for
2 and so ¢(x) is uniquely determined, implying that G is uniquely k-colorable. m

The bound in (9.4) of Theorem 9.8 is sharp. Let » > 1. For k = 2, let G = 2K,
and for k > 3, let G = F + 2K, ,, where F is the complete (k — 2)-partite graph
each of whose partite sets consists of 3r vertices. Then G is a regular graph of order
n = r(3k — 2) such that degv = r(3k — 5) for all v € V(G). Then x(G) = k and

5(G) = r(3k — 5) = (%) n.

However, G is not uniquely k-colorable since the two colors assigned to the vertices
of 2K, , can be interchanged in one of the two copies of K. ,..

9.2 List Colorings

In recent decades there has been increased interest in colorings of graphs in which
the color of each vertex is to be chosen from a specified list of allowable colors. Let
G be a graph for which there is an associated set L(v) of permissible colors for each
vertex v of G. The set L(v) is commonly called a color list for v. A list coloring
of G is then a proper coloring ¢ of G such that ¢(v) € L(v) for each vertex v of G.
A list coloring is also referred to as a choice function. If

£={Lw): veV(QG)}

is a set of color lists for the vertices of G and there exists a list coloring for this set
£ of color lists, then G is said to be £-choosable or £-list-colorable. A graph
G is k-choosable or k-list-colorable if GG is £-choosable for every collection £ of
lists L(v) for the vertices v of G such that |L(v)| > k for each vertex v. The list
chromatic number x,(G) of G is the minimum positive integer k such that G is
k-choosable. Then x¢(G) > x(G). The concept of list colorings was introduced by
Vadim Vizing [182] in 1976 and, independently, by Paul Erdés, Arthur L. Rubin,
and Herbert Taylor [62] in 1979.
Suppose that G is a graph with A(G) = A. By Theorem 7.7 if we let

L) ={1,2,...,A, 1+ A}

for each vertex v of G, then for these color lists there is a list coloring of G. Indeed,
it V(G) = {v1,v2,...,0,} and £ = {L(v;) : 1 < i <n} is a collection of color lists
for G where each set L(v;) consists of any 1+ A colors, then a greedy coloring of G
produces a proper coloring and so G is £-choosable. Therefore, x¢(G) < 1+ A(G).
Summarizing these observations, we have
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X(G) < xu(G) <1+ A(G)

for every graph G.

We now consider some examples. First, x(Cy4) = 2 and so x¢(C4) > 2. Consider
the cycle Cy of Figures 9.5 and suppose that we are given any four color lists L(v;),
1 <4 <4, with |L(v;)| = 2. Let L(v1) = {a,b}. We consider three cases.

Case 1. a € L(va) N L(vy). In this case, assign v1 the color b and vy and vy the
color a. Then there is at least one color in L(vs) that is not a. Assigning vs that
color gives Cy a list coloring for this collection of lists.

Case 2. The color a belongs to exactly one of L(ve) and L(vs), say a € L(vg) —
L(vy). If there is some color z € L(v2) N L(vy), then assign vy and vg the color x
and v; the color a. There is at least one color in L(vs) different from x. Assign
vz that color. Hence there is a list coloring of Cy for this collection of lists. Next,
suppose that there is no color belonging to both L(ve) and L(vs). If a € L(vs),
then assign a to both v; and v3. There is a color available for both vo and wvy. If
a ¢ L(vs), then assign vy the color a, assign vy the color y in L(vy) different from
a, assign vs any color z in L(vs) different from y, and assign v4 any color in L(vy)
different from z. This is a list coloring for Cjy.

Case 3. a ¢ L(vz) U L(vs). Then assign vy the color ¢ and vs any color from
L(v3). Hence there is an available color from L(v2) and L(vs) to assign to ve and
vy, respectively. Therefore, there is a list coloring of Cy for this collection of lists.

U1 V2

Cy : L(v1) = {a, b}

on U3
Figure 9.5: The graph C} is 2-list colorable

Actually, x¢(C,,) = 2 for every even integer n > 4. Before showing this, however,
it is useful to show that y¢(7') = 2 for every nontrivial tree T'.

Theorem 9.9 FEvery tree is 2-choosable. Furthermore, for every tree T, for a
vertex u of T, and for a collection £ = {L(v): v € V(T)} of color lists of size 2,
where a € L(u), there exists an £-list-coloring of T in which u is assigned color a.

Proof. We proceed by induction on the order of the tree. The result is obvious
for a tree of order 1 or 2. Assume that the statement is true for all trees of order
k, where k > 2. Let T be a tree of order k + 1 and let

L={LW): veV(T)}

be a collection of color lists of size 2. Let v € V(T') and suppose that a € L(u). Let
x be an end-vertex of T' such that x # u and let
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& ={Lw): ve V(T —-ux)}.

Let y be the neighbor of  in T'. By the induction hypothesis, there exists an £'-list-
coloring ¢’ of T — z in which u is colored a. Now let b € L(x) such that b # ¢/ (y).
Then the coloring ¢ defined by

o(v) = b ifv=2o
T dw) ifv#x
is an £-list-coloring of T in which w is colored a. [

Theorem 9.10 FEwvery even cycle is 2-choosable.

Proof. We already know that Cj is 2-choosable. Let C,, be an n-cycle, where
n > 6 is even. Suppose that C,, = (v1,va,...,vs,v1). Let there be given a collection
£ ={L(v;): 1<i<n} of color lists of size 2 for the vertices of C},. We show that
C,, is £-list-colorable. We consider two cases.

Case 1. All of the color lists are the same, say L(v;) = {1,2} for 1 < i < n.
If we assign the color 1 to v; for odd i and the color 2 to v; for even ¢, then C,, is
L-list-colorable.

Case 2. The color lists in £ are not all the same. Then there are adjacent
vertices v; and v; 41 in G such that L(v;) # L(vit+1). Thus there exists a color
a € L(vit1) — L(v;). The graph C,, — v; is a path of order n — 1. Let £ = {L(v) :
v € V(C, — v;)}. By Theorem 9.9, there exists an £'-list-coloring ¢’ of C), — v;
in which ¢/(vi+1) = a. Let b € L(v;) such that b # ¢/(v;—1). Then the coloring ¢

defined by
b ifv=u;
ov) = { dw) ifv#uy

is an £-list-coloring of G. [

Since the chromatic number of every odd cycle is 3, the list chromatic number of
every odd cycle is at least 3. Indeed, every odd cycle is 3-choosable (see Exercise 12).

We have seen that all trees and even cycles are 2-choosable. Of course, these are
both classes of bipartite graphs. Not every bipartite graph is 2-choosable, however.
To illustrate this, we consider x;(K33), where K33 is shown in Figures 9.6(a).
First, we show that x,(K33) < 3. Let there be given lists L(v;), 1 <14 < 6, where
|L(v;)| = 3. We consider two cases.

Case 1. Some color occurs in two or more of the lists L(v1), L(va), L(vs) or in
two or more of the lists L(vy), L(vs), L(vg), say color a occurs in L(vy) and L(vy).
Then assign v; and vy the color a and assign vs any color in L(vs). Then there is
an available color in L(v;) for v; (i =4,5,6).

Case 2. The sets L(v1), L(ve), L(vs) are pairwise disjoint as are the sets L(vy),
L(vs), L(vs). Let a1 € L(vy) and ag € L(vg). If none of the sets L(vs), L(vs), L(ve)
contain both a; and ag, then let ag be any color in L(vs). Then there is an available
color for each of vy, vs, vg to construct a proper coloring of K3 3. If exactly one of
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the sets L(vs), L(vs), L(vg) contains both a; and as, then select a color ag € L(vs)
so that none of L(vy4), L(vs), L(ve) contains all of ai, as, as. By assigning vz the
color ag, we see that there is an available color for each of vy, vs5, and vg.

Hence, as claimed, x¢(K3,3) < 3. We show in fact that x,(K33) = 3. Consider
the sets L(v;), 1 < i < 6, shown in Figures 9.6(b). Assume, without loss of gen-
erality, that vy is colored 1. Then v4y must be colored 2 and vs must be colored 3.
Whichever color is chosen for vz is the same color as that of either v4 or vs. This
produces a contradiction. Hence K3 3 is not 2-choosable and so x¢(K33) = 3.

{1, 2} {1, 3} {2,3}
[ i 1 E E ]:UG
{1 2} {1, 3} {2,3}

(a) (b)
Figure 9.6: The graph K3 3 is 3-choosable

The graph G = K3 3 shows that it is possible for x;(G) > x(G). In fact, x¢(G)
can be considerably larger than x(G).

Theorem 9.11 Ifr and k are positive integers such that r > (2k 1) then
X@(Kr,r) > k+ 1.

Proof. Assume, to the contrary, that x¢(¥;,) < k. Then there exists a k-list-
coloring of K. ,.. Let U and W be the partite sets of K, ,, where

U= {uy,us,...,u.} and W = {wy,wa, ..., w.}.

Let S = {1,2,...,2k—1}. There are (21@];1) distinct k-element subsets of S. Assign
these color lists to (Qkk_l) vertices of U and to (Qkk_l) vertices of W. Any remaining
vertices of U and W are assigned any of the k-element subsets of S. For i =
1,2,...,7, choose a color a; € L(u;) and let T = {a; : 1 <1i <r}. We consider two
cases.

Case 1. |T| < k—1. Then there exists a k-element subset S’ of S that is disjoint
from T. However, L(u;) = S’ for some j with 1 < j <. This is a contradiction.

Case 2. |T| > k. Hence there exists a k-element subset 77 of T'. Thus L(w;) = T"
for some j with 1 < j < r. Whichever color from L(wj;) is assigned for w;, this
color has been assigned to some vertex u;. Thus u; and w; have been assigned the
same color and u;w; is an edge of K. This is a contradiction. n

Graphs that are 2-choosable have been characterized. A ©-graph consists of
two vertices u and v connected by three internally disjoint u — v paths. The graph
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0; 5,1 is the ©-graph whose three internally disjoint u — v paths have lengths ¢, j,
and k. The core of a graph is obtained by successively removing end-vertices until
none remain. The following is due to Erdés, Rubin, and Taylor [62].

Theorem 9.12 A connected graph G is 2-choosable if and only if its core is K,
an even cycle, or O3 2 9 for some k > 1.

According to the Four Color Theorem, the chromatic number of a planar graph
is at most 4. In 1976 Vizing [182] and in 1979 Erdés, Rubin, and Taylor [62]
conjectured that the maximum list chromatic number of a planar graph is 5. In
1993, Margit Voigt [183] gave an example of a planar graph of order 238 that is
not 4-choosable. In 1994 Carsten Thomassen [171] completed the verification of
this conjecture. To show that every planar graph is 5-choosable, it suffices to verify
this result for maximal planar graphs. In fact, it suffices to verify this result for a
slightly more general class of graphs.

Recall that a planar graph G is nearly maximal planar if there exists a planar
embedding of G such that the boundary of every region is a cycle, at most one of
which is not a triangle. If G is a nearly maximal planar graph, then we may assume
that there is a planar embedding of G such that the boundary of every interior
region is a triangle, while the boundary of the exterior region is a cycle of length
3 or more. Therefore, every maximal planar graph is nearly maximal planar (see
Figure 9.7(a)). Also, every wheel is nearly maximal planar (see Figure 9.7(b)). The
graphs in Figures 9.7(c) and 9.7(d) (where the graph in Figure 9.7(d) is redrawn in
Figure 9.7(e)) are nearly maximal planar.

(d) ()

Figure 9.7: Nearly maximal planar graphs
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Theorem 9.13 FEvery planar graph is 5-choosable.

Proof. It suffices to verify the theorem for nearly maximal planar graphs. In fact,
we verify the following somewhat stronger statement by induction on the order of
nearly maximal planar graphs:

Let G be a nearly mazimal planar graph of order n > 3 such that the
boundary of its exterior region is a cycle C (of length 3 or more) and
such that £ = {L(v) : v € V(G)} is a collection of prescribed color
lists for G with |L(v)| > 3 for each v € V(C) and |L(v)| > 5 for each
veV(G)-V(C). Ifx and y are any two consecutive vertices on C with
a € L(x) and b € L(y) where a # b, then there exists an £-list-coloring
of G with x and y colored a and b, respectively.

The statement is certainly true for n = 3. Assume for an integer n > 4 that the
statement is true for all nearly maximal planar graphs of order less than n satisfying
the conditions in the statement and let G be a nearly maximal planar graph of order
n the boundary of whose exterior region is the cycle C and such that

£={Lw): veV(QG)}

is a collection of color lists for G for which |L(v)| > 3 for each v € V(C) and
|L(v)| > 5 for each v € V(G) — V(C). Let z and y be any two consecutive vertices
on C and suppose that a € L(z) and b € L(y) where a # b. We show that there
exists an £-list-coloring ¢ of G in which x and y are colored a and b, respectively.
We consider two cases, according to whether C' has a chord.

Case 1. The cycle C' has a chord uw. The cycle C contains two u — w paths P’
and P”, exactly one of which, say P’, contains both x and y. Let C’ be the cycle
determined by P’ and uw and let G’ be the nearly maximal planar subgraph of G
induced by those vertices lying on or interior to C’. Let

& ={L): veV(G)}.

By the induction hypothesis, there is an £'-list coloring ¢’ of G’ in which x and y
are colored a and b, respectively. Suppose that ¢/(u) = @’ and ¢/(w) =¥'.

Let C” be the cycle determined by P” and uw and let G” be the nearly max-
imal planar subgraph of G induced by those vertices lying on or interior to C”.
Furthermore, let

& ={L(v): veV(G")}

Again, by the induction hypothesis, there is an £”-list coloring ¢’ of G” such that
d"(u) = (u) =a and ¢"(w) = ¢/(w) = b'. Now the coloring ¢ of G defined by

[ dw)  ifveV(F)
d”—{c%w it ve V(G

is an £-list-coloring of G.
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Case 2. The cycle C' has no chord. Let vy be the vertex on C that is adjacent
to x such that vy # y and let

N(vo) = {x,v1,v2,...,0k, 2},

where z is on C. Since G is nearly maximal planar, we may assume that zvy, vz €
E(G) and v;v;41 € E(G) for i =1,2,...,k — 1 (see Figure 9.8).

Figure 9.8: A step in the proof of Theorem 9.13

Let P be the = — z path on C that does not contain vy and let
P = (x,vl,vg,...,vk,2)~

Furthermore, let C* be the cycle determined by P and P*. Then G — vg is a nearly
maximal planar graph of order n — 1 in which C* is the boundary of the exterior
region. Since |L(vg)| > 3, there are (at least) two colors a* and b* in L(vg) different
from a. We now define a collection £* of color lists L*(v) for the vertices v of G —vg
by

L*(v) = L(v) if v £ v; (1< <Fk)
and
L*(v;) = L(v;) — {a*,b*} (1 <i < k)
and let
& = {L*(v): ve V(G -}

Hence |L*(v)| > 3 for v € V(C*) and |L*(v)| > 5 for v € V(G*) — V(C*). By the
induction hypothesis, there is an £*-list coloring of G — vy with x and y colored a
and b, respectively. Since at least one of the colors a* and b* has not been assigned
to z, one of these colors is available for vy, producing an £-list coloring of G. Thus
G is £-choosable and so is 5-choosable. [

As we mentioned, in 1993 Margit Voigt gave an example of a planar graph
of order 238 that is not 4-choosable. In 1996 Maryam Mirzakhani [132] gave an
example of a planar graph of order 63 that is not 4-choosable. We now describe the
Mirzakhani graph and verify that it is, in fact, not 4-choosable.
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First, let H be the planar graph of order 17 shown in Figure 9.9(a). For each
vertex u of H, a list L(u) of three or four colors is given in Figure 9.9(b), where
L(u) C{1,2,3,4}. In fact, if degy u = 4, then L(u) = {1, 2, 3,4}, while if deg;; v #
4, then |L(u)| = 3. Let £ = {L(u) : uw € V(H)}. We claim that H is not
£-choosable.

H- s1 s9 124 123
s3 1234
T2 w T t1 124 234 134 123
r3 z 1234 1234 1234
1 v Y to 134 123 124 234
U3 1234
us ul 134 234

(a) (b)

Figure 9.9: A planar graph of order 17

Lemma 9.14 The planar graph H of Figure 9.9(a) with the set £ of color lists in
Figure 9.9(b) is not £-choosable.

Proof. Assume, to the contrary, that H is £-choosable. Then there exists a 4-
coloring ¢ of H such that c(u) € L(u) for each vertex v in H. Since each vertex of
degree 4 in H is adjacent to vertices assigned either two or three distinct colors, it
follows that each vertex of degree 4 in H is adjacent to two (nonadjacent) vertices
assigned the same color. We claim that ¢(x) = 1 or ¢(w) = 2. Suppose that ¢(x) # 1
and c(w) # 2. Then there are two possibilities. Suppose first that c(z) = 3 and
c¢(w) = 4. Then either ¢(s1) = 3 or ¢(s2) = 4. This is impossible, however, since
3 ¢ L(s1) and 4 ¢ L(s2). Next, suppose that ¢(z) = 4 and ¢(w) = 3. Then either
¢(v) =4 or ¢(y) = 3. This is impossible as well since 4 ¢ L(v) and 3 ¢ L(y). Hence,
as claimed, ¢(z) =1 or ¢(w) = 2. We consider these two cases.

Case 1. ¢(x) = 1. Since none of the vertices t1, t2, and y can be assigned the
color 1, it follows that ¢(¢1) = ¢(y) = 2. Since none of the vertices ui, us, and v
can be assigned the color 2, it follows that ¢(u;) = ¢(v) = 3. Therefore, none of the
vertices r1, ro, and w can be assigned the color 3. Thus ¢(r1) = ¢(w) = 4. Hence
c(x) =1, e(y) =2, c(v) =3, and ¢(w) = 4, which is impossible.

Case 2. c(w) = 2. Proceeding as in Case 1, we first see that c(r2) = c¢(v) = 1.
From this, it follows that c(us) = ¢(y) = 4. Next, we find that c(t3) = c(z) = 3.
Hence ¢(v) =1, ¢(w) = 2, ¢(x) = 3, and ¢(y) = 4, again an impossibility.

Therefore, as claimed, the graph H is not £-choosable for the set £ of lists
described in Figure 9.9(b). ]
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Let Hy, Hs, Hs, and H4 be four copies of H. For i = 1,2, 3,4, the color 7 in the
color list of every vertex of H; is replaced by 5, and the color i is then added to the
color list of each vertex not having degree 4. The graphs H; (1 = 1,2, 3,4) and the
color lists of their vertices are shown in Figure 9.10.

Ys 5
Hy : 1245 1235 H, 124 01235
2345 O 1235
1245 1234 1345 1235 1245 2345 1234 z3
T2
2345 sz’ 2345 1345 1345 1345
Y2 C
1345 1235 1245 1234 1234 1235 1245 y3
2345 1345 2345
1345 1234 1234 2345
Ya T4

. x2 Y2
Hs : 1234 1235 Hy: 1245 1234
1234 1245 1235
4 2345 1345 1235 1245 2345 1345 1234
z3 /
1245 1245 1245 1235 1235 1235
3 -
ya 1235 1234 9345 1345 1234 / 1245 9345
1345 / 1245 1235
1345 2345 1345 2345

1 Y1

Figure 9.10: The graphs H; (i = 1,2,3,4)

The Mirzakhani graph G (a planar graph of order 63) is constructed from
the graphs H; (i = 1,2,3,4) of Figure 9.10 by identifying the two vertices labeled
x; and the two vertices labeled y; for i = 2,3,4 and adding a new vertex p with
L'(p) ={1,2,3,4} and joining p to each vertex of each copy H; of H whose degree
is not 4. The Mirzakhani graph is shown in Figure 9.11 along with the resulting
color lists for each vertex. Let £ = {L'(u) : v € V(G)}. We show that G is not
£'-choosable.

Theorem 9.15 The Mirzakhani graph of (Figure 9.11) is not 4-choosable.

Proof. Let L'(u) be the color list for each vertex w in G shown in Figure 9.11 and
let & ={L'(u): u € V(G)}. We claim that G is not £'-choosable. Suppose, to the
contrary, that G is £'-choosable. Then there is a coloring ¢’ such that ¢/(u) € L'(u)
for each u € V(G). Since the graph H of Figure 9.9(a) is not £-choosable for the set
£ of lists in Figure 9.9(b), the only way for G to be £'-choosable is that ¢/(v;) =i
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1 Y1
1345 2345
1235
1234 1245
1345 2345
Hy : 1235 1235 1235
1245 \\\\\\* 1234
2345 1345
1235
T2 Y2
1245 1234
1345
2345 1235
1245 /////;31234
Hy 1345 1345 1345
1235 2345
1234 1245
1345
z3 ////// 3
1235 2345
1245
1345 1234
1235 0 2345
Hj : 1245 1245 O
1234 1345
2345 1235
1245
T4 Ya
1234 1345
2345
1245 1235
1234 1345
Hy : 2345 234 2345
1235 1245
1345 1234
O
T5 ¢ Y5

Figure 9.11: The Mirzakhani graph:
A non-4-choosable planar graph of order 63

1234

239
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for some v; € V(H;) for i = 1,2, 3,4. However then, regardless of the value of ¢/(p),
the vertex p is adjacent to a vertex in G having the same color as p, producing a
contradiction, Thus, as claimed, G is not £'-choosable. Because |L'(u)| = 4 for each
u € V(G), it follows that G is not 4-choosable. ]

Since the Mirzakhani graph has chromatic number 3, it follows that a 3-colorable
planar graph need not be 4-choosable. Noga Alon and Michael Tarsi [10] did show
that every bipartite graph is 3-choosable, however.

9.3 Precoloring Extensions of Graphs

When attempting to provide a proper coloring of a given graph G, it would be
reasonable to begin by coloring some of the vertices of G so that the colors assigned
to two adjacent vertices are different. Of course, the question becomes how to
complete a coloring of G from this initial coloring. By a precoloring of a graph
G, we mean a coloring p : W — N of a nonempty subset W of V(G) such that
p(u) # p(v) if u,v € W and wv € E(G). What we are interested in is whether the
coloring p of W can be extended to a coloring ¢ : V(G) — N such that ¢(w) = p(w)
for each w € W. With no further restriction, every coloring p of W can be extended
to a coloring ¢ of G by letting

ACN-—{pv):veW}
such that |A| = |[V(G)| — |W], letting
c: V(G -W— A
be a bijective function and defining
c(w) = p(w) for all w e W.

Thus the coloring p of W can be extended to the coloring ¢ of G. What we are
primarily interested in, however, is whether a k-precoloring of G, where k > x(G),
can be extended to a k-coloring of G or perhaps to an ¢-coloring where ¢ > k and ¢
exceeds k by as little as possible.

First, note that if the two end-vertices of the path Py for any positive integer k
are assigned the same color in a 2-precoloring of Poy, then this cannot be extended
to a 2-coloring of Ps;. On the other hand, if this is a 3-precoloring of Psy, then it
can be extended to a 3-coloring of Py.

Also if, in the planar graph G in Figure 9.12, p(x) = p(u1) = 1 in a 4-coloring
p of W = {z,u1}, then p cannot be extended to a 4-coloring of G. On the other
hand, if p is a 5-coloring of W, then p can be extended to a 5-coloring of G.

For a set W of vertices in a graph G, the number d(W) is defined as

d(W) = min{d(w,w') : w,w" € W,w # w'}.

Carsten Thomassen [171] asked the following question:
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Figure 9.12: The graph G

If G is a planar graph and W is a set of vertices of G such that d(W) >
100, does a 5-coloring of W always extend to a 5-coloring of G?

If “5-coloring” is replaced by “4-coloring” and “d(W') > 100" is replaced by “d(W) >
3”7, then the answer to this question is no. For example, if we were to assign the
color 1 to the vertices in the set W = {w;, ws, ws,ws} in the planar graph G of
Figure 9.13, then this 4-coloring of W cannot be extended to a 4-coloring of G.

w1
U1
G:
w2
O O
w3 U3 Vg w4

Figure 9.13: A planar graph G

Michael Albertson [7] showed that if W is a set of vertices in a planar graph G
such that d(W) > 4, then every 5-coloring of W can be extended to a 5-coloring of
G. Indeed, Albertson proved the following more general result.

Theorem 9.16 Let G be a k-colorable graph and let W be a set of vertices of
G such that d(W) > 4. Then every (k + 1)-coloring of W can be extended to an
(k 4+ 1)-coloring of G.

Proof. Letp: W — {1,2,...,k+1} be a (k+ 1)-precoloring and let ¢’ : V(G) —
{1,2,...,k} be a k-coloring of G. We use the k-coloring ¢’ of G to define a (k + 1)-
coloring ¢ of G such that c(w) = p(w) for every w € W. First, if w € W, then
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define ¢(w) = p(w). Next, if u € V(G) — W such that u is a neighbor of (necessarily
exactly one vertex) w € W and ¢/(w) = p(w), then define c(u) = k+ 1. In all
other cases, we define c¢(u) = ¢/(u) for u € V(G) — W. Hence only vertices v in G
for which c(v) = k + 1 are either those vertices v € W with ¢/(v) = k+ 1 or are
neighbors of a vertex w € W such that ¢(w) = ¢/(v) # k + 1. Hence if z,y € V(G)
such that ¢(z) = ¢(y) = k + 1, then d(z,y) > 2 since d(W) > 4. Therefore, ¢ is a
proper (k + 1)-coloring of G that is an extension of the (k + 1)-coloring p of W. m

The corona cor(G) of a graph G is that graph obtained from G by adding a
new vertex w’ to G for each vertex w of G and joining w’ to w. If G has order n
and size m, then cor(G) has order 2n and size m + n. For example, the graph G of
Figure 9.13 is the corona of Kjy.

Let M be the Mirzakhani graph (shown in Figure 9.11) and let W’ be the set
of end-vertices of the corona of M. Furthermore, let

& ={L'(w): weW}

be the set of color lists of the vertices of W shown in Figure 9.11. Since |L'(w)| =
4 and L'(w) C {1,2,3,4,5} for each w € V (M), there is exactly one color in
{1,2,3,4,5} that does not belong to L'(w). Define p(w’) to be this color. In order
to extend this 5-coloring p of W’ to a 5-coloring ¢ of G, each vertex w of M must
be assigned a color ¢(w) such that ¢(w) € L'(w). However, this is only possible if
M is £'-choosable, which, as we saw in the proof of Theorem 9.15, is not the case.
Since d(W') = 3, this shows that the condition “d(W’) > 4” in the statement of
Theorem 9.16 is necessary.

According to Theorem 9.16 then, if W is any set of vertices in a planar graph G
with d(W) > 4, then any 5-coloring of W can be extended to a 5-coloring of G. As
we saw with the corona cor(M) of the Mirzakhani graph M, there is a 5-coloring
of the set W’ of end-vertices of cor(G) that cannot be extended to a 5-coloring of
cor(G). In this case, d(W') = 3. No matter how large a positive integer k may be,
there exists a planar graph G and a set W of the vertices of G for which d(W) > k
such that some 4-coloring of W cannot be extended to a 4-coloring of G. In order
to see this, we first consider the following theorem of John Perry Ballantine [13], a
proof of which appears in [9)].

Theorem 9.17 Let G be a maximal planar graph of order 5 or more that contains
exactly two vertices u and v of odd degree. FEvery 4-coloring of G must assign the
same color to u and v.

Proof. Let there be given a planar embedding of G and a 4-coloring of G using
colors from the set S = {1,2,3,4}. An edge whose incident vertices are colored 14
and j is referred to as an ij-edge, while a region (necessarily a triangular region)
whose incident vertices are colored i, j, and k is called an ¢jk-region. For colors i,
7, and k, let r; denote the number of regions incident with a vertex colored 4, let
r;; denote the number of regions incident with an ij-edge, and let r;;;, denote the
number of ijk-regions. Thus

1 =Tr123 + 124 + 7134,
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for example. A similar equation holds for ro, r3, and ry4.

Let 4 and j be two fixed colors of S, where k and ¢ are the remaining two colors.
Every ij-edge is incident with (1) two ijk-regions, (2) two ijl-regions, or (3) one
ijk-region and one ijf-region. This implies that r;; is even. Since

Tij = Tijk + Tije,
it follows that 7, and 70 are of the same parity. Since the number of regions in
G incident with a vertex x is degz, it follows that for each color i, the number r;
is the sum of the degrees of the vertices of G colored i.

Assume, to the contrary, that v and v are assigned distinct colors, say u is
colored 1 and v is colored 2. Therefore, r; and ro are odd and r3 and r, are even.
Because r1 = r123 + r124 + 1134 and every two of r123, 7124, and r134 are of the same
parity, these three numbers are all odd. Therefore, r123, 7134, and 7934 are odd as
well. However, rs = r123 + 7134 + 7234 is even, which is impossible. n

As a consequence of Theorem 9.17, we then have the following.

Corollary 9.18 Let G be a maximal planar graph of order 5 or more containing
exactly two odd vertices u and v and let W be any subset of V(G) containing u and
v. Then no 4-coloring of W that assigns distinct colors to u and v can be extended
to a 4-coloring of G.

Since there are planar graphs containing exactly two odd vertices that are ar-
bitrarily far apart (see Exercise 21), there are planar graphs G containing a set W
of vertices such that d(W) is arbitrarily large and for which some 4-coloring of W
cannot be extended to a 4-coloring of G.

As we saw, there are planar graphs G and sets W of vertices of G with d(W) = 3
for which some 5-coloring of W cannot be extended to a 5-coloring of GG. Such is
not the case for 6-colorings, however, as Michael Albertson [7] showed.

Theorem 9.19 Let G be a planar graph containing a set W of vertices such that
d(W) > 3. Every 6-coloring of W can be extended to a 6-coloring of G.

Proof. Let p be a 6-coloring of W and let G’ = G — W. For each z € V(G),
let L(z) be a subset of {1,2,...,6} such that |L(z)| =5 and p(w) ¢ L(z) if some
vertex w € W is adjacent to x. Surely at most one vertex of W is adjacent to x.
Since G’ is planar, it follows by Theorem 9.13 that G’ is 5-choosable. Hence there
exists a 5-coloring ¢ of G’ such that ¢(z) € L(z) for each x € V(G’). Defining

c(w) = p(w) for each w € W
produces a 6-coloring ¢ of G that is an extension of p. [

More generally, for a coloring of a set W of vertices of a graph G, Michael
Albertson and Emily Moore [8] obtained the following result with d(W) > 3.

Theorem 9.20 Let G be a k-chromatic graph and W C V(QG) such that d(W) > 3.
Then every (k + 1)-coloring of W can be extended to an £-coloring of G such that

3k+1
< :
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Proof. Suppose that a (k+1)-coloring of W is given using the colors 1,2, ..., k+1.
Since x(G) = k, the set V(G) — W can be partitioned into k independent sets
Vi,Va,...,Vi. Because the distance between every two vertices of W is at least
3, every vertex in each set V; (1 < i < k) is adjacent to at most one vertex of
W. Hence for every integer ¢ with 1 < ¢ < [(k +1)/2], each vertex of V; can be
colored with one of the two colors 2 — 1 and 2¢ in such a way that no vertex of
V; is assigned the same color as a neighbor of this vertex in W. For every integer
i with 1 < <k — [(k+1)/2], each vertex in the set V|(41)/2/+; can be assigned
the color k + 1+ ¢. Thus the total number of colors used is

w252 [ £

giving the desired result. [

To see that the bound for £ given in Theorem 9.20 is sharp, let G be the corona
of the complete k-partite graph Kpi1 x+1,...k+1 having partite sets Vi, Va, -+, Vi
and let W be the set of end-vertices of G. Then x(G) = k and d(W) = 3. Now
consider the coloring of W in which the k+ 1 vertices of W adjacent to the vertices
in V; (1 <14 < k) are colored with distinct colors from the set {1,2,...,k+1}. The
vertices in | (k + 1)/2] of the sets Vi, Va, - - -, Vi can be colored with two colors each
from the set {1,2,...,k+ 1}, while the vertices in each of the remaining sets must
be colored with a color from the set {k+2,k+3,...,k+1+(k—[(k+1)/2])} (see
Figure 9.14 for k = 4). Hence a total of

1)+ k VJAJ _ {3k+1w

2 2

colors is needed, establishing the sharpness of the bound for ¢ given in Theorem 9.20.
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Figure 9.14: Illustrating the sharpness of the bound
for ¢ given in Theorem 9.20
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There is no theorem analogous to Theorem 9.20 that provides a reasonable bound
for ¢ when d(W) = 2. For example, suppose that the partite sets of the complete
k-partite graph Kpi1 g+1,... k+1 are Vi, Vo, -+, V4. For each set V; (1 < i < k), we
add an independent set of k + 1 new vertices and join each of these vertices to the
vertices of V;, resulting in a new graph G. Then x(G) = k. Let W be the set of
all newly added vertices; so d(W) = 2. We now assign the colors 1,2,... k+1 to
the vertices of W joined to the vertices of V; for each integer i (1 < i < k). Then
k new colors are needed to color the remaining vertices of G, which of course was
required without the (k + 1)-coloring of W.

Exercises for Chapter 9

1. Let G be a noncomplete graph of order n and let k& be an integer with x(G) <
k < m. Show that there exist two k-colorings of G that result in distinct
partitions of V(@) into k color classes.

2. We know by the Four Color Theorem that no planar graph is 5-chromatic.
Prove that even if the Four Color Theorem were false, there would exist no
uniquely 5-colorable graph.

3. State and prove a characterization of uniquely 2-colorable graphs.

4. Determine x(G) for the planar graph G in Figure 9.15. Is G uniquely col-
orable?

Figure 9.15: The graph G in Exercise 4

5. Let G and H be two graphs. Prove that the join G+ H of G and H is uniquely
colorable if and only if G and H are uniquely colorable.

6. Characterize those graphs G for which G x K5 is uniquely colorable.

7. Prove or disprove: If G is a nontrivial uniquely k-colorable graph of order n
such that one of the k resulting color classes consists of a single vertex v, then
degv=n—1.

8. By Theorem 9.1, it follows that in every 3-coloring of a uniquely 3-colorable
graph G, the subgraph of G induced by the union of every two color classes
of G is connected. If there is a 3-coloring of a 3-chromatic graph G such that
the subgraph of G induced by the union of every two color classes of G is
connected, does this imply that G is uniquely 3-colorable?
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10.

11.

12.
13.
14.

15.

16.

17.

18.

19.

20.

21.
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Prove that if G is a uniquely k-colorable graph of order n and size m, then

o (k=1en—k)
- 2

Give an example of a 3-chromatic graph G that is not uniquely colorable for
which every 3-coloring of G results in one of three distinct partitions of V(G)
into color classes of two vertices each.

In showing that the bound given in (9.4) of Theorem 9.8 is sharp, an example

of a k-colorable graph G of order n was given such that §(G) = (g’]’z—:g) n but

G is not uniquely k-colorable. In fact, only k—2 color classes of G are uniquely
determined in any k-coloring of G. Give an example of a k-colorable graph H

2k—3
only k — 3 color classes are uniquely determined.

of order n for which 6(H) = (2k—5) n and such that in any k-coloring of H,

Prove that every odd cycle is 3-choosable.

Prove that x¢(K3,27) > 3.

Prove that the list-chromatic number of P, x K is 3 for every integer n > 4.
We have seen that x¢(K33) > 2; in fact, x¢(K3,3) = 3.

(a) Show that Xg(Kl()’lo) > 3.

(b) Show for each integer k > 4, that there exists a positive integer r such
that x/(K,,) > k.

Show that the Mirzakhani graph (Figure 9.11) has chromatic number 3.

It is known that the minimum degree of every induced subgraph of an outer-
planar graph is at most 2. Use this fact to prove that every outerplanar graph
is 3-choosable.

Use the fact that every planar graph contains a vertex of degree 5 or less to
prove that every planar graph is 6-choosable.

Suppose for G = K33 that a set £ = {L(v) : v € V(G)} of color lists is given
for the vertices v in G, where |L(u)| = 3 for one vertex u in G and |L(w)| = 2
for all other vertices w in G. Does there exist a list coloring of G for these
lists?

Prove or disprove: Every 2-precoloring of a tree T' can be extended to a 3-
coloring of T

Prove that for each positive integer k, there exists a maximal planar graph G,
a set W of vertices of G with d(W) > k, and a 4-coloring of W that cannot
be extended to a 4-coloring of G.
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22. For a graph G and the set S = {1,2,...,k}, where & € N, suppose that
L(v) C S for each v € V(G), where |L(v)| = 1 for all v belonging to some
subset W of V(G), | Uyew L(v)| = ¢, and L(v) = S for all v € V(G) — W. If
G is £-list colorable where £ = {L(v) : v € V(G)}, then what does this say
about precoloring extensions of the graph G?






Chapter 10

Edge Colorings of Graphs

The only graph colorings we have considered thus far have been vertex colorings and
region colorings in the case of plane graphs. There is a third coloring, however, which
we will discuss in this chapter: edge colorings. As with vertex colorings where the
primary emphasis has been on proper vertex colorings, the customary requirement
for edge colorings is that adjacent edges be colored differently, resulting in proper
edge colorings. This too will be our focus in the current chapter. We will see that
the subject of edge colorings is closely related to matchings and factorizations and
that this area has applications to problems of scheduling.

10.1 The Chromatic Index and Vizing’s Theorem

An edge coloring of a graph G is an assignment of colors to the edges of G, one
color to each edge. If adjacent edges are assigned distinct colors, then the edge
coloring is a proper edge coloring. Since proper edge colorings are the most
common edge colorings, when we refer to an edge coloring of a graph, we will mean
a proper edge coloring unless stated otherwise. In this chapter, we will be concerned
only with proper edge colorings.

Since a proper edge coloring of a nonempty graph G is a proper vertex coloring of
its line graph L(G), edge colorings of graphs is the same subject as vertex colorings
of line graphs. Because investigating vertex colorings of line graphs provides no
apparent advantage to investigating edge colorings of graphs, we will study this
subject strictly in terms of edge colorings.

A proper edge coloring that uses colors from a set of k colors is a k-edge
coloring. Thus a k-edge coloring of a graph G can be described as a function
¢: E(G) — {1,2,...,k} such that c(e) # e(f) for every two adjacent edges e and
fin G. A graph G is k-edge colorable if there exists a k-edge coloring of G. In
Figure 10.1(a), a 5-edge coloring of a graph H is shown; while in Figures 10.1(b)
and 10.1(c), a 4-edge coloring and a 3-edge coloring of H are shown.

As with vertex colorings, we are often interested in edge colorings of (nonempty)
graphs using a minimum number of colors. The chromatic index (or edge chro-

249



250 CHAPTER 10. EDGE COLORINGS OF GRAPHS

Figure 10.1: Edge colorings of a graph

matic number) x'(G) of a graph G is the minimum positive integer k for which G
is k-edge colorable. Furthermore, x'(G) = x(L(G)) for every nonempty graph G.

If a graph G is k-edge colorable for some positive integer k, then x'(G) < k. In
particular, since the graph H of Figure 10.1 is 3-edge colorable, x'(H) < 3. On the
other hand, since H contains three mutually adjacent edges (indeed, several such
sets of three edges), at least three distinct colors are required in any edge coloring
of H and so x/(H) > 3. Therefore, x'(H) = 3.

Let there be given a k-edge coloring of a nonempty graph G using the colors
1,2,...,kand let E; (1 <i <k) be the set of edges of G assigned the color i. Then
the nonempty sets among F, Fa, ..., E; of E(G) are the edge color classes of G
for the given k-edge coloring. Thus the nonempty sets in {E1, Es, ..., E,} produce
a partition of E(G) into edge color classes. Since no two adjacent edges of G are
assigned the same color in a (proper) edge coloring of G, every nonempty edge color
class consists of an independent set of edges of G. Indeed, the chromatic index of
G is the minimum number of independent sets of edges into which E(G) can be
partitioned. Also, if x'(G) = k for some graph G, then every k-edge coloring of G
must result only in £ nonempty edge color classes.

Recall (from Chapter 4) that the edge independence number o/ (G) of a
nonempty graph G is the maximum number of edges in an independent set of edges
of G. Furthermore, if the order of G is n, then o/ (G) < n/2. The following gives a
simple yet useful lower bound for the chromatic index of a graph and is an analogue
to the lower bound for the chromatic number of a graph presented in Theorem 6.10.

Theorem 10.1 If G is a graph of size m > 1, then

m

X' (G) > G

Proof. Suppose that x'(G) = k and that E, Es, ..., Ej are the edge color classes
in a k-edge coloring of G. Thus |E;| < o/(G) for each i (1 <4 < k). Hence

k
m=|B(G)| =) _|Ei| < ka'(G)

=1
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andsox’(G)sz%. ]

Since every edge coloring of a graph G must assign distinct colors to adjacent

edges, for each vertex v of G it follows that degv colors must be used to color the
edges incident with v in G. Therefore,

X (G) > A(G) (10.1)

for every nonempty graph G.

In the graph G of order n = 7 and size m = 10 of Figure 10.2, A(G) = 3. Hence
by (10.1), x’(G) > 3. On the other hand, X = {uz,vz,wy} is an independent set
of three edges of G and so o/(G) > 3. Because, o/ (G) < n/2 = 7/2, it follows that
o/(G) = 3. By Theorem 10.1, x'(G) > m/d/(G) = 10/3 and so x'(G) > 4. The
4-edge coloring of G in Figure 10.2 shows that x/(G) < 4 and so ¥/ (G) = 4.

Figure 10.2: A graph with chromatic index 4

While A(G) is a rather obvious lower bound for the chromatic index of a
nonempty graph G, the Russian graph theorist Vadim G. Vizing [181] established a
remarkable upper bound for the chromatic index of a graph. Vizing’s theorem, pub-
lished in 1964, must be considered the major theorem in the area of edge colorings.
Vizing’s theorem was rediscovered in 1966 by Ram Prakash Gupta [86].

Theorem 10.2 (Vizing’s Theorem) For every nonempty graph G,
X'(G) <1+ A(G).

Proof. Suppose that the theorem is false. Then among all those graphs H for
which x'(H) > 2+ A(H), let G be one of minimum size. Let A = A(G). Thus G
is not (1 + A)-edge colorable. On the other hand, if e = wv is an edge of G, then
G —eis (1 + A(G — e))-edge colorable. Since A(G —e) < A(G), the graph G — e
is (1 + A)-edge colorable.

Let there be given a (1 4+ A)-edge coloring of G — e. Hence, with the exception
of e, every edge of G is assigned one of 1 + A colors such that adjacent edges are
colored differently. For each edge ¢’ = uv’ of G incident with u (including the edge
e), we define the dual color of ¢’ as any of the 1+ A colors that is not used to color
the edges incident with v’. (See Figure 10.3.) Since degv’ < A, there is always
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Figure 10.3: A step in the proof of Theorem 10.2

at least one available color for the dual color of the edge uv’. It may occur that
distinct edges have the same dual color.

Denote the edge e by eg = uvy as well (where then vy = v) and suppose that eg
has dual color o1 (Thus «; is not the color of any edge incident with v.) Necessarily,
some edge e; = uwv; incident with u is colored «, for otherwise the color a could
be assigned to e, producing a (1 + A)-edge coloring of G.

Let as be the dual color of e;. (Thus no edge incident with v; is colored as.) If
there should be some edge incident with w that is colored ai, then denote this edge
by ea = uws and let its dual color be denoted by as. (See Figure 10.4.) Proceeding
in this manner, we then construct a sequence eg,es,...,ex (K > 1) containing a
maximum number of distinct edges, where e¢; = uv; for 0 < i < k. Consequently,
the final edge ey, of this sequence is colored «y, and has dual color ag41. Therefore,
each edge e; (0 < i < k) is colored «; and has dual color ;1.

v1 (no edge incident with vy is colored ag)

e1 (colored aq, has dual color ag)

UDm = mm m e e -0 vg =v (no edge incident with v is colored «)
(a1 is the dual color of e)

es (colored ag, has dual color as)

vy (no edge incident with vy is colored a)
Figure 10.4: A step in the proof of Theorem 10.2
We claim that there is some edge incident with u that is colored ayy1. Suppose

that this is not the case. Then each of the edges eg,eq, ..., e, can be assigned its
dual color, producing a (1 + A)-edge coloring of G. This, however, is impossible.
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Thus, as claimed, there is an edge e41 incident with u that is colored avgy1.

Since the sequence eg, €1, . . . , e, contains the maximum number of distinct edges,
it follows that exy1 = e; for some j with 1 < j < k and so ax41 = «;. Since the
color assigned to ey is not the same as its dual color, it follows that apy1 # .
Therefore, 1 < j < k. Let j=t+1for 0 <t < k—1. Hence a1 = az41 and so
er and e; have the same dual color.

There must be a color 3 used to color an edge incident with v in G — e that is
not used to color any edge incident with w. If this were not the case, then there
would be degou —1 < A — 1 colors used to color the edges incident with u or v,
leaving two or more colors available for e. Assigning e one of these colors produces
a (1 + A)-edge coloring of G, resulting in a contradiction.

The color 8 must also be assigned to some edge incident with v; for each i with
1 < i < k. If this were not the case, then there would exist a vertex v, with
1 <r < k such that no edge incident with v, is colored 3. However, we could then
change the color of e, to 8 and color each edge e; (0 < i < r) with its dual color to
obtain a (1 + A)-edge coloring of G, which is impossible.

Let P be a path of maximum length with initial vertex v, whose edges are
alternately colored 8 and a1, and let @ be a path of maximum length with initial
vertex v; whose edges are alternately colored # and a;11 = ag41. Suppose that P
is a vy — x path and @ is a vy — y path. We now consider four cases depending on
whether the vertices z and y belong to the set {vg,v1,...,vk_1,u}.

Case 1. x = v, for some integer v with 0 < r < k — 1. Since ag41 is the dual
color of ey, no edge incident with vy is colored ay41 and so the initial edge of P
must be colored 3. We have seen that for every integer ¢ with 0 < ¢ < k, there is an
edge incident with v; that is colored 8. Because of the defining property of P, the
color of the terminal edge of P cannot be ay41. This implies that no edge incident
with v, is colored aj4+1 and so both the initial and terminal edges of P are colored
8. Unless v, = v, the vertex vy is not on P as no edge incident with v; is colored
Q41

We now interchange the colors 5 and ag41 of the edges of P. If r = 0, then e
can be colored 3; otherwise, r > 0 and no edge incident with v, is colored 3 and the
dual color of e; with 0 <4 < r is not changed. Then the edge e, can be colored (8
and each edge e; with 0 < ¢ < r can be colored with its dual color. This, however,
results in a (1 4+ A)-edge coloring of G, which is impossible.

Case 2. y = v, for some integer r with 0 < r < k where r # t. As in Case 1, the
initial and terminal edges of @) must also be colored 3 and no edge incident with v,
is colored ay+1. Furthermore, @ does not contain the vertex vy unless v, = vi. We
now interchange the colors 5 and ay41 of the edges of Q. If r < ¢, then we proceed
as in Case 1. On the other hand, if r > ¢, we change the color of e to 3 if t = 0;
while if ¢ > 0, we change the color of e; to 8 and color each edge ¢; (0 < i < t)
with its dual color. This implies that G is (1 + A)-edge colorable, producing a
contradiction.

Case 3. Either (1) x # v, for 0 <r <k—1andx #u or (2) y # v, forr #1t
and y # u. Since (1) and (2) are similar, we consider (1) only. Upon interchanging
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the colors # and ay41 of the edges of P, the edge incident with v is colored S.
Furthermore, the dual color of each edge e; (0 < ¢ < k) has not been altered. Thus
ey is colored 3 and each edge e; (0 < i < k) is colored with its dual color, producing
a contradiction.

Case 4. x = y = u. Necessarily, the initial edges of P and @ are colored § and
the terminal edges of P and @ are colored aj41. Since no edge incident with u is
colored 3, the paths P and ) cannot be edge-disjoint, for this would imply that u
is incident with two distinct edges having the same color (namely aj1), which is
impossible. Thus P and @ have the same terminal edge and so there is a first edge
f that P and @ have in common. Since f is adjacent to another edge of P and
another edge of @, there are three mutually adjacent edges of G belonging to P or
@ and so there are adjacent edges of G — e that are colored the same. Since this is
impossible, this case cannot occur. [

While multiple edges have no effect on the chromatic number of a graph, quite
obviously they can greatly influence the chromatic index of a graph. For example,
Theorem 10.1 holds for multigraphs as well, that is, if G is a multigraph of size
m > 1, then
(10.2)

For a multigraph G, we write u(G) for the maximum multiplicity of G, which is
the maximum number of edges joining the same pair of vertices of G. Vizing [181]
and, independently, Gupta [86] found an upper bound for x’(G) in terms of A(G)
and u(G).

Theorem 10.3  For every nonempty multigraph G,
X (G) £ A(G) + u(G).

For a graph G, Theorem 10.3 reduces to x'(G) < A(G) + 1, which is The-
orem 10.2. Claude Elwood Shannon (1916-2001) found an upper bound for the
chromatic index of a multigraph G in terms of A(G) alone [164].

Theorem 10.4 (Shannon) If G is a multigraph, then

3A(G)
S

X'(G) <

Proof. Suppose that the theorem is false. Among all multigraphs H with x'(H) >
3A(H)/2, let G be one of minimum size. Let A(G) = A and u(G) = p. Suppose
that x'(G) = k. Hence x(G — f) = k — 1 for every edge f of G. By Theorem 10.3,
k < A+ p and, by assumption, k > 3A/2.

Let u and v be vertices of G such that there are u edges joining them. Let e
be one of the edges joining v and v. Thus x'(G — e) = k — 1. Hence there exists a
(k — 1)-edge coloring of G — e. The number of colors not used in coloring the edges
incident with w is at least (k—1) — (A —1) = k— A. Similarly, the number of colors
not used in coloring the edges incident with v is at least k — A as well.
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Each of these kK — A or more colors not used to color an edge incident with u
must be used to color an edge incident with v, for otherwise there is a color available
for e, contradicting our assumption that x'(G) = k. Similarly, each of the k — A or
more colors not used to color an edge incident with v must be used to color an edge
incident with u. Hence the total number of colors used to color the edges incident
with v or v is at least

2k —A)+p—1<k—1.
Since 3A/2 < k < A + p, it follows that ¢ > A/2 and so
2k—A)+(A/2) —1<2k-A)+p—-1<k-1

Therefore,
2k—(3A/2) - 1< k-1,

implying that k& < 3A/2, which is a contradiction. [

There are occasions when the upper bound for the chromatic index of a multi-
graph given by Shannon’s theorem is an improvement over that provided by The-
orem 10.3. For the multigraph G of Figure 10.5(a), A(G) = 7 and u(G) = 4.
Thus 7 < x(G) < 11 by Theorem 10.3. By Shannon’s theorem, x'(G) < (3-7)/2
and so x'(G) < 10. Since the size of G is 16 and at most two edges of G can be
assigned the same color, it follows by Theorem 10.1 for multigraphs (10.2) that
X' (G) > 16/2 = 8. In fact, x'(G) = 8 as the 8-edge coloring of G in Figure 10.5(b)
shows.

(a)

Figure 10.5: A multigraph G with A(G) =7, u(G) =4, and x'(G) =8

10.2 Class One and Class Two Graphs

By Vizing’s theorem, it follows that for every nonempty graph G, either x'(G) =
A(G) or X' (G) = 1+A(G). A graph G belongs to or is of Class one if ' (G) = A(G)
and is of Class two if x'(G) = 1 + A(G). Consequently, a major question in the
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area of edge colorings is that of determining to which of these two classes a given
graph belongs.

While we will see many graphs of Class one and many graphs of Class two, it
turns out that it is much more likely that a graph is of Class one. Paul Erdés and
Robin J. Wilson [65] proved the following, where the set of graphs of order n is
denoted by G,, and the set of graphs of order n and of Class one is denoted by G, ;.

Theorem 10.5 Almost every graph is of Class one, that is,

(Gnal _

1.
|Gnl

lim,, oo

We now look at a few well-known graphs and classes of graphs to determine
whether they are of Class one or Class two. We begin with the cycles. Since the
cycle C,, (n > 3) is 2-regular, x'(Cy,) = 2 or x'(C),) = 3. If n is even, then the edges
may be alternately colored 1 and 2, producing a 2-edge coloring of C,,. If n is odd,
then o/(C,) = (n—1)/2. Since the size of C,, is n, it follows by Theorem 10.1 that
X' (Cpn) = n/d/(Cr) =2n/(n—1) > 2 and so x'(Cy,) = 3. Therefore,

, 2 if nis even
X(Cn) = { 3 if nis odd.

Since A(Cy,) = 2, it follows that C,, is of Class one if n is even and of Class two if
n is odd.

We now turn to complete graphs. Since K, is (n — 1)-regular, either x'(K,) =
n—1or x'(K,) = n. If nis even, then it follows by Theorem 4.15 that K, is
1-factorable, that is, K, can be factored into n — 1 1-factors Fy, Fs,..., F,,_1. By
assigning each edge of F; (1 < i < n — 1) the color 4, an (n — 1)-edge coloring of
K, is produced. If n is odd, then o/(K,) = (n — 1)/2. Since the size m of K,
is n(n — 1)/2, it follows by Theorem 10.1 that x/(K,) > m/a/(K,) = n. Thus
X' (Kp) =n. In summary,

, n—1 if niseven
X(Kn) = { n if n is odd.
Consequently, the chromatic index of every nonempty complete graph is an odd
integer. Since A(K,,) =n — 1, it follows, as with the cycles C,,, that K, is of Class
one if n is even and of Class two if n is odd.

Of course, both the cycles and complete graphs are regular graphs. For an r-
regular graph G, either x'(G) = r or X'(G) = r + 1. If ¥/(G) = r, then there
is an r-edge coloring of G, resulting in r color classes F1, Fa, ..., E.. Since every
vertex v of G has degree r, the vertex v is incident with exactly one edge in each
set F; (1 <14 <r). Therefore, each color class F; is a perfect matching and G is
1-factorable. Conversely, if G is 1-factorable, then x'(G) = r.

Theorem 10.6 A regular graph G is of Class one if and only if G is 1-factorable.
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We saw in Section 4.3 that the Petersen graph P is not 1-factorable and so it is
of Class two, that is, x'(P) = 4. The formulas mentioned above for the chromatic
index of cycles and complete graphs are immediate consequences of Theorem 10.6,
as is the following.

Corollary 10.7 FEwvery regular graph of odd order is of Class two.

We have already seen that the even cycles are of Class one. The four graphs
shown in Figure 10.6 are of Class one as well. The even cycles and the four graphs
of Figure 10.6 are all bipartite. These graphs serve as illustrations of a theorem due
to Denés Konig [114].

v

Figure 10.6: Some Class one graphs

Theorem 10.8 (Ko6nig’s Theorem) If G is a nonempty bipartite graph, then
X'(G) = A(G).

Proof. Suppose that the theorem is false. Then among the counterexamples, let
G be one of minimum size. Thus G is a bipartite graph such that x'(G) = A(G)+1.
Let e € E(G), where e = uv. Necessarily, u and v belong to different partite sets
of G. Then x/'(G —e) = A(G — e). Now A(G — ¢e) = A(G), for otherwise G is
A(G)-edge colorable.

Let there be given a A(G)-edge coloring of G — e. Each of the A(G) colors
must be assigned to an edge incident either with u or with v in G — e, for otherwise
this color could be assigned to e producing a A(G)-edge coloring of G. Because
dego_.u < A(G) and degg_.v < A(G), there is a color a of the A(G) colors
not used in coloring the edges of G — e incident with u and a color § of the A(G)
colors not used in coloring the edges of G — e incident with v. Then « # 8 and,
furthermore, some edge incident with v is colored o and some edge incident with u
is colored 3.

Let P be a path of maximum length having initial vertex v whose edges are
alternately colored o and 3. The path P cannot contain w, for otherwise P has odd
length, implying that the initial and terminal edges of P are both colored a. This
is impossible, however, since u is incident with no edge colored «. Interchanging
the colors o and [ of the edges of P produces a new A(G)-edge coloring of G — e
in which neither u nor v is incident with an edge colored a. Assigning e the color
a produces a A(G)-edge coloring of G, which is a contradiction. [
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We have seen that if G is a graph of size m, then any partition of E(G) into
independent sets must contain at least % sets. If v is a vertex with deg v = A(G),

then each of the A(G) edges incident with v must belong to distinct independent
sets. Thus ity > A(G) and so m > A(G) - o (G). f m > A(G) - o/ (G), then we

can say maore.

Theorem 10.9 If G is a graph of size m such that
m > o' (G)A(G),

then G is of Class two.

Proof. By Theorem 10.1, xX'(G) > a,TG). Thus
A(G) - /(G)
"G) = = AG
X( )— O/(G) > Oél(G) ( )5
which implies that x(G) =1+ A(G) and so G is of Class two. L]

If G is a graph of order n, then o/(G) < |[%|. Therefore, the largest possible
value of A(G) - o/(G) is A(G) - [2]. A graph G of order n and size m is called

overfull if m > A(G) - | %]. If n is even, then [n/2] =n/2 and

2m = Z degv < nA(G).
veV(G)

Therefore, m < A(G) - (n/2) = A(G) - 2] and so G is not overfull. Thus no graph
of even order is overfull.

Since o/ (G) < L%J for every graph G of order n, Theorem 10.9 has an immediate
corollary (see Exercise 6).

Corollary 10.10 FEwvery overfull graph is of Class two.
We now look at two problems whose solutions involve edge colorings.

Example 10.11 A community, well known for having several professional tennis
players train there, holds a charity tennis tournament each year, which alternates
between men and women tennis players. During the coming year, women tennis
players will be featured and the professional players Alice, Barbara, and Carrie will
be in charge. Two tennis players from each of two local tennis clubs have been
invited to participate as well. Debbie and Elizabeth will participate from Woodland
Hills Tennis Club and Frances and Gina will participate from Mountain Meadows
Tennis Club. No two professionals will play each other in the tournament and no
two players from the same tennis club will play each other; otherwise, every two of
the seven players will play each other. If no player is to play two matches on the
same day, what is the minimum number of days needed to schedule this tournament?
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Solution. We construct a graph H with V(H) = {A, B, ---, G} whoses vertices
correspond to the seven tennis players. Two vertices x and y are adjacent in H
if x and y are to play a tennis match against each other. The graph H is shown
in Figure 10.7. The answer to the question posed is the chromatic index of H.
The order of H is n = 7 and the degrees of its vertices are 5,5,5,5,4,4,4. Thus
A(H) =5 and the size of H is m = 16. Since

16 = m > A(H) - gJ =15,

the graph H is overfull. By Corollary 10.10, H is of Class two and so x'(H) =
1+ A(H) =6. A 6-edge coloring of H is also shown in Figure 10.7. This provides
us with a schedule for the tennis tournament taking place over a minimum of six
days. ¢

Day 1: AD, EG
Day 2: AF, BE, DG
Day 3: AE, CF
Day 4: BD, CG, EF
Day 5: BG, CE, DF
Day 6: AG, BF, CD

Figure 10.7: The graph H in Example 10.11 and a 6-edge coloring of H

Example 10.12 One year it is decided to have a charity tennis tournament con-
sisting entirely of double matches. Five tennis players (denoted by A, B,C,D, E)
have agreed to participate. Fach pair {W, X} of tennis players will play a match
against every other pair {Y, Z} of tennis players, where then {W,X}N{Y,Z} =10,
but no 2-person team is to play two matches on the same day. What is the minimum
number of days needed to schedule such a tournament? Give an example of such a
tournament using a minimum number of days.

Solution. We construct a graph G whose vertex set is the set of 2-element subsets
of {A, B,C, D, E}. Thus the order of G is (}) = 10. Two vertices {W, X } and {Y, Z}
are adjacent if these sets are disjoint. The graph G is shown in Figure 10.8. Thus
G is the Petersen graph, or equivalently the Kneser graph KGs o (see Section 6.2).
To answer the question, we determine the chromatic index of G. Since the Petersen
graph is known to be of Class two, it follows that x'(G) = 1+ A(G) = 4. A 4-edge
coloring of G is given in Figure 10.8 together with a possible schedule of tennis
matches over a period of four days. ¢
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Day 1: AB-CE, AC-BD, AE-BC, AD-BE
Day 2: AB-CD, AC-BE, AE-BD, BC-DE
Day 3: AB-DE, AD-BC, AE-CD, BD-CE
Day 4: AC-DE, AD-CE, BE-CD

Figure 10.8: The Petersen graph G in Example 10.12 and a 4-edge coloring of G

As we have seen, the size of a graph G of Class one and having order n cannot
exceed A(G) - L%J The size of any overfull graph of order n exceeds this number
and is therefore of Class two. There are related subgraphs such that if a graph G
should contain one of these, then G must also be of Class two.

A subgraph H of odd order n’ and size m’ of a graph G is an overfull subgraph
of G if , ,

m’>A(G)[%J Rty
Actually, if H is an overfull subgraph of G, then A(H) = A(G) (see Exercise 7).
This says that H is itself of Class two. Not only is an overfull subgraph of a graph
G of Class two, G itself is of Class two.

Theorem 10.13 FEvery graph having an overfull subgraph is of Class two.

Proof. Let H be an overfull subgraph of a graph G. As we observed, A(H) =
A(G) and H is of Class two; so x'(H) =1+ A(H). Thus

X'(G) 2 X' (H) =1+ A(H) =1+ A(G)
and so X'(G) =1+ A(G). L]
The following result provides a useful property of overfull subgraphs of a graph.

Theorem 10.14 Let G be an r-reqular graph of even order n = 2k, where {V1, Va}
is a partition of V(G) such that |Vi| = n1 and |Va| = ng are odd. Suppose that
G1 = G[W1] is an overfull subgraph of G. Then Gy = G[V3] is also an overfull
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subgraph of G. Furthermore, if k is odd, then r < k; while if k is even, then
r<k-—1.

Proof. Let the size of G; be m; for i = 1,2. Since G; is overfull, m; > r ("1771)

We show that mo > r (”2771) Now

™ ™
mo = 7—(rn1—m1): 7—7%1 +m;.

Since 2mq > rny — r, it follows that

2me = m™m—2rni +2my >rn—2rny+rny —r

= rn—ny1—1)=r(n2—1).

Hence mo > r (”22_ 1) and Gs is overfull. Therefore, both G; and G5 are overfull.
Now, either ny < k or ny < k, say the former. If k is even, then n; < k — 1.
Since G is overfull,

my > ("1771) and 2my > r(n; — 1).

Hence
2("21) >2my >r(ng — 1) and so ny(ny — 1) > r(ng — 1).
Therefore, r < ny. Thus r < k if k is odd and r < k — 1 if k is even. n

In the definition of an overfull subgraph H of order n’ and size m’ in a graph
G, we have m’ > A(G) - ”,2_1. As we saw in Theorem 10.13, this implies that G
is of Class two. On the other hand, if G should contain a subgraph H of order
n' and size m’ such that m’ > A(H) - %, where A(H) < A(G), then H is an
overfull graph and so H is of Class two. This need not imply that G is of Class two,
however. For example, Cs x K5 is of Class one but Cj is of Class two.

While every graph containing an overfull subgraph must be of Class two, a graph
can be of Class two without containing any overfull subgraph. The Petersen graph
P (which is 3-regular of order 10) contains no overfull subgraph; yet we saw that P
is of Class two.

The following conjecture is due to Amanda G. Chetwynd and Anthony J. W.
Hilton [42].

The Overfull Conjecture Let G be a graph of order n such that A(G) > n/3.
Then G is of Class two if and only if G contains an overfull subgraph.

Let v be a vertex of the Petersen graph P. Then P — v has order n = 9 and
A(P —v) = 5 = 3. Even though P — v is of Class two, it has no overfull subgraph.
Hence if the Overfull Conjecture is true, the resulting theorem cannot be improved
in general.

We encountered the following conjecture in Chapter 4.

The 1-Factorization Conjecture If G is an r-regular graph of even order n such
that » > n/2, then G is 1-factorable.

The Overfull Conjecture implies the 1-Factorization Conjecture.
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Theorem 10.15 If the Overfull Conjecture is true, then so too is the 1-Factorization
Conjecture.

Proof. Assume, to the contrary, that the Overfull Conjecture is true but the 1-
Factorization Conjecture is false. Then there exists an r-regular graph G of even
order n such that r > n/2 such that G is not 1-factorable. Thus G is of Class two.
By the Overfull Conjecture, G contains an overfull subgraph Gj.

Let G2 be the subgraph of G induced by V(G) — V(G1). By Theorem 10.14, G
is also overfull. At least one of Gy and G has order at most n/2. Suppose that G
has order at most n/2. Again, by Theorem 10.14, if n/2 is odd, then r < n/2; while
if n/2 is even, then r < (n/2) — 1. Since r > n/2, a contradiction is produced. m

10.3 Tait Colorings

The Scottish physicist Peter Guthrie Tait (1831-1901) was one of many individuals
who played a role in the story of the Four Color Problem (see Chapter 0). In
addition to his interest in physics, Tait was also interested in mathematics and golf.
His son Frederick (better known as Freddie Tait) shared his father’s interest in golf
and became the finest amateur golfer of his time.

Peter Tait became acquainted with the Four Color Problem through Arthur
Cayley and became interested in Alfred Bray Kempe’s solution of the problem. In
fact, Tait felt that Kempe’s solution was too lengthy and came up with several
solutions of his own. Unfortunately, as in the case of Kempe’s solution, none of
Tait’s solutions proved to be correct. Nevertheless, he presented his solutions to
the Royal Society of Edinburgh on 15 March 1880 and published his work in the
Proceedings of the Society. Later that year, Tait came up with another idea, which
he believed would lead to a solution of the Four Color Problem. Even though his
idea was not useful in producing a solution, it did lead to a new type of graph
coloring, namely the subject of this chapter: edge colorings.

It was known that the Four Color Conjecture could be verified if it could be
shown that every cubic bridgeless plane graph was 4-region colorable. Tait [170]
showed that this problem could be looked at from another perspective.

Theorem 10.16 (Tait’s Theorem) A bridgeless cubic plane graph G is 4-region
colorable if and only if G is 3-edge colorable.

Proof. Suppose first that G is 4-region colorable. Let a 4-region coloring of G be
given, where the colors are the four elements of Zy x Zs. Thus each color can be
expressed as (a, b) or ab, where a,b € {0,1}. The four colors used are then ¢y = 00,
c1 = 01, ¢ = 10, and ¢3 = 11. Addition of colors is defined as coordinate-wise
addition in Zy. For example, ¢; + c3 = 01 + 11 = 10 = ¢5. Since every element of
Zo X 7o is self-inverse, the sum of two distinct elements of Zgy X Zso is never ¢y = 00.

We now define an edge coloring of G. Since G is bridgeless, each edge e lies
on the boundary of two distinct regions. Define the color of e as the sum of the
colors of the two regions having e on their boundary. Thus no edge of G is assigned
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the color ¢y and a 3-edge coloring of G is produced. It remains to show that this
3-edge coloring is proper. Let e; and ez be two adjacent edges of G and let v be
the vertex incident with e; and e;. Then v is incident with a third edge es as well.
For 1 <4 < j < 3, suppose that e; and e; are on the boundary of the region R;;.
Since the colors of R13 and Rog are different, the sum of the colors of Ri3 and Ras3
and the sum of the colors of Ri15 and Rsgs are different and so this 3-edge coloring
is proper.

We now turn to the converse. Suppose that G is 3-edge colorable. Let a 3-edge
coloring of G be given using the colors ¢; = 01, co = 10, and ¢ = 11, as described
above. This produces a partition of E(G) into three perfect matchings Ey, E9, and
Es, where F; (1 <i < 3) is the set of edges colored c¢;.

Let G; be the spanning subgraph of G with edge set E(G1) = FE; U E3 and let
G4 be the spanning subgraph of G with edge set E(G2) = F2 U E3. Thus both
G1 and G9 are 2-regular spanning subgraphs of G and so each of G; and Gs is
the disjoint union of even cycles. For i = 1,2, every region of GG; is the union of
regions of G. For each cycle C in the graph G; (i = 1,2), every region of G either
lies interior or exterior to C. Furthermore, since G is bridgeless, each edge of G;
(i = 1,2) belongs to a cycle C’ of G; and is on the boundary of two distinct regions
of G, one of which lies interior to C” and the other exterior to C’.

We now define a 4-region coloring of G. We assign to a region R of G the color
ajaz with a; € {0,1} for i = 1,2, where a; = 0 if R lies interior to an even number of
cycles in G; and a; = 1 otherwise. Figure 10.9(a) shows a 3-edge coloring of a cubic
graph G, Figure 10.9(b) shows the cycles of G1, Figure 10.9(c) shows the cycles of
G4, and Figure 10.9(d) shows the resulting 4-region coloring of G as defined above.

01 01
11 01 01 11 01 01
11 10 11 10
10 |10 |10 |01 01 10/ 10| 10 10 10 | 01 01 10 10
11 103 10
11 01 o 11 0T
01 ot
(a) G (b) G1
11 11 10
11 49 11
10 |10 10] 10 11/ 00| 11 01 11| 0011 00
11 10 11
11 11 10
»
(c) G2 (d) 4-region coloring

Figure 10.9: A step in the proof of Theorem 10.16
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It remains to show that this 4-region coloring of GG is proper, that is, every two
adjacent regions of G are assigned different colors. Let R; and Rs be two adjacent
regions of G. Thus there is an edge e that lies on the boundary of both R; and Rs.
If e is colored ¢y or co, then e lies on a cycle in G1; while if e is colored ¢s or c¢3, then
e lies on a cycle in G2. Thus e lies on a cycle in G, a cycle in G5 or both. Let C
be a cycle in GG, say, containing the edge e. Exactly one of R; and Ry lies interior
to C, while for every other cycle C’ of Gy, either Ry and Rs are both interior to C’
or both exterior to C’. Hence the first coordinate of the colors of Ry and Ry are
different. Therefore, the colors of every two adjacent regions of G differ in the first
coordinate or the second coordinate or both. Hence this 4-region coloring of G is
proper. n

In 1884 Tait wrote that every cubic graph is 1-factorable but this result was not
true without limitation. Julius Petersen interpreted Tait’s statement to mean that
every cubic bridgeless graph is 1-factorable. However, in 1898 Petersen showed that
even with this added hypothesis, such a graph need not be 1-factorable. Petersen
did this by giving an example of a cubic bridgeless graph that is not 1-factorable:
the Petersen graph. As was mentioned in Chapter 4, however, Petersen did prove
that every cubic bridgeless graph does contain a 1-factor (see Theorem 4.13).

Eventually 3-edge colorings of cubic graphs became known as Tait colorings.
Certainly, a cubic graph G has a Tait coloring if and only if G is 1-factorable.
Every Hamiltonian cubic graph necessarily has a Tait coloring, for the edges of a
Hamiltonian cycle can be alternately colored 1 and 2, with the remaining edges
(constituting a perfect matching) colored 3. Tait believed that every 3-connected
cubic planar graph is Hamiltonian. If Tait was correct, this would mean then that
every 3-connected cubic planar graph is 3-edge colorable. However, as we are about
to see, this implies that every 2-connected cubic planar graph is 3-edge colorable.
But the 2-connected cubic graphs are precisely the connected bridgeless cubic graphs
and so by Tait’s theorem, the Four Color Conjecture would be true.

Theorem 10.17 If every 3-connected cubic planar graph is 3-edge colorable, then
every 2-connected cubic planar graph is 3-edge colorable.

Proof. Suppose that the statement is false. Then all 3-connected cubic planar
graphs are 3-edge colorable, but there exist cubic planar graphs having connectivity
2 that are not 3-edge colorable. Among the cubic planar graphs having connectivity
2 that are not 3-edge colorable, let G be one of minimum order n. Certainly n is
even and since there is no such graph of order 4, it follows that n > 6. As we saw
in Theorem 2.17, K(G) = A(G) = 2. This implies that every minimum edge-cut of
G consists of two nonadjacent edges of G.

Let {ujv1, 2191} be a minimum edge-cut of G. Thus the vertices uy, v, 1, and
y1 are distinct and G has the appearance shown in Figure 10.10, where F} and H;
are the two components of G — uyvy — z1y1.

Suppose that uyz1,v1y1 ¢ E(G). Then Fy +ujzq and Hy +v1y; are 2-connected
cubic planar graphs of order less than n and so are 3-colorable. Let 3-edge colorings
of F1 4+ uiz1 and Hi + vy be given using the colors 1, 2, and 3. Now permute
the colors of the edges in both Fy + uiz; and Hy + v1y1, if necessary, so that both
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Figure 10.10: A step in the proof of Theorem 10.17

ui1x; and v1y; are assigned the color 1. Deleting the edges w21 and v1y1, adding
the edges uiv1 and x1y1, and assigning both u;v; and x1y; the color 1 results in a
3-edge coloring of GG, which is impossible.

Thus we may assume that at least one of uix; and v1y; is an edge of G, say
uizy € E(G). Then w; is adjacent to a vertex ug in Fy that is different from 1,
and x; is adjacent to a vertex zo in F; that is different from wuy. Since k(G) = 2,
it follows that us # x2. We then have the situation shown in Figure 10.11, where
{uguy, zox1} is & minimum edge-cut of G, and F; and H; are the two components
of G —u; — 1.

F2 Hl
(1

U O O O v

20 O 1
x

Figure 10.11: A step in the proof of Theorem 10.17

Suppose that usxe, v1y1 ¢ E(G). Then Fs+usxe and Hy +v1y; are 2-connected
cubic planar graphs of order less than n and so are 3-edge colorable. Let 3-edge
colorings of F5 + usxs and Hi + v1y; be given using the colors 1, 2, and 3. Now
permute the colors of the edges in both Fy4usve and Hi+wv1y1, if necessary, so that
usxsy is colored 2 and vyy; is colored 1. Deleting the edges usxs and v1y1, assigning
ujuz and x1x9 the color 2, assigning u;v; and x1y; the color 1, and assigning uqx1
the color 3 produces a 3-edge coloring of GG, which is a contradiction.

Thus we may assume that at least one of uszs and viy; is an edge of G. Con-
tinuing in this manner, we have a sequence {uy, z1}, {u2, 2}, ..., {uk, zx}, k > 1,
of pairs of vertices of F} such that ugzr ¢ F(G) and wx; € E(G) for 1 <14 < k and
a sequence

{vi,1}, {v2,y2}, -, {ve, ye} (€ >1)

of pairs of vertices of H; such that veye ¢ E(G) and v;y; € E(G) for 1 <i < ¢, as
shown in Figure 10.12, where Fj, and H, are the two components of
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G- ({U,l,UQ, ... ,uk_l}U{xl,xg, ... ,Z‘k_l}U{Ul,UQ, ... ,Ug_l}U{yl,yQ, - ,yg_l}).

r1 Y1
Figure 10.12: A step in the proof of Theorem 10.17

Since Fj, +urxr and Hy + vy, are 2-connected cubic planar graphs of order less
than n, each is 3-edge colorable. Let 3-edge colorings of Fj + ugxr and Hy + veyy
be given using the colors 1, 2, and 3. Permute the colors 1, 2, and 3 of the edges in
both Fj + ugxi, and Hy 4 veyy, if necessary, so that both ugxy and vey, are colored
1if k and ¢ are of the same parity and upxy is colored 2 and wvyyy is colored 1 if k
and ¢ are of the opposite parity. Deleting the edges ugxr and vpyy, alternating the
colors 1 and 2 along the paths

(1}[71}@717...,v17u17u2,...,uk) and (y&yffl""vylaxlaan'"7xk)a

and assigning the color 3 to the edges

ULT1, URT2, - . oy URTE, V1YL, V2Y2, ..., VeYe
produces a 3-edge coloring of GG, again a contradiction. [

As a consequence of Theorems 10.16 and 10.17, every planar graph is 4-colorable
— provided Tait was correct that every 3-connected cubic planar graph is Hamilto-
nian. In 1946, however, William Tutte found a 3-connected cubic graph that was
not Hamiltonian. This graph (the Tutte graph), shown in Figure 10.13, was en-
countered earlier (in Section 3.3), where it was shown that it is not Hamiltonian.

Figure 10.13: The Tutte graph
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Despite the fact that Tait was wrong and that 3-edge colorability of bridgeless
cubic planar graphs was never used to prove the Four Color Theorem, the eventual
verification of the Four Color Theorem did instead show that every bridgeless cubic
planar graph is 3-edge colorable.

Corollary 10.18 FEwvery bridgeless cubic planar graph is of Class one.

An immediate consequence of Corollary 10.18 is that there are planar graphs G
of Class one with A(G) = 3. In fact, there are planar graphs G of Class two with
A(G) = 3. Indeed, one can say more. For every integer k with 2 < k <5, there is a
planar graph of Class one and a planar graph of Class two, both having maximum
degree k (see Exercise 12). This may be as far as the story goes, however, for in
1965 Vadim Vizing [181] proved the following.

Theorem 10.19 If G is a planar graph with A(G) > 8, then G is of Class one.
In 2001 Daniel Sanders and Yue Zhao [161] resolved one of the two missing cases.
Theorem 10.20 If G is a planar graph with A(G) =7, then G is of Class one.

Thus only one case remains. Is it true that every planar graph with maximum
degree 6 is of Class one? Vizing has conjectured that such is the case.

Vizing’s Planar Graph Conjecture Every planar graph with maximum degree
6 is of Class one.

While every bridgeless cubic planar graph is of Class one, there are many cubic
graphs that are of Class two. First, every cubic graph containing a bridge is of
Class two (see Exercise 17). Furthermore, every bridgeless cubic graph of Class two
is necessarily non-Hamiltonian and nonplanar. An example of a bridgeless cubic
graph of Class two is the Petersen graph, shown in Figure 10.14(a).

(a) The Petersen graph ()

Figure 10.14: Bridgeless cubic graphs of Class two

Recall that the girth of a graph G that is not a forest is the length of a small-
est cycle in G and that the girth of the Petersen graph is 5. The cyclic edge-
connectivity of a graph is the smallest number of edges whose removal results in
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a disconnected graph, each component of which contains a cycle. The cyclic edge-
connectivity of the Petersen graph is 5. The graph shown in Figure 10.14(b) and
constructed from the Petersen graph is another bridgeless cubic graph of Class two
(see Exercise 19).

There is a class of bridgeless cubic graphs of Class two that are of special interest.
A snark is a cubic graph of Class two that has girth at least 5 and cyclic edge-
connectivity at least 4. The Petersen graph is therefore a snark. The girth and
cyclic edge-connectivity requirements are present in the definition to rule out trivial
examples. The term “snark” was coined for these graphs in 1976 by Martin Gardner,
a longtime popular writer for the magazine Scientific American. (We encountered
him in Chapter 0.) Gardner borrowed this word from Lewis Carroll (the pen-
name of the mathematician Charles Lutwidge Dodgson), well known for his book
Alice’s Adventures in Wonderland. One century earlier, in 1876, Carroll wrote a
nonsensical poem titled The Hunting of the Snark in which a group of adventurers
are in pursuit of a legendary and elusive beast: the snark. Gardner chose to call
these graphs “snarks” because just as Carroll’s snarks were difficult to find, so too
were these graphs difficult to find (at least for the first several years).

The oldest snark is the Petersen graph, discovered in 1891. In 1946 Danilo
Blanusa discovered two more snarks, both of order 18 (see Figure 10.15(a)). The
Descartes snark (discovered by William Tutte in 1948) has order 210. George
Szekeres discovered the Szekeres snark of order 50 in 1973. Until 1973 these
were the only known snarks. In 1975, however, Rufus Isaacs described two infinite
families of snarks, one of which essentially contained all previously known snarks
while the second family was completely new. This second family contained the
so-called flower snarks, one example of which is shown in Figure 10.15(b). In
addition, Isaacs found a snark that belonged to neither family. This double-star
snark is shown in Figure 10.15(c).

All of the snarks shown in Figure 10.15 appear to have a certain resemblance
to the Petersen graph. In fact, William Tutte conjectured that every snark has the
Petersen graph as a minor. Neil Robertson, Daniel Sanders, Paul Seymour, and
Robin Thomas announced in 2001 that they had verified this conjecture.

Theorem 10.21 FEvery snark has the Petersen graph as a minor.

In 1969 Mark E. Watkins [185] introduced a class of graphs generalizing the
Petersen graph. Each of these is a special permutation graph of a cycle C,,. The
generalized Petersen graph P(n, k) with 1 < k < n/2 has vertex set

{ui: 0<i<n—1}U{y;: 0<i<n—1}
and edge set
{uitiz1: 0<i<n—1}U{uv;: 0<i<n—1}U{vvisr: 0<i<n-—1},

where u,, = ug and v, = vg. The graphs P(n, 1) are therefore prisms and P(5,2) is
the Petersen graph. The graphs P(7,k) for k = 1,2, 3 are shown in Figure 10.16.
Frank Castagna and Geert Prins [30] proved the following in 1972.

Theorem 10.22 The only generalized Petersen graph that is not Tait colorable is
the Petersen graph.
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i

(a) The Blanusa snarks

(b) The flower snark

(c) The double-star snark

Figure 10.15: Snarks

10.4 Nowhere-Zero Flows

As we saw in the preceding section, Tait colorings are edge colorings that are inti-
mately tied to colorings of the regions of bridgeless cubic plane graphs. There are
labelings of the arcs of orientations of bridgeless cubic plane graphs that also have
a connection to colorings of the regions of such graphs.

For an oriented graph D, a flow on D is a function ¢ : E(D) — Z such that for
each vertex v of D,

otwig)= >, dw)= D dwv) =0 (1;0). (10.3)

(v,w)EE(D) (w,v)EE(D)

That is, for each vertex v of D, the sum of the flow values of the arcs directed away
from v equals the sum of the flow values of the arcs directed towards v. The property
(10.3) of ¢ is called the conservation property. Since o™ (v; ¢) — o~ (v; ¢) = 0 for
every vertex v of D, the sum of the flow values of the arcs incident with v is even.
This, in turn, implies that the number of arcs incident with v having an odd flow
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Figure 10.16: The generalized Petersen graphs P(7,k) for k =1,2,3

value is even.

For an integer k > 2, if a flow ¢ on an oriented graph D has the property that
|p(e)| < k for every arc e of D, then ¢ is called a k-flow on D. Furthermore, if
0 < |¢(e)] < k for every arc e of D (that is, ¢(e) is never 0), then ¢ is called a
nowhere-zero k-flow on D. Hence a nowhere-zero k-flow on D has the property
that

ple) € {£1,42,..., £(k—1)}

for every arc e of D. It is the nowhere-zero k-flows for particular values of k that
will be of special interest to us.

Those graphs for which some orientation has a nowhere-zero 2-flow can be de-
scribed quite easily.

Theorem 10.23 A nontrivial connected graph G has an orientation with a nowhere-
zero 2-flow if and only if G is Fulerian.

Proof. Let G be an Eulerian graph and let C' be an Eulerian circuit of G. Direct
the edges of C' in the direction of C, producing an Eulerian digraph D, where then
odv = idv for every vertex v of D. Then the function ¢ defined by ¢(e) = 1 for
each arc e of D satisfies the conservation property and so ¢ is a nowhere-zero 2-flow
on D.

Conversely, suppose that G is a nontrivial connected graph that is not Eulerian.
Then G contains a vertex u of odd degree. Let D be any orientation of G. Then
any function ¢ defined on E(D) for which ¢(e) € {—1,1} has an odd number of arcs
incident with v having an odd flow value. Thus ¢ is not a nowhere-zero 2-flow. m

The graph G = C4 of Figure 10.17 is obviously Eulerian and therefore has an
orientation D with a nowhere-zero 2-flow. However, D is not the only orientation
of G with this property. The orientations Ds and D3 of G also have a nowhere-zero
2-flow.

The graph and digraphs shown in Figure 10.17 may suggest that the existence
of a nowhere-zero k-flow for some integer £ > 2 on all orientations of a graph G
depends only on the existence of a nowhere-zero k-flow on a single orientation of G.
This is, in fact, what happens.

Theorem 10.24 Let G be a graph. If some orientation of G has a nowhere-zero
k-flow, where k > 2, then every orientation of G has a nowhere-zero k-flow.
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G D1 D, Ds

Figure 10.17: Oriented graphs with a nowhere-zero 2-flow

Proof. Let D be an orientation of G having a nowhere-zero k-flow ¢. Thus
ot (v;¢) = o7 (v;¢) for each vertex v of D. Let D’ be the orientation of G ob-
tained by reversing the direction of some arc f = (z,y) of D, resulting in the arc
f' = (y,z) of D’. We now define the function ¢’ : E(D') — {£1,£2,...,£(k - 1)}
by

/ ¢(€) ife 7& f/
$le) = { —o(f) ife=f"

For v € V(D) — {z,y}, o (v;¢') = o~ (v;¢). Also,

ot(z;¢) = ot (2;0) —o(f) =0 (1:0) +¢'(f') =0 (25 ¢)
o (y;¢) = o (W 8) + ¢ (f) =0 (y;0) + (—o(f) = 0 (y; ¢").

Thus ¢ is a nowhere-zero k-flow of D’.

Now, if D" is any orientation of G, then D" can be obtained from D by a
sequence of arc reversals in D. Since a nowhere-zero k-flow can be defined on each
orientation, as described above, at each step of the sequence, a nowhere-zero k-flow
can be defined on D", n

According to Theorem 10.24, the property of an orientation (indeed of all ori-
entations) of a graph G having a nowhere-zero k-flow is a characteristic of G rather
than a a characteristic of its orientations. We therefore say that a graph G has
a nowhere-zero k-flow if every orientation of G has a nowhere-zero k-flow. As a
consequence of the proof of Theorem 10.24, we also have the following.

Theorem 10.25 If G is a graph having a nowhere-zero k-flow for some k > 2,
then there is an orientation D of G and a nowhere-zero k-flow on D all of whose
flow values are positive.

By Theorem 10.23, the graph G of Figure 10.18 does not have a nowhere-zero
2-flow. Trivially, it has an orientation D possessing a 2-flow. This orientation does
have a nowhere-zero 3-flow, however. By Theorem 10.24, GG itself has a nowhere-zero
3-flow.

If D is an orientation of a graph G with a flow ¢ and a is an integer, then a¢ is
also a flow on D. In fact, if ¢ is a k-flow and a > 1, then a¢ is an ak-flow. Indeed,
if ¢ is a nowhere-zero k-flow, then a¢ is a nowhere-zero ak-flow. More generally, we
have the following (see Exercise 22).
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Figure 10.18: A graph with a nowhere-zero 3-flow

Theorem 10.26 If ¢1 and ¢ are flows on an orientation D of a graph, then
every linear combination of ¢1 and ¢2 is also a flow on D.

Let G be a graph with a nowhere-zero k-flow for some integer k£ > 2 and let ¢ be a
nowhere-zero k-flow defined on some orientation D of G. Then o™ (v; ¢) = o~ (v; ¢)
for every vertex v of D. Let S = {v1,v2,...,v:} be a proper subset of V(G) and
T =V(G) — S. Define

at(S;0) = Y.  o(u,v)

(u,v)€[S,T]

and

o (S;0) = D ov,uw).

(v,u)€[T,S]

Since ¢ is a flow on D,
t t
ZJ+(Ui§¢) = 207(01‘;¢)~ (10.4)
i=1 i=1

For every arc (vg, vp) with vg, vy € S, the flow value ¢(v,, vp) occurs in both the left
and the right sums in (10.4). Cancelling all such terms in (10.4), we are left with
o7 (S;¢) on the left side of (10.4) and o~ (S5;¢) on the right side of (10.4). Thus
o7 (S;¢) =07 (5;¢). In summary, we have the following.

Theorem 10.27 Let ¢ be a nowhere-zero k-flow defined on some orientation D
of a graph G and let S be a nonempty proper subset of V(G). Then the sum of the
flow values of the arcs directed from S to V(G)— S equals the sum of the flow values
of the arcs directed from V(G) — S to S.

A fundamental question concerns determining those nontrivial connected graphs
having a nowhere-zero k-flow for some integer k > 2. Suppose that ¢ is a nowhere-
zero k-flow defined on some orientation D of a nontrivial connected graph G. If G
should contain a bridge e = uv, where S and V(G) — S are the vertex sets of the
components of G — e, then the conclusion of Theorem 10.27 cannot occur. As a
consequence of this observation, we have the following.

Corollary 10.28 No graph with a bridge has a nowhere-zero k-flow for any integer
k> 2.
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The nowhere-zero k-flows of bridgeless planar graphs will be of special interest
to us because of their connection with region colorings. Let D be an orientation
of a bridgeless plane graph G. Suppose that ¢ is a k-region coloring of G for some
integer k£ > 2. Thus for each region R of G, we may assume that the color ¢(R) is
one of the colors 1,2, ..., k. For each edge uv of G belonging to the boundaries of
two regions R; and Ry of G and the arc e = (u,v) of D, define

¢(e) = c(R1) — c(Rz),

where R; is the region that lies to the right of e and Ry is the region that lies to
the left of e (see Figure 10.19).

Ry Ry
e
AN
Figure 10.19: Defining ¢(e) for e = (u,v)

A 4-region coloring of the plane graph of Figure 10.20(a) is given in that figure.
A resulting nowhere-zero 4-flow of an orientation D of G is shown in Figure 10.20(b).

(a) a 4-region coloring (b) a nowhere-zero 4-flow

of a plane graph of an orientation D of G

Figure 10.20: Constructing a nowhere-zero flow from
a region coloring of a plane graph

For bridgeless plane graphs, k-region colorability and the existence of nowhere-
zero k-flows for an integer k > 2 are equivalent.

Theorem 10.29 For an integer k > 2, a bridgeless plane graph G is k-region
colorable if and only if G has a nowhere-zero k-flow.

Proof. First, let there be given a k-region coloring ¢ of G and let D be an orien-
tation of G. For each arc e = (u,v) of D, let R; be the region of G that lies to the
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right of e and Ro the region of G that lies to the left of e. Define an integer-valued
function ¢ of E(D) by ¢(e) = ¢(R1) — ¢(R2). We show that ¢ is a nowhere-zero
k-flow. Since uv is not a bridge of G, ¢(R1) # ¢(Rz) and since 1 < ¢(R) < k for
each region R of G, it follows that ¢(e) € {£1,£2,...,+£(k —1)}.

It remains only to show that o+ (v; ¢) = 0~ (v; @) for each vertex v of D. Suppose
that deg, v =t and that vy, vs, ..., v are the neighbors of v as we proceed about v
in some direction. For ¢ = 1,2, ... ¢, let R; denote the region having vv; and vv;41
on its boundary. Thus in D each edge vv; (1 < i < t) is either the arc (v,v;) or
the arc (v;,v). Let ¢(R;) = ¢; for i =1,2,...,t. Let j € {1,2,...,¢} and consider
c(Rj) = ¢;. If (v,05), (v,vj41) € E(D), then ¢; and —¢; occur in o (v;¢) and ¢;
does not occur in o~ (v;¢). The situation is reversed if (vj,v), (vjy1,v) € E(D).
If (v,vj41), (vj,v) € E(D), then the term ¢; occurs in both o (v; ¢) and o~ (v; ¢);
while if (vj11,v), (v,v;) € E(D), then the term —¢; occurs in both o (v;¢) and
o~ (v;¢). Thus ot (v;¢) = 0~ (v;¢) and ¢ is a nowhere-zero k-flow.

Next, suppose that G is a bridgeless plane graph having a nowhere-zero k-flow.
This implies that for a given orientation D of GG, there exists a nowhere-zero k-flow
¢ of D. By definition then, o™ (v; ¢) = 0~ (v; ¢) for every vertex v of D.

We now consider directed closed curves in the plane that do not pass through
any vertex of D. Such closed curves may enclose none, one, or several vertices of
G. For a directed closed curve C, we define the number ¢(C; @) to be the sum of
terms ¢(e) or —¢@(e) for each occurrence of an arc e crossed by C. In particular,
as we proceed along C' in the direction of C' and cross an arc e, we contribute ¢(e)
to o(C; ¢) if e is directed to the right of C' and contribute —¢(e) to o(C; @) if e is
directed to the left of C.

If C is a directed simple closed curve in the plane that encloses no vertex of
D, then for each occurrence of an arc e crossed by C that is directed to the right
of C, there is an occurrence of e crossed by C' that is directed to the left of C.
Hence in this case, o(C;¢) = 0. If C encloses a single vertex v, then because
ot (v;¢) = 07 (v; 9), it follows that o(C; @) = 0 here as well. (See Figure 10.21 for
example.)

€1

es €2

€4 €3

o(C;0) = (de1) + d(ea)) — (d(e2) + ¢(es) + d(es)) =0
Figure 10.21: Computing o(C'; ¢)

Suppose now that C is a directed simple closed curve in the plane that encloses
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two or more vertices. Let S = {v1,v2,--+,05}, $ > 2, be the set of vertices of D
lying interior to C. Because, by Theorem 10.27, that the sum of the flow values of
the arcs directed from S to V(G) — S equals the sum of the flow values of the arcs
directed from V(G) — S to S, it follows that o(C; ¢) = 0 as well.

If C is a directed closed curve that is not a simple closed curve, then C' is a
union of directed simple closed curves Cy,Cs, ..., C, and so

S

o(C;¢) =) _o(Ci;0) = 0.

=1

Consequently, o(C; ¢) = 0 for every directed closed curve C' in the plane.

We now show that there is a proper coloring of the regions of G using the colors
1,2,..., k. Assign the color k to the exterior region of G. Let R be some interior
region in G. Choose a point A in the exterior region and a point B in R and let
P be an open curve directed from A to B so that P passes through no vertices of
D. The number o(P;¢) is defined as the sum (addition performed modulo k) of
the numbers ¢(e) or —¢(e), for each occurrence of an arc e crossed by P, where
either ¢(e) or —¢(e) is contributed to the sum o(P;¢) according to whether e is
directed to the right or to the left of P, respectively. The least positive integer in
the equivalence class containing o(P;¢) in the ring of integers Zj, is the color ¢(R)
assigned to R. Thus ¢(R) € {1,2,...,k}.

We now show that the color ¢(R) assigned to R is well-defined. Suppose that the
color assigned to R by the curve P above is ¢(R) = a. Let @ be another directed
open curve from A to B and let o(Q;¢) = b. We claim that a = b. If Q is the
directed open curve from B to A obtained by reversing the direction of @), then
J(Q; ¢) = —b. Now let C be the directed closed curve obtained by following P by
Q. Then, as we saw, o(C;¢) = 0. But o(C;¢) = o(P;¢) + 0(Q;¢) = a —b. So
a—b=0and a = b. Thus the color ¢(R) of R defined in this manner is, in fact,
well-defined.

It remains to show that the region coloring ¢ of G is proper. Let R’ and R”
be two adjacent regions of D, where €’ is an arc on the boundaries of both R’ and
R”. Let B’ be a point in R’ and let B” be a point in R”. Furthermore, let P’ be
a directed open curve from A to B’ that does not cross e’ and suppose that P” is
a directed open curve from A to B” that extends P’ to B” so that e’ is the only
additional arc crossed by P”. Therefore,

o(P";¢) = a(P';6) + ¢(e')
o(P";¢) = a(P';¢0) — o(e).

Since ¢(e’) # 0 (mod k), it follows that the colors assigned to R’ and R” are
distinct. Hence the region coloring ¢ of G is proper. [

Letting & = 4 in Theorem 10.29, we have the following corollary of the Four
Color Theorem.

Corollary 10.30 FEwvery bridgeless planar graph has a nowhere-zero 4-flow.
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While every bridgeless planar graph has a nowhere-zero 4-flow, it is not the case
that every bridgeless nonplanar graph has a nowhere-zero 4-flow.

Theorem 10.31 The Petersen graph does not have a nowhere-zero 4-flow.

Proof. Suppose that the Petersen graph P has a nowhere-zero 4-flow. Then
there exists an orientation D of P and a nowhere-zero 4-flow ¢ on D such that
o(e) € {1,2,3} for every arc e of D (by Theorem 10.25). Since o (v;¢) = o~ (v; @)
for every vertex v of D, the only possible flow values of the three arcs incident with
vare1,1,2 and 1,2, 3. In particular, this implies that every vertex of D is incident
with exactly one arc having flow value 2. Thus the arcs of D with flow value 2
correspond to a 1-factor F' of P. The remaining arcs of D then correspond to a
2-factor H of P. Because the Petersen graph is not Hamiltonian and has girth 5,
the 2-factor H must consist of two disjoint 5-cycles. Every vertex v of H is incident
with one or two arcs having flow value 1. Furthermore, if a vertex v of H is incident
with two arcs having flow value 1, then these two arcs are either both directed
towards v or both directed away from v. A vertex v of H is said to be of type I if
there is an arc having flow value 1 directed towards v; while v is of type II if there
is an arc having flow value 1 directed away from v. Consequently, each vertex v of
H is either of type I or of type II, but not both. Moreover, the vertices in each of
the 5-cycles of H must alternate between type I and type II, which is impossible
for an odd cycle. u

The Petersen graph does have a nowhere-zero 5-flow, however (see Exercise 23).
The Petersen graph plays an important role among cubic graphs as Neil Robertson,
Daniel Sanders, Paul Seymour, and Robin Thomas verified in a series of papers
[153, 154, 155, 159, 160].

Theorem 10.32 Fvery bridgeless cubic graph not having the Petersen graph as a
minor has a nowhere-zero 4-flow.

There is a question of determining the smallest positive integer k such that every
bridgeless graph has a nowhere-zero k-flow. In this connection, William Tutte [176]
conjectured the following.

Conjecture 10.33 Fvery bridgeless graph has a nowhere-zero 5-flow.
While this conjecture is still open, Paul Seymour [163] did establish the following.
Theorem 10.34 FEvery bridgeless graph has a nowhere-zero 6-flow.

Tait colorings deal exclusively with cubic graphs, of course, and it is this class
of graphs that has received added attention when studying nowhere-zero flows. By
Theorem 10.23, no cubic graph has a nowhere-zero 2-flow. In the case of nowhere-
zero 3-flows, it is quite easy to determine which cubic graphs have these.

Theorem 10.35 A cubic graph G has a nowhere-zero 3-flow if and only if G is
bipartite.
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Proof. Let G be a cubic bipartite graph with partite sets U and W. Since G is
regular, G contains a 1-factor F. Orient the edges of F' from U to W and assign
each arc the value 2. Orient all other edges of G from W to U and assign each of
these arcs the value 1. This is a nowhere-zero 3-flow.

For the converse, let G be a cubic graph having a nowhere-zero 3-flow. By
Theorem 10.25, there is an orientation D on which is defined a nowhere-zero 3-flow
having only the values 1 and 2. In particular, the values must be 1, 1, 2 for the
three arcs incident with each vertex of D. The arcs having the value 2 form a
subdigraph H of D and the underlying graph of H is a 1-factor of G. Let U be the
set of vertices of G where each vertex of U has outdegree 1 in H and let W be the
remaining vertices of G. Every arc of D not in H must then have a value of 1 and
be directed from a vertex of W to a vertex of U. Thus G is a bipartite graph with
partite sets U and W. ]

Those cubic graphs having a nowhere-zero 4-flow depend only on their chromatic
indexes.

Theorem 10.36 A cubic graph G has a nowhere-zero 4-flow if and only if G is
of Class one.

Proof. Let G be a cubic graph that has a nowhere-zero 4-flow. By Theorem 10.25,
there exists an orientation D of G and a nowhere-zero 4-flow ¢ on D such that
¢(e) € {1,2,3} for each arc e of D. Then each vertex is incident with arcs having
either the values 1, 1, 2 or 1, 2, 3. In particular, each vertex of D is incident with
exactly one arc having the value 2. The arcs having the value 2 produce a 1-factor
in G and so the remaining arcs of D produce a 2-factor of G. If the 2-factor is a
Hamiltonian cycle of G, then G is of Class one. Hence we may assume that this
2-factor consists of two or more mutually disjoint cycles. Let C be one of these
cycles and let H be the orientation of C' in D.

Suppose that C is an r-cycle and let S = V(C). Since each arc of D joining a
vertex of S and a vertex of V(D) — S has flow value 2 and since o (S, ¢) = 07 (5; ¢)
by Theorem 10.27, it follows that there is an even number ¢t of arcs joining the
vertices of S and the vertices of V(D) — S. Since this set of arcs is independent,
it follows that G[S] contains ¢ vertices of degree 2 and r — t vertices of degree 3.
Because G[S] has an even number of odd vertices, r — ¢ is even. However, since ¢
is also even, r is even as well and C' is an even cycle. Thus the 2-factor of G is the
union of even cycles and so G is of Class one.

We now verify the converse. Let G be a cubic graph of Class one. Therefore, G
is 3-edge colorable and 1-factorable into factors Fy, Fb, F3, where F; is the 1-factor
(1 < i < 3) whose edges are colored i. Every two of these three 1-factors produce
a 2-factor consisting of a union of disjoint cycles. Since the edges of each cycle
alternate in colors, the cycles are even and each 2-factor is bipartite. Let G be the
2-factor obtained from F; and F3 and G5 the 2-factor obtained from F5 and F3. Now
let D be an orientation of G and let D; be the resulting orientation of G; (i = 1,2).
Since each component of each graph G; is Eulerian, it follows by Theorem 10.23 that
there is a nowhere-zero 2-flow ¢; on D;. For e € E(D) — E(D;), define ¢;(e) =0
for i = 1,2. Then ¢; is a 2-flow on D. By Theorem 10.26, the function ¢ defined
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by ¢ = ¢1 + 2¢2 is also a flow on D. Because ¢(e) € {£1,£2,+3}, it follows that
¢ is a nowhere-zero 4-flow on D. [

Since the Petersen graph is a cubic graph that is of Class two, it follows by Theo-
rem 10.36 that it has no nowhere-zero 4-flow (which we also saw in Theorem 10.31).
We noted that the Petersen graph does have a nowhere-zero 5-flow, however, which
has been conjectured to be true for every bridgeless graph.

There is another concept and conjecture related to bridgeless graphs which ul-
timately returns us to snarks.

If G is a connected bridgeless plane graph, then the boundary of every region is
a cycle and every edge of G lies on the boundaries of two regions. Thus if S is the
set of cycles of G that are the boundaries of the regions of G, then every edge of G
belongs to exactly two elements of S. For which other graphs G is there a collection
S of cycles of G such that every edge of G belongs to exactly two cycles of S?

A cycle double cover of a graph G is a set (actually a multiset) S of not
necessarily distinct cycles of G such that every edge of G belongs to exactly two
cycles of S. Certainly no cycle of G can appear more than twice in S. Also, if G
contains a bridge e, then e belongs to no cycle and G can contains no cycle double
cover. If G is Eulerian, then G contains an Eulerian circuit and therefore a set S’
of cycles such that every edge of G belongs to exactly one cycle of S’. If S is the set
of cycles of G that contains each cycle of S’ twice, then S is a cycle double cover of

G.

That every bridgeless graph has a cycle double cover was conjectured by Paul
Seymour [162] in 1979. George Szekeres [168] conjectured this for cubic graphs even
earlier — in 1973.

The Cycle Double Cover Conjecture Every nontrivial connected bridgeless
graph has a cycle double cover.

As we have seen, this conjecture is true for all nontrivial connected bridgeless
planar graphs and for all Eulerian graphs. Initially, it may seem apparent that
the Cycle Double Cover Conjecture is true, for if we were to replace each edge
of a bridgeless graph G by two parallel edges then the resulting multigraph H is
Fulerian. This implies that there is a set S of cycles of H such that each edge
of H belongs to exactly one cycle in S. This, in turn, implies that each edge of
G belongs to exactly two cycles in S, completing the proof. This argument is
faulty, however, for one or more cycles of H in S may be 2-cycles, which do not
correspond to cycles of G. Nevertheless, no counterexample to the Cycle Double
Cover Conjecture is known. If the Cycle Double Cover Conjecture is false, then
there exists a minimum counterexample, namely, a connected bridgeless graph of
minimum size having no cycle double cover. Francois Jaeger (1947-1997) proved
that a minimum counterexample to the Cycle Double Cover Conjecture must be a
snark [107]. However, all known snarks possess a cycle double cover.
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10.5 List Edge Colorings

In Section 9.2 we encountered the topic of list colorings. In a list coloring of a graph
G, there is a list (or set) of available colors for each vertex of G, with the goal being
to select a color from each list so that a proper vertex coloring of G results. One
of the major problems concerns the determination of the smallest positive integer
k such that if every list contains k or more colors, then a proper vertex coloring of
G can be constructed. This smallest positive integer k is called the list chromatic
number x¢(G) of G. In this section we consider the edge analogue of this concept.

Let G be a nonempty graph and for each edge e of G, let L(e) be a list (or set) of
colors. Furthermore, let £ = {L(e) : e € E(G)}. The graph G is £-edge choosable
(or £-list edge colorable) if there exists a proper edge coloring ¢ of G such that
c(e) € L(e) for every edge e of G. For a positive integer k, a nonempty graph G is k-
edge choosable (or k-list edge colorable) if for every set £ = {L(e) : e € E(G)}
where each |L(e)| > k, the graph G is £-edge choosable. The list chromatic
index x}(G) is the minimum positive integer k for which G is k-edge choosable.
Necessarily then, x'(G) < x}(G) for every nonempty graph G. Applying a greedy
edge coloring to a nonempty graph G (see Exercise 27) gives

(@) < 2A(G) - 1.

Since the graph Kj is of Class two, x'(K3) = 1+ A(K3) = 3. Thus xj(K3) > 3.
However, if ej, e, and es are the three edges of K5 and £(e1), £(e2), and £(es)
are three sets of three or more colors each, then three distinct colors c(eq), c(es)
and c(e3) can be chosen such that c(e;) € £(e;) for 1 < i < 3 and so K3 is 3-edge
choosable. Therefore, x;(K3) = 3. Although it would be natural now to expect to
see an example of a graph G with x'(G) < x,(G), we know of no graph with this
property.

While the following conjecture was made independently by Vadim Vizing, Ram
Prakash Gupta, and Michael Albertson and Karen Collins (see [89)), it first appeared
in print in a 1985 paper by Béla Bollobéds and Andrew J. Harris [22]

The List Coloring Conjecture For every nonempty graph G,
X' (G) = xi(G).

The identical conjecture has been made for multigraphs as well. Since the list
chromatic index of a graph equals the list chromatic number of its line graph, the
List Coloring Conjecture can also be stated as x¢(G) = x(G) for every line graph
G.

In 1979 Jeffrey Howard Dinitz had already conjectured that x'(G) = x}(G)
when G is a regular complete bipartite graph. By Theorem 10.8, it is known that
X/(Knr) =T

The Dinitz Conjecture For every positive integer r, xj(K;,) = r.

Fred Galvin [76] not only verified the Dinitz Conjecture, he showed that the
List Coloring Conjecture is true for all bipartite graphs (indeed, for all bipartite
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multigraphs). The proof of this result that we present is based on a proof of Tomaz
Slivnik [166], which in turn is based on Galvin’s proof. We begin with a theorem of
Slivnik. First, we introduce some notation. Let G be a nonempty bipartite graph
with partite sets U and W. For each edge e of G, let u, denote the vertex of U
incident with e and let w, denote the vertex of W incident with e. For adjacent
edges e and f, it therefore follows that u. = us or w. = wy, but not both.

Lemma 10.37 Let G be a nonempty bipartite graph and let ¢ : E(G) — N be an
edge coloring of G. For each edge e of G, let og(e) be the sum

oale) = 1+|{f€EG):u.=uy and c(f) > c(e)}|
+ {f € E(G) : we = wy and c(f) < c(e)}]

and let L(e) be a set of og(e) colors. If
£={L(e):ec E(G)},
then G is £-edge choosable.

Proof. We proceed by induction on the size m of G. Since the result holds if
m = 1, the basis step for the induction is true. Assume that the statement of the
theorem is true for all nonempty bipartite graphs of size less than m, where m > 2,
and let G be a nonempty bipartite graph of size m on which is defined an edge
coloring ¢ and where the numbers o (e), the sets L(e), and the set £ are defined in
the statement of the theorem.

Let A be a set of edges of G. A matching M C A is said to be optimal (in A)
if the following is satisfied:

For every edge e € A — M, there is an edge f € M such that either
(i) ue = uy and ¢(f) > c(e) or (i) we = wy and c(f) < c(e).

We now show (by induction on the size of A) that for every A C E(G), there
is an optimal matching M C A. First, observe that if A itself is a matching, then
M = A is vacuously optimal. If |A| = 1, then M = A is optimal and the basis step
of this induction is satisfied. Assume for an integer k with 1 < k < m that for each
set A’ of edges of G with |A’| = k — 1, there is an optimal matching in A’. Let A
be a set of edges of G with |A| = k. We show that A contains an optimal matching
M.

An edge e belonging to A is U-maximum if there is no edge f in A for which
ue = uy and c(f) > c(e), while e is W-maximum if there is no edge f in A for
which we = wy and ¢(f) > c(e). An edge e € A that is both U-maximum and
W-maximum is called c-maximum. Consequently, an edge e € A is c-maximum if
c(f) < c(e) for every edge f adjacent to e. We consider two cases.

Case 1. Every U-mazximum edge in A is W-mazimum. Let

M ={ee€ A: eis c-maximum}.
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We claim that M is optimal. Since no two edges of M can be adjacent, M is a
matching. Let e € A — M. Since e is not c-maximum, e is not U-maximum. So
there exists an edge f € A for which ¢(f) is maximum and u. = uy. This implies
that f is U-maximum and is consequently c-maximum as well. Therefore, f € M
and ¢(f) > c(e). Hence M is optimal.

Case 2. There exists an edge g in A that is U-mazimum but not W-maximum.
Because g is not W-maximum, there exists an edge i € A such that w;, = wy and
c(h) > c(g). We consider the set A — {h} which consists of k — 1 edges. By the
induction hypothesis, there is an optimal matching M in A — {h}. Hence for every
edge e in the set (A—{h})— M = A— (M U{h}), there is an edge f € M for which
either (i) ue = uy and c(f) > c(e) or (ii) we = wy and ¢(f) < c(e).

We show that M is optimal in the set A. First, we establish the existence of
an edge f in A such that either (i) uy = up and c(f) > c(h) or (ii) wy = wy, and
c(f) < e(h). We consider two subcases.

Subcase 2.1. g ¢ M. Then g € A — (M U {h}). By the induction hypothesis,
there is an edge f € M for which either (i) uy = uy and ¢(f) > ¢(g) or (ii) wy = wy
and ¢(f) < ¢(g). Since g is U-maximum, (i) cannot occur and so (ii) must hold.
Thus c(f) < c(g) < ¢(h) and M is optimal.

Subcase 2.2. g € M. Then g is the desired edge f and, again, M is optimal.

Therefore, M is optimal in either subcase and consequently, for every set A of
edges of G, there exists an optimal matching M C A.

Now select a color a € Ueep(g)L(e) and let

A={e€ E(GQ):a€ L(e)}.
As verified above, there is an optimal matching M in A. Let G’ = G— M. For each
edge e in G', let L'(e) = L(e) — {a}. If e € E(G) — A, then a ¢ L(e) and
1L (e)] = |L(e)] = o (e) = oer(e).

On the other hand, if e € A — M, then a € L(e). Since M is optimal in A, there

is an edge f € M such that either (i) ue = uy and ¢(f) > c(e) or (ii) we = wy and
c(f) < e(e). Thus

IL'(e)] = |L(e)] — 1 = oale) — 1 > oe(e).

Let £ ={L'(e) : e € E(G")}.

Since the size of G’ is less than that of G, it follows by the induction hypothesis
that G’ is £'-edge choosable. Thus there exists a proper edge coloring ¢’ : E(G’) —
N of G’ such that ¢/(e) € L'(e) for every edge e of G'. Define c: E(G) — N by

d(e) ifee E(G)
C(e):{a ifee M.

Then c(e) € L(e) for every edge e of G and c¢(e) # ¢(f) for every two adjacent edges
e and f of G. Hence c is a proper edge coloring and G is £-edge choosable. [

From Lemma 10.37, we can now present a proof of Galvin’s theorem.
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Theorem 10.38 (Galvin’s Theorem) If G is a bipartite graph, then
xi(G) = X'(G).

Proof. Since G is bipartite, it follows by Theorem 10.8 that x'(G) = A(G) = A.
Thus there exists a proper edge coloring ¢ : E(G) — {1,2,...,A}. For each edge e
of G, let L(e) be a list of colors such that

|IL(e)] = ogle)=1+|{f € E(G) : ue = uy and c(f) > c(e)}|
+ |{f € E(G) : we = wy and ¢(f) < c(e)}]
1+ (X' (G) = c(e) + (c(e) = 1) = X'(G).
Let £={L(e): e € E(G)}. By Lemma 10.37, G is £-edge choosable. Therefore, G

is x'(G)-edge choosable and so x;(G) < x'(G). Since x'(G) < x,(G), we have the
desired result. (]

IA

Since every bipartite graph is of Class one, it follows that the list chromatic
index of every bipartite graph G equals A(G).

10.6 Total Colorings of Graphs

We now consider colorings that assign colors to both the vertices and the edges of a
graph. A total coloring of a graph G is an assignment of colors to the vertices and
edges of G such that distinct colors are assigned to (1) every two adjacent vertices,
(2) every two adjacent edges, and (3) every incident vertex and edge. A k-total
coloring of a graph G is a total coloring of G from a set of k colors. A graph
G is k-total colorable if there is a k-total coloring of G. The total chromatic
number x”(G) of a graph G is the minimum positive integer k for which G is
k-total colorable.

If ¢ is a total coloring of a graph G and v is a vertex of G with degv = A(G),
then ¢ must assign distinct colors to the A(G) edges incident with v as well as to v
itself. This implies that

X'(GQ) > 1+ A(G) for every graph G.

However, in the 1960s Mehdi Behzad [14] and Vadim Vizing [180] independently
conjectured, similar to the upper bound for the chromatic index established by
Vizing, that the total chromatic number cannot exceed this lower bound by more
than 1. This conjecture has become known as the Total Coloring Conjecture.

The Total Coloring Conjecture For every graph G,

X'(G) <2+ A@G).

Even though it is not known if 24+A(G) is an upper bound for the total chromatic
number of every graph, the number 2 + x}(G) is an upper bound.
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Theorem 10.39 For every graph G,
X"(G) <24 x,(G).
Proof. Suppose that x3(G) = k. By Theorem 10.2

X(G) < 1+A(G) <1+X(G) <1+ x(G)
< 2+ x(G) =2+k.

Thus G is (k + 2)-colorable. Let a (k + 2)-coloring ¢ of G be given. For each edge
e =uv of G, let L(e) be a list of k + 2 colors and let

L'(e) = L(e) — {e(u), c(v)}.

Since |L'(e)| > k for each edge e of G and x}(G) = k, it follows that there is a
proper edge coloring ¢’ of G such that ¢/(e) € L'(e) and so ¢/(e) ¢ {c(u),c(v)}.
Hence the total coloring ¢’ of G defined by

wi s ) oclx) ifzeV(G)
c'(z) = { d(x) ifxe E(G)

is a (k + 2)-total coloring of G and so
X'(G) <2+ k=24 x(G),

as desired. -

The List Coloring Conjecture (see Section 10.5) states that x'(G) = x}(G) for
every nonempty graph G. If this conjecture is true, then x,(G) < 1+ A(G) by
Vizing’s theorem (Theorem 10.2) and so x”(G) < 3 + A(G) by Theorem 10.39. In
1998 Michael Molloy and Bruce Reed [133] established the existence of a constant ¢
such that ¢ + A(G) is an upper bound for x”(G) for every graph G. In particular,
they proved the following.

Theorem 10.40 For every graph G,
X' (G) <10% + A(G).

Just as the chromatic index of a nonempty graph G equals the chromatic number
of its line graph L(G), the total chromatic number of G also equals the chromatic
number of a related graph.

The total graph T'(G) of a graph G is that graph for which V(T'(G)) = V(G)U
E(G) and such that two distinct vertices x and y of T(G) are adjacent if z and y
are adjacent vertices of G, adjacent edges of G, or an incident vertex and edge. It
therefore follows that

X'(G) = x(T(@)) for every graph G.

A graph G and its total graph are shown in Figure 10.22, together with a total
coloring of G and a vertex coloring of T'(G). In this case, X" (G) = x(T(G)) =4



284 CHAPTER 10. EDGE COLORINGS OF GRAPHS

Figure 10.22: Total graphs and total colorings

Exercises for Chapter 10

1. (a) Determine the upper bounds for x’(G) given by Theorems 10.3 and 10.4
for the multigraph G shown in Figure 10.23.

(b) Determine x'(G) for the multigraph G shown in Figure 10.23.

Figure 10.23: The multigraph G in Exercise 1

2. Prove for every graph G (whether G is of Class one or of Class two) that
G x K is of Class one.

3. What can be said about the Class of a graph obtained by adding a pendant
edge to a vertex of maximum degree in a graph?

4. Use the fact that every r-regular bipartite graph is 1-factorable to give an
alternative proof of Theorem 10.8: If G is a nonempty bipartite graph, then
X (G) = A(G).

5. Show that Corollary 10.7 is also a corollary of Theorem 10.9.
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Prove Corollary 10.10: Every overfull graph is of Class two.
Show that if H is an overfull subgraph of a graph G, then A(H) = A(G).
Show that the condition A(G1) = A(G2) = r is needed in Theorem 10.14.

A nonempty graph G is of Type one if X' (L(G)) = w(L(G)) and of Type two if
X' (L(G)) = 14+ w(L(G)). Prove or disprove: Every nonempty graph is either
of Type one or of Type two.

The total deficiency of a graph G of order n and size m is the number
n-A(G) — 2m. Prove that if G is a graph of odd order whose total deficiency
is less than A(G), then G is of Class two.

Prove that every cubic graph having connectivity 1 is of Class two.

Show that for every integer k with 2 < k < 5, there is a planar graph of Class
one and a planar graph of Class two, both having maximum degree k.

For a positive integer k, let H be a 2k-regular graph of order 4k + 1. Let G
be obtained from H by removing a set of £ — 1 independent edges from H.
Prove that G is of Class two.

In Figure 10.7, a solution of Example 10.11 is given by providing a 6-edge
coloring of the graph H shown in that figure. Give a characteristic of the
resulting tennis schedule which might not be considered ideal and correct this
deficiency by giving a different 6-edge coloring of H.

In Figure 10.8, a solution of Example 10.12 is given by providing a 4-edge
coloring of the graph G shown in that figure. Give a characteristic of the
resulting tennis schedule which might not be considered ideal and correct this
deficiency by giving a different 4-edge coloring of G.

Give an example of a cubic planar graph with a bridge that has no Tait
coloring.

(a) Give an example of a planar cubic graph containing a bridge.

(b) Give an example of a nonplanar cubic graph containing a bridge.

(¢) Prove that every cubic graph containing a bridge is of Class two.
For the bridgeless cubic graph G shown in Figure 10.24, determine:

(a) whether G is planar.
(b) whether G is Hamiltonian.
(¢) the girth of G.
(d) the cyclic edge-connectivity of G.
)
)

e) to which class G belongs.

f) whether G is a snark.

(
(
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Figure 10.24: The graph in Exercise 18

(a) Determine the chromatic index of the graph G shown in Figure 10.25.
(b) Is this graph a snark?

Figure 10.25: The graph in Exercise 19

The following is from the Lewis Carroll poem The Hunting of the Snark:

Taking Three as the subject to reason about,

A convenient number to state,

We add Seven, and Ten, and then multiply out
By One Thousand diminished by FEight.

The result we proceed to divide, as you see,

By Nine Hundred and Ninety Two:

Then subtract Seventeen, and the answer must be
Ezxactly and perfectly true.

If in this poem, taking Thirty Three as “the subject to reason about” (rather
than Three), what is the “answer”?

Let G be a graph having a nowhere-zero k-flow for some k > 2. Prove that
for each partition {Eq, Ea} of E(G), there exists a nowhere-zero k-flow ¢ such
that ¢(e) > 0 if and only if e € Ej.

Prove Theorem 10.26: If ¢1 and ¢o are flows on an orientation D of a graph
G, then every linear combination of ¢1 and ¢o is also a flow on D.
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23. Show that the Petersen graph has a nowhere-zero 5-flow.

24. Prove that every bridgeless graph containing an Eulerian trail has a nowhere-
zero 3-flow.

25. Can a graph that is not a cycle have a cycle double cover consisting only of
three Hamiltonian cycles?

26. Show that K¢ has a cycle double cover consisting only of Hamiltonian cycles.

27. Let G be a nonempty graph. Show that x,(G) < 2A(G) — 1 by applying a
greedy edge coloring to G.

28. For the two graphs G = K4 and G5 = Kj, determine x”/(G;) for i = 1,2 and
express X" (G;) in terms of A(G;).
29. (a) Show for every graph G that x”(G) < x(G) + x/(G).
(b) Give an example of a connected graph G such that x”/(G) = x(G)+x/(G).






Chapter 11

Monochromatic and Rainbow
Colorings

There are instances in which we will be interested in edge colorings of graphs that
do not require adjacent edges to be assigned distinct colors. Of course, in these
cases such colorings are not proper edge colorings. In many of these instances, we
are concerned with coloring the edges of complete graphs. There are occasions when
we have a fixed number of colors and seek the smallest order of a complete graph
such that each edge coloring of this graph with this number of colors results in a
prescribed subgraph all of whose edges are colored the same (a monochromatic
subgraph). However, for a fixed graph (complete or not), we are also interested
in the largest number of colors in an edge coloring of the graph that avoids both
a specified subgraph all of whose edges are colored the same and another specified
subgraph all of whose edges are colored differently (a rainbow subgraph). The
best known problems of these types deal with the topic of Ramsey numbers of
graphs. We begin with this.

11.1 Ramsey Numbers

Frank Plumpton Ramsey (1903-1930) was a British philosopher, economist, and
mathematician. Ramsey’s first major work was his 1925 paper “The Foundations
of Mathematics”, in which he intended to improve upon Principia Mathematica by
Bertrand Russell and Alfred North Whitehead. He presented his second paper “On
a problem of formal logic” [144] to the London Mathematical Society. A restricted
version of this theorem is the following.

Theorem 11.1 (Ramsey’s Theorem) For any k+ 1 > 3 positive integers t,
ni, na, ..., ng, there exists a positive integer N such that if each of the t-element
subsets of the set {1, 2, ..., N} is colored with one of the k colors 1, 2, ..., k, then
for some integer i with 1 <1 < k, there is a subset S of {1, 2, ..., N} containing
n; elements such that every t-element subset of S is colored i.

289
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In order to see the connection of Ramsey’s theorem with graph theory, suppose
that {1,2,..., N} is the vertex set of the complete graph K. In the case where
t = 2, each 2-element subset of the set {1,2,..., N} is assigned one of the colors
1,2,...,k, that is, there is a k-edge coloring of K,,. It is this case of Ramsey’s
theorem in which we have a special interest.

Theorem 11.2 (Ramsey’s Theorem) For any k > 2 positive integers nq,
na, ..., ng, there exists a positive integer N such that for every k-edge coloring
of K, there is a complete subgraph K,, of K, for some i (1 <1i < k) such that
every edge of Ky, is colored i.

In fact, our primary interest in Ramsey’s theorem is the case where k = 2. In
a red-blue edge coloring (or simply a red-blue coloring) of a graph G, every
edge of G is colored red or blue. Adjacent edges may be colored the same; in fact,
this is often necessary. Indeed, in a red-blue coloring of G, it is possible that all
edges are colored red or all edges are colored blue. For two graphs F' and H, the
Ramsey number R(F, H) is the minimum order n of a complete graph such that
for every red-blue coloring of K, there is either a subgraph isomorphic to F' all of
whose edges are colored red (a red F') or a subgraph isomorphic to H all of whose
edges are colored blue (a blue H). Certainly

R(F,H) = R(H, F)

for every two graphs F and H. The Ramsey number R(F, F') is thus the minimum
order n of a complete graph such that if every edge of K, is colored with one of two
given colors, then there is a subgraph isomorphic to F' all of whose edges are colored
the same (a monochromatic F'). The Ramsey number R(F, F') is sometimes called
the Ramsey number of the graph F. We begin with perhaps the best known
Ramsey number, namely the Ramsey number of Kj.

Theorem 11.3 R(K3, K3) = 6.

Proof. Let there be given a red-blue coloring of Kg. Consider some vertex vy
of Kg. Since vy is incident with five edges, it follows by the Pigeonhole Principle
that at least three of these five edges are colored the same, say red. Suppose that
v1V2, V103, and vivy are red edges. If any of the edges vovs, vov4, and v3v, is colored
red, then we have a red Kj3; otherwise, all three of these edges are colored blue,
producing a blue K3. Hence R(K3,K3) < 6. On the other hand, let V(K5) =
{v1,v2,...v5} and define a red-blue coloring of K5 by coloring each edge of the
5-cycle (v1,va,...,vs,v1) red and the remaining edges blue (see Figure 11.1, where
bold edges are colored red and dashed edges are colored blue).

Since this red-blue coloring produces neither a red K3 nor a blue K3, it follows
that R(K3, K3) > 6 and so R(K3, K3) = 6. L]

Theorem 11.3 provides the answer to a popular question. In any gathering of
people, every two people are either acquaintances or strangers. What is the smallest
positive integer n such that in any gathering of n people, there are either three
mutual acquaintances or three mutual strangers? This situation can be modeled
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Us

V4

Figure 11.1: A red-blue coloring of Kj

by a graph of order n, in fact by K,, where the vertices are the people, together
with a red-blue coloring of K,,, where a red edge, say, indicates that the two people
are acquaintances and a blue edge indicates that the two people are strangers. By
Theorem 11.3 the answer to the question asked above is 6.

As an example of a Ramsey number R(F, H), where neither F' nor H is complete,
we determine R(F, H) for the graphs F and H shown in Figure 11.2 .

o———=O

Figure 11.2: Determining R(F, H)

Example 11.4 For the graphs F and H shown in Figure 11.2,
R(F,H)=T.

Proof. Since the red-blue coloring of Kg in which the red graph is 2K3 and the
blue graph is K3 3 has neither a red F nor a blue H, it follows that R(F, H) > 7. Now
let there be given a red-blue coloring of K7. Since R(K3, K3) = 6 by Theorem 11.3,
K7 contains a monochromatic K3. Let U be the vertex set of a monochromatic K3
and let W be the set consisting of the remaining four vertices of K7. We consider
two cases.

Case 1. The monochromatic Ks with vertex set U is blue. If any edge joining
two vertices of W is blue, then there is a blue H; otherwise, there is a red F.

Case 2. The monochromatic K3 with vertex set U is red. If any edge joining a
vertex of U and a vertex of W is red, then there is a red F'. Otherwise, every edge
joining a vertex of U and a vertex of W is blue. If any edge joining two vertices of
W is blue, then there is a blue H; otherwise, there is a red F'. [

The Ramsey number R(F, H) of two graphs F' and H can be defined without
regard to edge colorings. The Ramsey number R(F,H) can be defined as the
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smallest positive integer n such that for every graph G of order n, either G' contains
a subgraph isomorphic to F' or its complement G contains a subgraph isomorphic
to H. Assigning the color red to each edge of G and the color blue to each edge of
G returns us to our initial definition of R(F, H).

Historically, it is the Ramsey numbers R(K, K;) that were the first to be stud-
ied. The numbers R(Kj, K;) are commonly expressed as R(s,t) as well and are
referred to as the classical Ramsey numbers. By Ramsey’s theorem, R(s,t)
exists for every two positive integers s and t. We begin with some observations.
First, as observed above, R(s,t) = R(t,s) for every two positive integers s and t.
Also,

R(1,t) =1and R(2,t) =1t

for every positive integer ¢; and by Theorem 11.3, R(3,3) = 6.
Indeed, the Ramsey number R(F, H) exists for every two graphs F and H. In
fact, if F' has order s and H has order t, then

R(F,H) < R(s,1).

The existence of the Ramsey numbers R(s,t) was also established in 1935 by Paul
Erdos and George Szekeres [64], where an upper bound for R(s,t) was obtained as
well. Recall, for positive integers k and n with k& < n, the combinatorial identity:

(") (0)=C3) o

Theorem 11.5 For every two positive integers s and t, the Ramsey number R(s,t)

exists; in fact,
s+t—2
R(s,t) < .
so< (707

Proof. We proceed by induction on n = s +t. We have already observed that

R(1,t) = 1 and R(2,t) = t for every positive integer ¢. Hence R(s,t) < (Sfif)

when n = s+t < 5. Thus we may assume that s > 3 and ¢t > 3 and so n > 6.

Suppose that R(s’,t') exists for all positive integers s’ and ¢’ such that s’ +¢' < k
where k > 6 and that

.y s+t -2

R(s',t) < < o1 )

We show for positive integers s and ¢ with s,¢t > 3 and k = s+t that

R(s,t) < (S j:; 2).

By the induction hypothesis, the Ramsey numbers R(s — 1,¢) and R(s,t — 1) exist

and
R(s—1,t) < <S+t;3) and R(s,t—1) < (S+t_13).
5 —
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s+t—3 n s+t—3 _ s+t—2
s—2 s—1 a s—1

by (11.1), it follows that

Since

R(s—1,t) + R(s,t — 1) < (Sjtf).
Let there be given a red-blue coloring of K, where n = R(s—1,t)+ R(s,t—1). We
show that K, contains either a red K or a blue K;. Let v be a vertex of K,,. Then
the degree of v in K, isn—1= R(s—1,¢)+ R(s,t — 1) — 1. Let G be the spanning
subgraph of K, all of whose edges are colored red. Then G is the spanning subgraph
of K, all of whose edges are colored blue. We consider two cases, depending on the
degree of v in G.

Case 1. degmv > R(s — 1,t). Let A be the set of vertices in G that are
adjacent to v. Thus the order of the (complete) subgraph of K,, induced by A is
p = deg;v > R(s — 1,t). Hence this complete subgraph K, contains either a red
Ks_1 or a blue K;. If K, contains a blue Ky, then K, contains a blue K; as well.
On the other hand, if K, contains a red K,_;, then K, contains a red K, since v
is joined to every vertex of A by a red edge.

Case 2. deggv < R(s —1,t) — 1. Then degzv > R(s,t —1). Let B be the
set of vertices in G that are adjacent to v. Therefore, the order of the (complete)
subgraph of K, induced by B is ¢ = deggv > R(s,t — 1). Hence this complete
subgraph K, contains either a red K, or a blue K;_;. If K, contains a red K,
then so does K,,. If K, contains a blue K;_;, then K, contains a blue K since v
is joined to every vertex of B by a blue edge.

Therefore,

R(s,t) < R(s — 1,£) + R(s,t — 1) < (3“12),
.

completing the proof. [

The proof of the preceding theorem provides an upper bound for R(s,t), which
is, in general, an improvement to that stated in Theorem 11.5.

Corollary 11.6 For integers s,t > 2,
R(s,t) < R(s —1,t) + R(s,t — 1). (11.2)
Furthermore, if R(s — 1,t) and R(s,t — 1) are both even, then
R(s,t) < R(s—1,t) + R(s,t —1) — 1.

Proof. The inequality in (11.2) follows from the proof of Theorem 11.5. Suppose
that R(s — 1,t) and R(s,t — 1) are both even, and for
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n=R(s—1,t)+ R(s,t — 1),

let there be given a red-blue coloring of K,,_;. Let G be the spanning subgraph of
K, _1 all of whose edges are colored red. Then every edge of G is blue. Since G
has odd order, some vertex v of G has even degree. If degyv > R(s — 1,t), then,
proceeding as in the proof of Theorem 11.5, K,,_; contains a red K or a blue Kj.
Otherwise, degg v < R(s — 1,t) — 2 and so deggv > R(s,t — 1). Again, proceeding
as in the proof of Theorem 11.5, K,,_; contains a red K, or a blue K;. n

Relatively few classical Ramsey numbers R(s,t) are known for s,t > 3. The

table in Figure 11.3, constructed by Stanislaw Radziszowski [143], gives the known
values of R(s,t) for integers s and ¢t with s,¢ > 3 as of August 1, 2006.

SN ls3 o4 05 6 7T 8 9

3 6 9 14 18 23 28 36
4 9 18 25 ? ? ? ?

Figure 11.3: Some classical Ramsey numbers

While determining R(F, H) is challenging in most instances, Vagek Chvétal [45]
found the exact value of R(F, H) whenever F' is any tree and H is any complete
graph.

Theorem 11.7 Let T be a tree of order p > 2. For every integer n > 2,
R(T, Kp) = (p—1)(n—1) + 1.

Proof. First, we show that R(T, K,) > (p — 1)(n — 1) + 1. Let there be given
a red-blue coloring of the complete graph K(,_1)(,—1) such that the resulting red
subgraph is (n — 1) K,_1; that is, the red subgraph consists of n — 1 copies of K,_;.
Since each component of the red subgraph has order p — 1, it contains no connected
subgraph of order greater than p — 1. In particular, there is no red tree of order p.
The blue subgraph is then the complete (n—1)-partite graph Kp,_1 p—1,... p—1, Where
every partite set contains exactly p — 1 vertices. Hence there is no blue K, either.
Since this red-blue coloring avoids both a red tree T and a blue K, it follows that
R(T,K,)>((p—-1)(n—1)+1.

We now show that R(T,K,) < (p — 1)(n — 1) + 1 for an arbitrary but fixed
tree T of order p > 2 and an integer n > 2. We verify this inequality by induction
on n. For n = 2, we show that R(T,K3) < (p—1)(2—-1)+ 1 = p. Let there be
given a red-blue coloring of K,,. If any edge of K, is colored blue, then a blue K3
is produced. Otherwise, every edge of K, is colored red and a red T is produced.
Thus R(T, K2) < p. Therefore, the inequality R(T, K,,) < (p —1)(n — 1) + 1 holds
when n = 2. Assume for an integer & > 2 that R(T, Ky) < (p — 1)(k —1) + 1.
Consequently, every red-blue coloring of K(,_1)x—1)+1 contains either a red 7" or
a blue Kj. We now show that R(T, Kiy1) < (p — 1)k + 1. Let there be given a
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red-blue coloring of K(,_1)r41- We show that there is either a red tree T" or a blue
Kj4+1. We consider two cases.

Case 1. There exists a verter v in K,_1)p11 that is incident with at least (p —
1)(k—1)+1 blue edges. Suppose that vv; is a blue edge for 1 <i < (p—1)(k—1)+1.
Consider the subgraph H induced by the set {v; : 1 <i < (p—1)(k—1)+1}. Thus
H = K _1)(k-1)+1- By the induction hypothesis, H contains either a red T or
a blue Kj. If H contains a red T', so does K,_1)r41. On the other hand, if H
contains a blue K}, then, since v is joined to every vertex of H by a blue edge,
there is a blue K11 in Kp_1)k41-

Case 2. Every vertex of K,_1yr41 is incident with at most (p — 1)(k — 1) blue
edges. So every vertex of K(,_1)x41 is incident with at least p — 1 red edges. Thus
the red subgraph of K, _1),41 has minimum degree at least p—1. By Theorem 4.11,
this red subgraph contains a red T'. Therefore, K(,_1),4+1 contains a red T as well. m

Ramsey’s theorem suggests that the Ramsey number R(F, H) of two graphs F’
and H can be extended to more than two graphs. For k > 2 graphs G1, G, . .., Gy,
the Ramsey number R(G1,Ga,...,Gy) is defined as the smallest positive integer
n such that if every edge of K, is colored with one of k given colors, a monochromatic
G, results for some i (1 <14 < k). While the existence of this more general Ramsey
number is also a consequence of Ramsey’s theorem, the existence of R(F, H) for
every two graphs F' and H can also be used to show that R(G1,Ga,...,G}) exists
for every k > 2 graphs G1,Ga, ..., Gy (see Exercise 5).

Theorem 11.8 For every k > 2 graphs G1,Ga,...,Gy, the Ramsey number
R(G1,Ga,...,Gy) exists.

If G; = K, for 1 < i <k, then we write R(G1,Ga,...,Gk) as R(n1,na, ..., ng).
When the graphs G; (1 < i < k) are all complete graphs of order at least 3 and
k > 3, only the Ramsey number R(3,3,3) is known. The following is due to Robert
E. Greenwood and Andrew M. Gleason [82].

Theorem 11.9 R(3,3,3) = 17.

Proof. Let there be given an edge coloring of K17 with the three colors red, blue,
and green. Since there is no 5-regular graph of order 17, some vertex v of K17 must
be incident with six edges that are colored the same, say vv; (1 < i < 6) are colored
green. Let H = K¢ be the subgraph induced by {v1,vs,...,vs}. If any edge of H
is colored green, then K77 has a green triangle. Thus we may assume that no edge
of H is colored green. Hence every edge of H is colored red or blue. Since H = Ky
and R(3,3) = 6 (Theorem 11.3), it follows that H and K;7 as well contain either a
red triangle or a blue triangle. Therefore, K17 contains a monochromatic triangle
and so R(3,3,3) < 17.

To show that R(3,3,3) = 17, it remains to show that there is a 3-edge coloring
of K¢ for which there is no monochromatic triangle. In fact, there is an isomorphic
factorization of K14 into a triangle-free graph that is commonly called the Clebsch
graph or the Greenwood-Gleason graph. This graph can be constructed by
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beginning with the Petersen graph with vertices u; and v; (1 < i < 5), as illustrated
in Figure 11.4 by solid vertices and bold edges. We then add six new vertices,
namely z and w; (1 <i < 5). The Clebsch graph CG (a 5-regular graph of order
16) is constructed as shown in Figure 11.4. This graph has the property that for
every vertex v of CG, the subgraph CG— N [v] is isomorphic to the Petersen graph. m

Figure 11.4: The Clebsch graph

11.2 Turan’s Theorem

Since the Ramsey number R(3,3) = 6, it follows that in every red-blue coloring of
K,, n > 6, either a red K3 or a blue K3 results. We can’t specify which of these
monochromatic subgraphs of K, will occur, of course, since if too few edges of K,
are colored red, for example, then there is no guarantee that a red K3 will result.
How many edges of K,, must be colored red to be certain that at least one red K3
will be produced? This is a consequence of a theorem due to Paul Turdn and is a
special case of a result that is considered to be the origin of the subject of extremal
graph theory.

Theorem 11.10 Let n > 3. If at least VTZJ +1 edges of K,, are colored red, then

K,, contains a red Ks.
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Proof. We proceed by induction on n. If n = 3, then {%J + 1 = 3 and so all
edges of K3 are colored red, resulting in a red K3. Hence the theorem holds for
n = 3. Assume for an integer n > 4 that whenever at least L J + 1 edges of K}
are colored red, where 3 < k < n, then K}, contains a red K3. Suppose that at least

%J + 1 edges of K,, are colored red. If n = 4, then at most one edge of K,, is not

colored red and K, contains a red K3. Hence we may assume that n > 5.

Let u and v be any two vertices of K, that are joined by a red edge. If there is
some vertex w distinct from w and v such that both uw and vw are red, then K,
contains a red K3. On the other hand, if no such vertex w exists, then every vertex
of K, distinct from u and v is joined to at most one of u and v by a red edge. Hence
the number of edges colored red that are not incident with u or v is at least

{%J—Fl—[(n—Q)—i—l]: {WJ—H: {@J—H.

By the induction hypothesis, K,, — u — v = K,,_o contains a red K3 and so K,
contains a red K3 as well. n

If the edges of a subgraph K[ 11z of K,, are colored red, then {%J edges are

colored red but there is no red K3. Thus the bound in Theorem 11.10 is sharp.
Theorem 11.10 can be restated without reference to edge colorings. Namely:

If the size of a graph G of order n is at least { J + 1, then G contains

a triangle.

We now turn our attention to a theorem that is more general than Theo-
rem 11.10. For an integer n > 3 and for each positive integer k < n, let t1,ts,..., %
be k integers such that

n=ti+to+...+t, 1 <t;1 <ty <...<tg,and t —t; <1.

For every two integers k and n with 1 < k < n, the integers t1, ts, ..., t; are unique.
For example, if n = 11 and k = 3, then t1,t2,t3 is 3,4,4; while if n = 14 and
k =6, then t1,%2,...,t6 s 2,2,2,2,3,3. The complete k-partite graph K¢, 4,,... ¢, is
called the Turan graph 7;, ;. Thus the Turan graph T}, i, is the complete k-partite
graph of order n, the cardinalities of whose partite sets differ by at most 1. The
cardinality of each partite set of T}, j, is either L%J or [%1 If n/k is an integer, then
| %] = [#] = %; while if n/k is not an integer and r is the remainder when n is
divided by k, then exactly r of the partite sets of T},  have cardinality [%1

Since the Turan graph T, is a complete k-partite graph, T;,  contains no
(k + 1)-clique. The size of the Turdn graph T, j is denoted by ¢, 5. Thus there
exists a graph of order n and size t, containing no (k + 1)-clique. Turdn [175]
showed that for positive integers n and k with n > k the graph T, ; is the unique
graph of order n and maximum size having no (k + 1)-clique.

Theorem 11.11 (Turdn’s Theorem) Letn and k be positive integers with n > 3
and n > k. The Turdn graph T, i, is the unique graph of order n and mazimum size
having no (k + 1)-clique.
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Proof. First, we claim that for every integer n > 3 and each positive integer k
with n > k, it follows that for every graph G of order n having no (k + 1)-clique,
there exists a k-partite graph G’ of order n whose size is at least that of G. We
verify this claim by induction on k.

A graph of order n containing no 2-clique is empty and is therefore a 1-partite
graph. Hence the claim is true for £ = 1. Assume for an integer k£ > 2 that for
every graph F of order n, where n > k — 1, containing no k-clique, there exists a
(k — 1)-partite graph F’ of order n whose size is at least that of F. For n > k,
among the graphs of order n and having no (k+ 1)-clique, let G be one of maximum
size.

Let v be a vertex of G such that degv = A(G) = A and let H = G[Ng(v)].
Since G has no (k + 1)-clique and v is adjacent to every vertex of H, it follows that
H has no k-clique. Thus H is a graph of order A containing no k-clique. By the
induction hypothesis, there exists a (k — 1)-partite graph H’ of order A whose size
is at least that of H.

Define G’ = K,,_a+H'. Hence G’ has order n. Also, since H' is a (k—1)-partite
graph, G’ is a k-partite graph. We claim that the size of G’ is at least that of G.
From the construction of G, it follows that the size of G’ is

[E(G))] = |E(H)| + An — A).

Since there are at most A edges of G not belonging to H for every vertex u €
V(G) — V(H), it follows that

|E(G)| < |[E(H)|[+ A(n — A).
Hence
|E(G)| < |[E(H)|+ A(n— A) < [E(H')|+ A(n — A) = |[E(G")].

This verifies the claim.

Because there exists a graph of order n and size ¢, containing no (k + 1)-
clique, we now know that there is a k-partite graph G of order n and maximum
size containing no (k + 1)-clique. Clearly, G is a complete k-partite graph. If some
partite set Vj, of G contains at least two more vertices than another partite set, V3
say, then for x € Vj, the size of the complete k-partite graph G’ obtained from G by
replacing the partite sets V1 and V4, by Vi U{z} and V;, — {«}, respectively, exceeds
the size of G by |Vi| — |Vi| —1 > 1. Thus T, i, is the unique graph of order n and
maximum size containing no (k + 1)-clique. ]

As a consequence of Turan’s theorem, we have the following.
Corollary 11.12 Let k and n be integers withn > k+1 > 2. Then the minimum

number of edges of K, that need to be colored red so that a red Kyi1 results is
tnr+ 1.
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11.3 Rainbow Ramsey Numbers

Recall in an edge-colored graph G that if there is a subgraph F' of G all of whose
edges are colored the same, then F' is referred to as a monochromatic F.. On the
other hand, if all edges of F' are colored differently, then F' is referred to as a rainbow
F. Arie Bialostocki and William Voxman [18] defined, for a nonempty graph F,
the rainbow Ramsey number RR(F) of F' as the smallest positive integer n
such that if each edge of the complete graph K, is colored from any set of colors,
then either a monochromatic F' or a rainbow F' is produced. Unlike the situation for
Ramsey numbers, Rainbow Ramsey numbers are not defined for every graph F'. For
example, for the complete graph K,, (n > 3) with vertex set {v1,vs,...,v,} and an
edge coloring from the set {1,2,...,n—1} of colors that assigns the color 1 to every
edge incident with v1, the color 2 to any uncolored edge incident with vs, and so
on has the property that no K3 in K, is monochromatic or rainbow. Consequently,
RR(K3) is not defined. A natural question therefore arises: For which graphs F is
RR(F') defined?

Let {v1,va,...,v,} be the vertex set of a complete graph K,,. An edge coloring
of K, using positive integers for colors is called a minimum coloring if two edges
v;v; and vive are colored the same if and only if

min{s, j} = min{k, ¢};

while an edge coloring of K, is called a maximum coloring if two edges v;v; and
vve are colored the same if and only if

max{i, j} = max{k, ¢}.

In 1950 Paul Erdés and Richard Rado [61] showed that if the edges of a sufficiently
large complete graph are colored from a set of positive integers, then there must be
a complete subgraph of prescribed order that is monochromatic or rainbow or has
a minimum or maximum coloring.

Theorem 11.13 For every positive integer p, there exists a positive integer n such
that if each edge of the complete graph K, is colored from a set of positive integers,
then there is a complete subgraph of order p that is either monochromatic or rainbow
or has a minimum or maximum coloring.

With the aid of Theorem 11.13, Bialostocki and Voxman [18] determined all
those graphs F' for which RR(F) is defined.

Theorem 11.14 Let F' be a graph without isolated vertices. The rainbow Ramsey
number RR(F) is defined if and only if F is a forest.

Proof. Let F be a graph of order p > 2. First we show that RR(F) is defined
only if F' is a forest. Suppose that F' is not a forest. Thus F' contains a cycle C,
of length k > 3 say. Let n be an integer with n > p and let {v1,v,...,v,} be the
vertex set of a complete graph K,,. Define an edge coloring ¢ of K,, by c(v;v;) =i
if ¢ < j. Hence ¢ is a minimum edge coloring of K,,. If k is the minimum positive
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integer such that vy belongs to C', then two edges of C' are colored k, implying that
there is no rainbow F' in K,. Since any other edge in C' is not colored k, it follows
that F' is not monochromatic either. Thus RR(F) is not defined.

For the converse, suppose that F' is a forest of order p > 2. By Theorem 11.13,
there exists an integer n > p such that for any edge coloring of K,, with positive
integers, there is a complete subgraph G of order p in K, that is either monochro-
matic or rainbow or has a minimum or maximum coloring. If G is monochromatic or
rainbow, then K, contains a monochromatic or rainbow F. Hence we may assume
that the edge coloring of G is minimum or maximum, say the former. We show in
this case that G contains a rainbow F'. If F'is not a tree, then we can add edges to
F to produce a tree T of order p. Let

V(G) = {Uil,’l}i27 e ,vip},

where i1 <z < ... <ip. Select some vertex v = v;, of T" and label the vertices of
T in the order

v = ’Uz'p,’Uz'p_l, c ooy Uiy, Uy
of nondecreasing distances from v; that is,
d(vij ’ U) 2 d(vij+1 ’ U)

for every integer j with 1 < j < p — 1. Hence there exists exactly one edge of T
having color ¢; for each j with 1 < j <p—1. Thus 7" and hence F' is rainbow. The
rainbow Ramsey number RR(F') is therefore defined. ]

In particular, by Theorem 11.14, RR(T) is defined for every tree T. We deter-
mine the exact value of the rainbow Ramsey number for a well-known class of trees,
namely the stars.

Example 11.15 For each integer k > 2, RR(K1 ) = (k —1)% + 2.

Proof. We first show that RR(K1 1) > (k —1)? + 2. Let
n=(k—1)%+1.

We consider two cases.

Case 1. k is odd. Then n is odd. Factor K, into ”51 @ Hamiltonian

cycles each. Partition these cycles into kK — 1 sets S; (1 < ¢ < k—1) of %
Hamiltonian cycles each. Color each edge of each cycle in S; with color i. Then
there is neither a monochromatic K j nor a rainbow K .

Case 2. k is even. Then n is even. Factor K,, into n — 1 = (k — 1)? 1-factors.
Partition these 1-factors into k — 1 sets S; (1 <i < k—1) of k— 1 1-factors. Color
each edge of each 1-factor in S; with color i. Then there is neither a monochromatic
K i nor a rainbow K .

Therefore, RR(K1x) > (k — 1) + 2. It remains to show that RR(Kj ) <
(k—1)24+2. Let N = (k— 1)+ 2 and let there be given an edge coloring of
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Ky from any set of colors. Suppose that no monochromatic K results. Let v
be a vertex of K. Since degv = N — 1 and there is no monochromatic K i, at
most k£ — 1 edges incident with v can be colored the same. Thus there are at least
[%1 = k edges incident with v that are colored differently, producing a rainbow
Kl,k- |

More generally, for two nonempty graphs F; and F5, the rainbow Ramsey
number RR(F, F») is defined as the smallest positive integer n such that if each
edge of K, is colored from any set of colors, then there is either a monochromatic Fj
or arainbow Fy. In view of Theorem 11.14, it wouldn’t be expected that RR(F, F»)
is defined for every pair F}, F» of nonempty graphs. This is, in fact, the case. While
it is a consequence of a result of Erdds and Rado [61] for which graphs F; and Fb
the rainbow Ramsey number RR(F}, F>) exists, the proof of the following theorem
is due to Linda Eroh [66].

Theorem 11.16 Let Fy and F» be two graphs without isolated vertices. The rain-
bow Ramsey number RR(Fy, Fy) is defined if and only if Fy is a star or Fy is a
forest.

Proof. First, we show that RR(Fy, Fy) exists only if F is a star or Fy is a forest.
Suppose that F is not a star and F5 is not a forest. Let G be a complete graph of
some order n such that V(G) = {v1,va,...,v,} and such that both F} and F; are
subgraphs of G. Define an (n — 1)-edge coloring on G such that the edge v;v; is
assigned the color ¢ if ¢ < j. Hence this coloring is a minimum edge coloring of G.

Let G be any copy of F} in G and let a be the minimum integer such that v,
is a vertex of G;. Then every edge incident with v, is colored a. Since G is not a
star, some edge of (G1 is not incident with v, and is therefore not colored a. Hence
(G1 is not monochromatic. Next, let G2 be any copy of F5 in G. Since G5 is not
a forest, G5 contains a cycle C. Let b be the minimum integer such that v, is a
vertex of G2 belonging to C'. Since the two edges of C' incident with vy, are colored
b (and Go contains at least two edges colored b), Go is not a rainbow subgraph of
G. Hence RR(Fy, F5) is not defined.

We now verify the converse. Let F; and Fy be two graphs without isolated
vertices such that either F} is a star or Fy is a forest. We show that there exists a
positive integer n such that for every edge coloring of K, either a monochromatic
Fy or a rainbow F5 results. Suppose that the order of F} is s + 1 and the order of
F5 is t 4+ 1 for positive integers s and ¢. Hence F; = K; ;. We now consider two
cases, depending on whether Fj is a star or F5 is a forest. It is convenient to begin
with the case where F5 is a forest.

Case 1. Fy is a forest. If F5 is not a tree, then we may add edges to F5 so
that a tree Go results. If F5 is a tree, then let Go = F5. Furthermore, if F} is
not complete, then we may add edges to Fi so that a complete graph G; = Kg41
results. If F} is complete, then let G; = F1. Hence G1 = K541 and G» is a tree of
order t + 1. We now show that RR(G1,G2) is defined by establishing the existence
of a positive integer n such that any edge coloring of K, from any set of colors
results in either a monochromatic G; or a rainbow G5. This, in turn, implies the
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existence of a monochromatic I or a rainbow F. We now consider two subcases,
depending on whether G5 is a star.

Subcase 1.1. G2 is a star of order t + 1, that is, Go = K. Therefore, in this
subcase, G1 = K11 and Go = K1 ;. (This subcase will aid us later in the proof.)
In this subcase, let

(s—1)(t—1)+1

n= >y (t=1)
i=0
and let an edge coloring of K,, be given from any set of colors. If K,, contains a
vertex incident with ¢ or more edges assigned distinct colors, then K, contains a
rainbow G5. Hence we may assume that every vertex of K, is incident with at most
t — 1 edges assigned distinct colors. Let v be a vertex of K,,. Since the degree of
v1 in K, is n — 1, there are at least

Lo DD |
t—1 >, (-1

=0

edges incident with v; that are assigned the same color, say color ¢;.
Let S1 be the set of vertices joined to v; by edges colored c¢; and let vy € Sy.
There are at least

(s—1)(t—1)—1

[S1] —1 i

t|—1 = ) (=D
1=0

edges of the same color, say color co, joining ve and vertices of S7, where possibly
co = c1. Let So be the set of vertices in S; joined to ve by edges colored cs.
Continuing in this manner, we construct sets Si,S2,...,Ss—1)(t—1) and vertices,
V1,02, ..., V(s—1)(t—1)+1 Such that for 2 < i < (s —1)(t — 1) +1, the vertex v; belongs
to S;—1 and is joined to at least

(s=1)(t—1)—(i—1)

> (t—1)°

=0

vertices of S;_1 by edges colored c;. Finally, in the set S(;_1)—1), the vertex
V(s—1)(t—1)+1 15 joined to a vertex v(s_1y(1—1)4+2 i S(s—1)(t—1) by an edge colored
C(s—1)(t—1)+1- Thus we have a sequence

V1,025« -5 U(s—1)(t—1)4+2 (113)

of vertices such that every edge v;v; for 1 < i < j < (s —1)(t — 1)+ 2 is colored
c¢; and where the colors c1, ¢z, ..., ¢(s—1)(t—1)+1 are not necessarily distinct. In the
complete subgraph H of order (s — 1)(t — 1) + 2 induced by the vertices listed in
(11.3), the vertex v(s_1)(t—1)+2 is incident with at most ¢ — 1 edges having distinct
colors. Hence there is a set of at least

{(5—1)(t—1)+1w _

t—1



11.3. RAINBOW RAMSEY NUMBERS 303

vertices in H joined to v(s_1);—1)+2 by edges of the same color. Let v, vi,, ..., v;,
be s of these vertices, where i1 < iy < --- < i5. Then ¢;, =¢;, =--- = ¢;, and the
complete subgraph of order s + 1 induced by

{Wiss Vig,y o3 Uiy, V(s—1y (- 1) 42 )
is monochromatic.

Subcase 1.2. Go is a tree of order t+1 that is not necessarily a star. Recall that
G1 = Ksy1. We proceed by induction on the positive integer t. If t =1 or t = 2,
then G5 is a star and the base case of the induction follows by Subcase 1.1. Suppose
that RR(G1,G2) exists for G; = K11 and for every tree Gy of order ¢ 4+ 1 where
t > 2. Let T be a tree of order t + 2. We show that RR(G1,T) exists. Let v be an
end-vertex of T' and let u be the vertex of T' that is adjacent to v. Let TV =T — v.
Since T” is a tree of order t+1, it follows by the induction hypothesis that RR(G1,T")
exists, say RR(G1,T") = p. Hence for any edge coloring of K, from any set of colors,
there is either a monochromatic G; = K41 or a rainbow T”. From Subcase 1.1, we
know that RR(G1, K1 ,4+1) exists. Suppose that RR(G1, K1,441) = ¢ and let n = pg
in this subcase.

Let there be given an edge coloring of K, using any number of colors. Consider
a partition of the vertex set of K, into ¢ mutually disjoint sets of p vertices each. By
the induction hypothesis, the complete subgraph induced by each set of p vertices
contains either a monochromatic K11 or a rainbow T7”. If a monochromatic K11
occurs in any of these complete subgraphs K, then Subcase 1.2 is verified. Hence
we may assume that there are ¢ pairwise mutually rainbow copies

11,13, ..., T,

of T', where u; is the vertex in T} (1 < i < q) corresponding to the vertex u in T".

Let H be the complete subgraph of order ¢ induced by {u1, ug, ..., us}. Since
RR(Kgy1, Ki441) = ¢, it follows that either H contains a monochromatic K41 or
a rainbow K ¢41. If H contains a monochromatic K1, then, once again, the proof
of Subcase 1.2 is complete. So we may assume that H contains a rainbow K1 ¢11.
Let u; be the center of a rainbow star K1 ¢11 in H. At least one of the ¢ + 1 colors
of the edges of K ¢4 is different from the colors of the ¢ edges of Tj{. Adding the
edge having this color at u; in T]( produces a rainbow copy of T'.

Case 2. Fy is a star. Denote Fy by G as well and so G1 = Ky 5. If Fy is
complete, then let Go = Fy. If F; is not complete, then we may add edges to F»
so that a complete graph Gy = K41 results. We verify that RR(G1,G2) exists by
establishing the existence of a positive integer n such that for any edge coloring of
K, from any set of colors, either a monochromatic Gy or a rainbow G5 results. This
then shows that K, will have a monochromatic F; or a rainbow F5. For positive
integers p and r with r < p, let

P = =pp— 1) (p -+ ),
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Now let n be an integer such that s — 1 divides n — 1 and

(11.4)

Then n—1 = (s—1)q for some positive integer ¢. Let there be given an edge coloring
of K, from any set of colors and suppose that no monochromatic G; = K s occurs.
We show that there is a rainbow Go = Ky;1. Observe that the total number of
different copies of K1 in K, is (fil) We show that the number of copies of
K1 that are not rainbow is less than (
rainbow K.

First consider the number of copies of K41 containing adjacent edges uv and uw
that are colored the same. There are n possible choices for the vertex u. Suppose
that there are a; edges incident with u that are colored ¢ for 1 <i < k. Then

tzl), implying the existence of at least one

k

Zai:n—l,

=1

where, by assumption, 1 < a; < s — 1 for each i. For each color i (1 < i < k),
the number of different choices for v and w where uv and uw are colored 7 is (“2)
Hence the number of different choices for v and w where uv and uw are colored the

same is
k
Z N
=1

Since the maximum value of this sum occurs when each a; is as large as possible,
the largest value of this sum is when each a; is s — 1 and when k = ¢, that is, there

are at most
z": s—1\ _ (s—1
: 2 )79 2
=1

choices for v and w such that uv and uw are colored the same. Since there are
("_3) choices for the remaining ¢ — 2 vertices of K;11, it follows that there are at

t—2
most
s—1\/n-3
(72 (%2)
copies of K;11 containing two adjacent edges that are colored the same.
We now consider copies of K1 in which there are two nonadjacent edges, say
e = zy and f = wz, colored the same. There are (Z) choices for e and n — 2 choices
for one vertex, say w, that is incident with f. The vertex w is incident with at most
s — 1 edges having the same color as e and not adjacent to e. Since there are four
ways of counting such a pair of edges in this way (namely e and either w or z, or f

and either z or y), there are at most

(g)(n—2)(s—1) n(n—1)(n—2)(s—1)

4 8
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ways to choose nonadjacent edges of the same color and (?:;) ways to choose the
remaining ¢t — 3 vertices of K;;1. Hence there are at most

n(n — 1)(n8— 2)(s — 1) (?:;1)

copies of K;11 containing two nonadjacent edges that are colored the same.
Therefore, the number of non-rainbow copies of Ky is at most

(=1 (n=3)  nn=Hn-2)(s—1) -4
q<n31><(§:i))(:—2) n—28 n—3 <t_3>
n(s—l) 2 (n—2><t—2)

L =1 -2)(s - 1) (n—3> <n—4)

8 n—3/\t—3
[(s=2)(t+1D®  (s=+1)®
2(n—2) 8(n —3) }

( g ) (5= DE+DO (5= )+ )W
< <t+1)_ 2n—3) | 8(n—3) }

()

(

(s —D)(t+ 1)@ (¢ + 2)]
8(n —3)

) [t (),

where the final inequality follows from (11.4). Hence there is a rainbow Kj4q in
K,. n

We now determine a rainbow Ramsey number.
Example 11.17 RR(K, 3, K3) =6.

Proof. Since the 2-edge coloring of K5 shown in Figure 11.1 results in neither a
monochromatic Kj 3 nor a rainbow Ks, it follows that RR(K 3, K3) > 6.

Next, suppose that there exists an edge coloring ¢ of Kg that produces neither
a monochromatic K 3 nor a rainbow K. Let V(Kg) = {vo,v1,...,vs}. Since at
most two edges incident with vy are assigned the same color, there are three edges
incident with vg that are assigned distinct colors. We may assume that c¢(vov;) =i
for i = 1,2,3 (see Figure 11.5(a)).

Since K¢ has no rainbow K3, we may assume that c(vivg) = 1. Since there is
no monochromatic K4 3 and no rainbow Kj, it follows that c(vivs) = 3. Since the
triangle with vertices v1, v2, v3 is not a rainbow triangle and c(vqvs) # 3, it follows
that c(vavs) = 1. However then, the triangle with vertices vg, v2, v3 is a rainbow
triangle, producing a contradiction (see Figure 11.5(b)). L]
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V2

U1 VU3

(a)

Figure 11.5: A step in proving RR(K4 3, K3) =6

11.4 Rainbow Numbers of Graphs

Recall that the Ramsey number R(F, F') of a graph F' is the smallest positive integer
n for which every red-blue coloring of K, results in a monochromatic F' (either a
red F or a blue F'). So, when referring to the Ramsey number of F', edge colorings
always use two colors and the goal is to determine the smallest order of a complete
graph that will guarantee the existence of a monochromatic F'.

There is a concept that is, in a sense, opposite to that of the Ramsey number of
F. For a graph F of order p without isolated vertices and for a given integer n > p,
the rainbow number rb,, (F') of F' is the smallest positive integer k such that every
k-edge coloring of K, in which each color is assigned to at least one edge results
in a rainbow F. Certainly every (g)—edge coloring of K, results in a rainbow F,
regardless of the graph F' under consideration. A closely related parameter is the
anti-Ramsey number ar, (F') of F', defined as the maximum number of colors that
can be used in an edge coloring of K, without producing a rainbow F'. Therefore,

rb, (F) = ar,(F) + 1.

For example, in any 2-edge coloring of K, where n > 3, there are always two
adjacent edges that are assigned distinct colors. Therefore,

rb,(Ps) =2 for n > 3.

The other graph of size 2 without isolated vertices is 2K5. Since the order of 2K,
is 4, it follows that rb,,(2K3) is defined for every integer n > 4. Suppose first that
n > 5 and consider any 2-edge coloring of K,,. As we noted, there are two adjacent
edges that are assigned distinct colors, say vyvs is colored 1 and wvivs is colored 2.
Let vy and vs are two other vertices of K,. Regardless of the color of vyvs, Ky,
contains a rainbow 2K5. Thus rb,(2K5) = 2 for n > 5. On the other hand, the
3-edge coloring of K, in Figure 11.6 does not result in a rainbow 2K5 and shows
that rby(2K3) > 4. In any 4-edge coloring of K, the two edges in one of the three
1-factors of K4 must be assigned distinct colors, however. Therefore,

4 ifn=4
rhy (2K>) :{ s e (11.5)
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Figure 11.6: A 3-edge coloring of K4

We now consider the rainbow numbers of the connected graphs of size 3. The
rainbow number of the path P, is stated below (see Exercise 11).

Proposition 11.18 For every integer n > 4,

ey ={ 5 n2t

While the rainbow number of the path Py is a constant (namely 4) if n > 5, this
is not the case for the remaining two connected graphs of size 3.

Proposition 11.19 For every integer n > 4, rb, (K1 3) = L%J + 2.

Proof. We proceed by induction on n. That rby(K 3) = 4 is straightforward (see
Exercise 12). We show that rbs (K 3) = 4. Color two nonadjacent edges of K5 with
the colors 1 and 2 and all other edges 3. Since there is no rainbow Kj 3, it follows
that rbs(K73) > 4. Color the edges of K5 with 4 colors. Let m; (i = 1,2,3,4)
denote the number of edges of K5 that are colored i. Then

4
Zmi =10.
=1

We may assume that 1 < mq; < mo < m3 < my. Thus 1 < my; < mg < 3. If K5
contains a vertex u incident with edges colored 1 and 2 but at most three edges
incident with u are colored 1 or 2, then K5 contains a rainbow K 3. Hence we may
assume that K5 contains no such vertex. There are two cases.

Case 1. Kj5 contains a vertex v incident only with edges colored 1 and 2. Then
either m; = 1 and ms = 3 or m; = mo = 2. In either case, no other edge of K5
is colored 1 and 2. Hence every edge of K5 — v = K4 is colored 3 and 4 and so
contains adjacent edges colored 3 and 4. Then any vertex incident with two such
edges is the central vertex of a rainbow K 3.

Case 2. No verter of K5 is incident with edges colored both 1 and 2. Then
m1 =1and 1 < mg < 3. If my =1, then the edge colored 1 and the edge colored
2 are nonadjacent. Since at least one of the four vertices incident with one of these
edges is incident with edges colored 3 and 4, it follows that K5 has a rainbow K 3.
If mgy = 2 or my = 3, then every vertex is incident with an edge colored 1 or 2.
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Since K5 contains adjacent edges colored 3 and 4, it follows that K5 has a rainbow
K1’3.

Thus rby, (K13) = [ %] + 2 for n = 4,5. For an integer n > 6, assume that

rbe(K13) = EJ +2

for every integer k with 4 < k < n. We show that rb, (K 3) = L%J + 2.

The (L%J + 1)—edge coloring of K, that assigns distinct colors to the edges in a
set of L%J independent edges and a new color to all other edges of K, produces no
rainbow K 3. Therefore, rby, (K1,3) > L%J +2. It remains to show that rb, (K7 3) <
| 2] +2.

Let there be given a (L%J + 2)—edge coloring of F' = K,,, where every color is
used to color at least one edge. Let uv be an edge of F' that is colored 1, say. If
there are three edges incident with w or with v that are colored differently, then F'
has a rainbow K 3. Hence we may assume that this is not the case. Therefore, all
edges incident with u that are not colored 1 are colored the same, say color a; while
all edges incident with v that are not colored 1 are colored the same, say color b,
where possibly a = b.

If the edges of F/ = F —{u,v} = K,_2 are colored with L"T_QJ +2 = L%J +1or
more colors, then by the induction hypothesis, F’ contains a rainbow K1 3 as does
F. Hence we may assume that the edges of I’ are colored with either L%J or
L%J +1 colors. Therefore, at least two of the colors 1, a, and b are not used in the
edge coloring of F’. Since some vertex x of F” is incident with two edges assigned
distinct colors, F' contains a rainbow K 3 if no edge of F’ is colored 1, a, and b,
for in this case, ux for example is colored 1 or a. Hence we may assume that a # b
and that exactly one of 1, a, and b is used in the edge coloring of F’. We consider
two cases.

Case 1. At least one edge of F' is colored 1 and mo edge of F' is colored a and
b. Let uxz be an edge colored a, where x € V(F'). Then vz is colored 1 or b. We
consider these two subcases.

Subcase 1.1. vz is colored 1. Then F’ (and F as well) contains a rainbow K 3
unless all edges incident with x in F’ are colored 1. Hence we may assume that this
is the case. Let vy be an edge colored b, where y € V(F’). Since zy is colored 1,
we may assume that all other edges of F' incident with y are colored 1. Since the
edges of F* = F — {u,z} = K,_, are colored with |252| + 2 colors, it follows by
the induction hypothesis that F'* contains a rainbow K 3, as does F'.

Subcase 1.2. vz is colored b. Let w be a vertex of F’ that is different from z.
Since wx is colored neither a nor b, it follows that F' contains a rainbow K 3.

Case 2. No edge of F' is colored 1. Let w be a vertex of F’ that is incident with
an edge colored differently from 1, a, and b, say color 2. If uw and vw are colored
differently, then there is a rainbow K 3. Thus we may assume that ww and vw are
colored the same, necessarily color 1. Let ux be an edge colored a. If zw is not
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colored 2, then there is a rainbow K 3. On the other hand, if zw is colored 2, then
since vz is colored 1 or b, there is a rainbow K 3. n

We now determine the rainbow number of Kj.
Theorem 11.20 Forn > 3, rb,(K3) =n.

Proof. Let the vertex set of K,, be {v1,va,...,v,}. Consider the minimum edge
coloring of K,, in which v;v; is assigned the color ¢ if 1 <14 < j <n. This (n — 1)-
edge coloring of K,, has no rainbow K3 and so rb,,(K3) > n. It remains to show that
rb,(K3) < n. Let there be given an n-edge coloring ¢ of K,,. Among all rainbow
subgraphs of size n in K, let H be one containing a cycle C' of minimum length.
Thus C' is a rainbow cycle. If C' is a triangle, then the proof is complete. Hence we
may assume that C' is a k-cycle where 4 < k < n. Let uv be a chord of C in K,.
Thus there are two u — v paths P’ and P” on C, each of length 2 or more. Both P’
and uv and P” and wv produce cycles C’ and C”, respectively, of length less than
k. Since at most one of P’ and P” contains an edge whose color is that of uv, either
C’ or C" is a rainbow cycle whose length is less than k. This is a contradiction. m

For 3 < k < n, recall that the Turdn number ¢, ; is the maximum size of a
graph of order n that contains no subgraph isomorphic to Kx41. Thus

n2
tnyg = Z .

Consequently, every graph of order n and size t,, +1 contains a subgraph isomorphic
to Kj4+1. The rainbow number of K, is now determined.

Theorem 11.21 For every integer n > 4, rb, (Ky) = VTZJ + 2.

Proof. Partition the vertex set of K, into subsets Vi and V5 such that |V;| =
L%J and |Va| = {%1 Color the edges in [V1, Vo] with distinct colors and color all
remaining edges of K, with the same color a such that a is different from those
colors used to color the edges in [Vi, V2]. Hence

5151+ 1= 5]+

colors have been used to color the edges of K,,. Let F be a copy of K4 in K,,. Then
F has either (1) two vertices belonging to each of Vi and V; or (2) at least three
vertices in one of V5 and V5. In both cases, at least two edges of F' are colored a
and so F' is not a rainbow subgraph. Since there is no rainbow Ky in K,, with this

edge coloring, it follows that rb,, (Ky) > L"TZJ + 2.

We now show by induction on n that rb,(K4) = L"TZJ + 2 for n > 4. Since
rbs(K4) = 6, the basis step of the induction is true. Assume that

() = |22
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for an arbitrary integer n > 5. We show that rb, (K,) = {%QJ + 2. Let there be

given an edge coloring of K,, that uses {”TQJ + 2 colors, where each color is assigned

to at least one edge of K. Suppose that there is a vertex v of K, such that there
are at most {"T’l] colors that are assigned to the edges incident with v but are
assigned to no other edges of K,,. Then at least

ol ][

colors are used to color the edges of K, —v = K,_1. By the induction hypothesis,

K,,_1 contains a rainbow K, and so K, contains a rainbow K,. Hence we may

assume for every vertex v of K, there are at least [”51] + 1 colors that are assigned

to edges incident with v but assigned to no other edges of K.

Let u be a vertex of K,, and let uv be an edge of K, that is assigned a color which
is not assigned to any edge not incident with u. Each of u and v is incident with
at least {"T_l] other edges that are assigned a color which is not assigned to any
edge not incident with that vertex. Suppose that the edges uu;, where uu; # uv,
1<i<s,and s > ["T*q, are assigned distinct colors so that each of these colors
is not assigned to any edge not incident with u. Similarly, suppose that vv;, where
vo; #uv, 1 < j <t andt > {"T’l], are assigned distinct colors so that each of
these colors is not assigned to any edge not incident with v. Let

U= {ui,ug...,us} and V = {v1,va,...,0}.
We consider two cases.

Case 1. n is even. Then n = 2q for some integer ¢ > 2. In this case, WT_q =
P‘ZTflw =¢q. Thus [UNV|> 2. Let z,y € UNV. Then the subgraph induced by
{u,v,z,y} is a rainbow Kj.

Case 2. n is odd. Then n = 2q 4+ 1 for some integer ¢ > 2. Again, ["T_lw =
[%] = ¢. In this case, |[UNV| > 1. If [UN V| > 2, then the argument in Case 1
shows that there is a rainbow Kj4. Hence we may assume that [U N V| = 1. Then
s =t = [251] = ¢ and we may assume that U NV = {u, = v,}. Furthermore,
suppose that uv is colored 1, uu; is colored a;, and vv; is colored b; for 1 < i < q.

Thus
V(K,) = {u, v} U{ur,ug, ..., ug—1} U{vi,va,...,09-1} U {ug = v4}

and the colors 1,a1,as,...,aq,b1,b2,...,b, are distinct. Suppose first that some
edge u;v (1 < i< ¢ —1) is colored b, and some edge uv; (1 < j < g—1) is colored
aq for 1 < i < ¢ — 1. Then the subgraph induced by {u,u;,v,v;} is a rainbow
K4. Otherwise, either no edge u;v (1 < ¢ < ¢ —1) is colored b, or no edge uv;
(1 <i<g—1)is colored ay, say the former. If there is an edge ujuq (1 <i<g—1)
that is assigned a color of an edge incident with u, that is not assigned to any edge
not incident with ug, then the subgraph induced by {u, v, u;, uq} is a rainbow Kjy.
Hence we may assume that none of the edges u;uq (1 < i < g — 1) are assigned a
color that is not assigned to any edge not incident with ug. Thus every edge uqv;
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(1 < j < ¢—1) must be assigned a color that is not assigned to any edge not incident
with ug. Then for any v; (1 < j < g — 1) the subgraph induced by {u,v,uq,v;} is
a rainbow K. n

Theorem 11.21 may therefore be stated as: For every integer n > 4, rb, (K4) =
tn,2 + 2. This result has been extended by Juan José Montellano-Ballesteros and
Victor Neumann-Lara [134].

Theorem 11.22 For integers k and n with 4 < k < n,
rbn(Kk—i-l) = tn,k—l + 2.

Proof. Assign distinct colors to the t,, y—1 edges of the Turdn graph 7}, ,—; and
assign the same color a to all remaining edges of K, such that a is different from
those colors used to color the edges of T, —1. This is therefore a (¢, x—1 + 1)-edge
coloring of K,,. Since every copy of Kj1 in K,, contains more than one edge colored
a, there is no rainbow Kj41 and so rb,(Kgt1) > tn k-1 + 2. Hence to verify that
tby (Kg41) = tnk—1 + 2, it is only required to show that every (¢, x—1 + 2)-edge
coloring of K, produces a rainbow Kj1.
We now show by induction that rb,, (Kyt1) = tn x—1 + 2 for n > k + 1. Since

k+1
thp1 (K1) = tpgprp—1 +2 = < 9 ),

the basis step of the induction is true. Assume that
rbnfl(KkJrl) = tnfl,kfl +2

for an arbitrary integer n > k + 2. We show that rb, (K1) = tn r—1 + 2.
Let there be given a (¢, 5—1+2)-edge coloring of K,,, where each color is assigned
to at least one edge of K. Suppose first that there is a vertex u of K, such that
k—2

there are at most | =5 (n — 1)—‘ colors that are assigned to edges incident with u

but assigned to no other edges of K,,. Then at least
k—2
k—1

tog1+2— { (n— 1)} = ty_1ho1 + 2 (11.6)

colors are used to color the edges of K;, — u = K,,_1. By the induction hypothesis,
K,,_1 contains a rainbow K11 and so K, contains a rainbow Kj,;. Hence we
may assume for each vertex v of K, that there are at least [% (n— 1)—‘ + 1 colors

assigned to edges incident with v which are assigned to no other edges of K,,. Let
n=(k—1)g+r, where 0 <r <k —2.
We consider two cases, according to whether r =0or 1 <r <k — 2.

Case 1. r = 0. Then

“z:f(n—nl +1=(k—2)q+1.
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Let u; be a vertex of K,. Then u, is adjacent to s; vertices ui1,u1,2,...,%1,s, in
K, where s; > (k — 2)g + 1, such that the colors of the edges ujuy; (1 < i < s1)
are distinct and each of these colors is not assigned to any edge that is not incident
with uy. Let Uy = {u1,1,u1,2,...,u15 }. Since s1 > (k —2)g + 1, it follows that

V(Kn) = (U1 U{w}) < q—2.

Let ua € U;. Then uy is adjacent to sy vertices us 1, u2,2,...,Uz,s, in Ky, where
s2 > (k —2)q + 1, such that the colors of the edges uaua; (1 <1i < s9) are distinct
and each of these colors is not assigned to any edge that is not incident with wus.
Let Uy = {u21,u2,2,...,u2,, . Since n = (k—1)q and |U;| = s; > (k — 2)q + 1 for
i =1,2, it follows that |[U; NUsz| > (k — 3)g + 2 and

|V(Kn) — (Ul n U2 U {ul,uQ})| S 2q —4 = 2(q — 2)

Repeating this procedure, we obtain a sequence wuq,us, ..., u;r—1 of vertices and a
sequence Uy, Us,...,Ui_1 of sets such that

|U1ﬁUgﬁ"'ﬁUk71|Zk—1
and

[V(K,) = [(UiNnUzN---NUk—1) U{ug, ug,y ..., up—1}]]
< (k—T)g—2(k—1) = (k—1)(g—2).
Since k — 1 > 3, there exist distinct vertices x,y € Uy NUs N --- N Ug_1. Then the
subgraph induced by {z,y,u1,us,...,up_1} is a rainbow Kj4q.

Case 2. 1 <r <k —2. Then

k—2
{—k_l(n— 1)-‘ +1=(k—2)g+r.
Let u; be a vertex of K,. Then u, is adjacent to s; vertices ui,1,u1,2,...,%1,s, in

K, where s1 > (k — 2)q + r, such that the colors of the edges uiui; (1 <17 < s7)
are distinct and each of these colors is not assigned to any edge that is not incident
with uy. Let Uy = {u1,1,u1,2,...,u15 }. Since s1 > (k —2)g + r, it follows that

V(Kn) = (Ui U{ui )| < g - L.

Let up € U;. Then uy is adjacent to sp vertices us 1,u2.2,...,U2,s, in K, where
sg > (k — 2)g + r, such that the colors of the edges usus; (1 <14 < s9) are distinct
and each of these colors is not assigned to any edge that is not incident with wus.
Let Uy = {u21,u2,2,...,uz,s, . Sincen = (k—1)g+r and |U;| =s; > (k—2)g+r
for i = 1,2, it follows that |[U; NUz| > (k — 3)g + r and

[V(Kn) = [(Ur N Uz) U{ug,uz}]| < 2(g—1).

Repeating this procedure, we obtain a sequence w1, us, ..., ur—1 of vertices and a
sequence Uy, Us, ..., Ui_1 of sets such that
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|U10U20"'ﬂUk_1| Z’I‘
and
|V (Kn) = [(UtnUz NN Ug—1) U{ur, ug, .. up—1}]] < (B —1)(g = 1).

If r > 2, there exist distinct vertices z,y € Uy NU3N---NUg—1. Then the subgraph
induced by {x,y,u1,us,...,up—1} is a rainbow Kj1.
It remains therefore only to consider the case when

(1) r=1 (and so g > 2),

(2) Uy NUaN---NUk_1 contains exactly one vertex, say
UiNnUsn---NUL_1 Z{’U,k},

and

(3) there exist pairwise disjoint sets Ay, Ag, ..., Ag_1, each consisting of exactly
g — 1 vertices, such that for each set A; (1 < ¢ < k — 1) and every vertex
w € Aj;, each edge wu;, where 1 < j < k—1 and j # 1, is assigned a color
that is not assigned to any edge not incident with wu;.

(See Figure 11.7 for a diagram of the vertices of K, in this situation.)

U
O
Uy U2 Uk—1
@) ©) . . O
q — 1 vertices | | g — 1 vertices e | g — 1 vertices |
A A Ak

Figure 11.7: A step in the proof of Theorem 11.21 when n = (k —1)g+ 1

Suppose that the color of w;uy is a;; for 1 < i < k — 1. If there exist a vertex
v; € A; and a vertex v; € Aj, where ¢ # j and 1 < 4,5 < k — 1, such that the edge
u;v; is colored a;; and the edge ujv; is colored ajj, then the subgraph induced by
{ug,ugy ... up_1, vi,vj} is a rainbow Kj41. Hence we may assume that for every
pair 4, j of distinct integers with 1 <i,5 < k — 1, either no edge wu;v; is colored a;x
for all v; € A; or no edge ujv; is colored aji for all v; € A;. This implies that for
at least k — 2 of the k — 1 sets A; (1 <i <k —1), no edge u,;v; is colored a;; for all
v; € A;. We may assume that the sets Ay, Ao, ..., Ax_o have this property.

By assumption, there are at least (k—2)g+1 edges incident with wuy, and assigned
a color that is not assigned to any edge not incident with uy. Since
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(k—2)g+1>(k—1)+(¢—1) when k > 4,

there is a vertex v in some set A; (1 <14 < k — 2) such that vuy is assigned a color
that is not assigned to any edge not incident with ui. Then the subgraph induced
by {u1,ua,...,up_1,ug, v} is a rainbow Ky. n

11.5 Rainbow-Connected Graphs

For a nontrivial connected graph G and a positive integer k, let ¢ : E(G) —
{1,2,...,k} be an edge coloring of G, where adjacent edges of G are permitted
to be colored the same. A path in this edge-colored graph G is called a rainbow
path if no two of its edges are assigned the same color. The graph G is rainbow-
connected (with respect to ¢) if G contains a rainbow u — v path for every pair u, v
of vertices G. In this context, the coloring c is called a rainbow edge coloring
or, more simply, a rainbow coloring and if k colors are used, then c is a rainbow
k-coloring. The edge coloring of the Petersen graph shown in Figure 11.8 is a
rainbow 3-coloring.

Figure 11.8: A rainbow 3-coloring of the Petersen graph

The minimum positive integer k& for which there exists a rainbow k-coloring
of a connected graph G is the rainbow connection number rc(G) of G. If
diam(G) = k, then necessarily rc(G) > k. The rainbow connection number is
defined for every nontrivial connected graph G since every edge coloring of G in
which distinct edges are assigned distinct colors is a rainbow coloring.

Since there exists a rainbow 3-coloring of the Petersen graph P, it follows that
rc(P) < 3. Furthermore, since diam(P) > 2, it follows that rc(P) > 2. There is no
rainbow 2-coloring of the Petersen graph, however, for suppose that such an edge
coloring c exists. Because P is cubic, there are two adjacent edges, say uv and vw,
that must be assigned the same color by ¢. Since the girth of P is 5, (u,v,w) is the
only u — w path of length 2 in P. Because this path is not a rainbow path, ¢ is not
a rainbow coloring and so rc(P) = 3.

Let ¢ be an edge coloring of a nontrivial connected graph G. For two vertices
u and v of GG, a rainbow u — v geodesic in G is a u — v rainbow path of length
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d(u,v). The graph G is said to be strongly rainbow-connected if G contains a
rainbow u — v geodesic for every two vertices u and v of G. In this case, the coloring
¢ is called a strong rainbow coloring of G. The minimum positive integer k
for which G has a strong rainbow k-coloring is the strong rainbow connection
number src(G) of G. In general, if G is a nontrivial connected graph of size m,
then

diam(G) < rc(G) < sre(G) < m. (11.7)

These concepts and the results that follow are due to Gary Chartrand, Garry Johns,
Kathleen McKeon, and Ping Zhang [37, 38].

Since the rainbow connection number of the Petersen graph P is 3, it follows
by (11.7) that src(P) > 3. The rainbow 3-coloring of the Petersen graph shown
in Figure 11.8 is not a strong rainbow 3-coloring, however, since the unique x — y
geodesic in P is not a rainbow x — y geodesic. Indeed, any strong rainbow coloring
of P must not assign the same color to adjacent edges, implying that the coloring is
a proper edge coloring. Because the chromatic index x/(P) of P is 4, it follows that
src(P) > 4. Since the edge coloring of P shown in Figure 11.9 is a strong rainbow
4-coloring, src(P) = 4.

Figure 11.9: A strong rainbow 4-coloring of the Petersen graph

We have seen for the Petersen graph that 3 = rc(P) # src(P) = 4. That these
two parameters have different values for the Petersen graph cannot occur if a graph
has a smaller rainbow connection number.

Theorem 11.23 For k € {1,2} and a nontrivial connected graph G,
re(G) = k if and only if sre(G) = k.

Proof. If rc(G) = 1, then diam(G) = 1 and so G is complete. The coloring that
assigns the color 1 to every edge of G is a strong rainbow 1-coloring of G and so
sre¢(G) = 1. If re(G) = 2, then diam(G) = 2 and there exists a rainbow 2-coloring
of G. Hence every two nonadjacent vertices of G are connected by a rainbow path
of length 2, which is necessarily a geodesic. Thus src¢(G) = 2. If G is a graph with
sre(G) = 2, then rc(G) < 2. However, rc(G) # 1, for otherwise, src(G) = 1. Thus
re(G) = 2. ]
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At the other extreme is the following result.

Theorem 11.24 Let G be a nontrivial connected graph of size m. Then
rc(G) = sre(G) =m
if and only if G is a tree.

Proof. Suppose that G is not a tree. Then G contains a cycle
C = (v1,v2,...,05,01),

where k > 3. Then the (m — 1)-edge coloring that assigns the color 1 to the edges
v1ve and vovs and distinct colors to the remaining m — 2 edges of G is a rainbow
(m — 1)-coloring. Thus r¢(G) < m — 1.

For the converse, suppose that G is a tree of size m and assume, to the contrary,
that there is a rainbow (m — 1)-coloring of G. Then there exist edges e = uv and
f = xy that are assigned the same color. For either v or v and for either x or y, say
u and x, there exists a w — x path in G containing e and f. Since this is the unique
u — x path of G, there is no rainbow u — z path in G, which is a contradiction. =

For the complete graph K,, n > 2, src(K,,) = rc(K,) = diam(K,,) = 1; while
for the Petersen graph P, src(P) = 4, r¢(P) = 3 and diam(P) = 2. Furthermore,
sre(Ki1 ) = re(Ki¢) = t and diam(K;+) = 2. Thus both the strong rainbow
connection number and rainbow connection number of a graph can be considerably
larger than its diameter. Another well-known class of graphs having diameter 2 and
containing the stars are the complete bipartite graphs.

Theorem 11.25 For integers s and t with 1 < s <t
sre(K ) = [\/E -I .

Proof. Since src(Ki ) = t, the result is true for s = 1. So we may assume that
s> 2. Let [\/1?1 = k. Hence

1<k—-1<vt<k.

Therefore, (k —1)° <t < k°.
First, we show that src(Ks:) > k. Assume, to the contrary, that

sre(Ks) < k—1.

Then there exists a strong rainbow (k — 1)-coloring ¢ of K ;. Let U and W be the
partite sets of K¢, where |U| = s and |W| =t with U = {u1,us,...,us}. For each
vertex w € W, define the color code, denoted by code(w), as the ordered s-tuple

(a1;a2a"'7as)a
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where a; = c(u;w) for 1 < i < 's. Since 1 < a; < k—1foreach i (1 < < s),
the number of distinct color codes of the vertices of W is at most (k — 1)®. Since
t > (k—1)*, there exist two distinct vertices w’ and w” of W such that code(w’) =
code(w"”), which implies that c¢(u;w’) = c(u;w”) for all ¢ (1 < i < s). Consequently,
there is no rainbow w’ — w” geodesic in K, contradicting our assumption that c
is a strong rainbow (k — 1)-coloring of K ;. Therefore, src(K, ) > k.

Next, we show that src(K ;) < k. Let

A={1,2,...,k} and B={1,2,...,k—1}.

Furthermore, let A* and B® be Cartesian products of s sets A and s sets B, respec-
tively. Thus

|A®| = k° and |B®| = (k — 1)°.
Hence |B*| <t < |A®|. Let
Wz{wl,wg,...,wt},

where the ¢ vertices of W are labeled with ¢ elements of A° such that the vertices
W1, Wa, . .., W(k—1)s are labeled with the (k — 1)° elements of B*. For 1 <i < t,
denote the label of w; by

g(’LU?) = (am, 04'72, e ,am).

Thus for each i with 1 < ¢ < (k— 1)® and each j with 1 < j < s, it follows that
1 S ai,j S k—1.
We now define an edge coloring ¢ of K, ; by

c(w;u;) = a;; where 1 <i<tand1<j<s.

Hence the color code of w; (1 <4 <t) is code(w;) = ¢(w;) and so distinct vertices
in W have distinct color codes.

We show that c is a strong rainbow k-coloring of K ;. Certainly, for w; € W and
uj € U, the w; — u; path (w;, u;) is a rainbow geodesic. Now let w, and wj be two
vertices of W. Because w, and w;, have distinct color codes, there exists an integer
r with 1 < r < s such that the r-th coordinates of code(w,) and code(w) are
different. Thus c(wau,) # c(wpu,) and (wq, u,, wp) is a rainbow w, — wy geodesic
in K. Next let u, and uq be two vertices in U. Since there exists a vertex w; € W
with 1 <4 < (k — 1) such that a;, # a; 4, it follows that (up,w;,u,) is a rainbow
up — uq geodesic in K. Thus, as claimed, c is a strong rainbow k-coloring of K ¢
and so src(K, ) < k. =

Of course, for integers s and ¢t with 1 < s < ¢, rc(K5+) < src(Ks ). The following
result gives the value of rc(K ).

Theorem 11.26 For integers s and t with 2 < s <t,

rc(Ks+) = min { {\/E —‘ , 4} .



318 CHAPTER 11. MONOCHROMATIC AND RAINBOW COLORINGS

By Theorem 2.19 for every two distinct vertices u and v of a graph G with
connectivity k, there exist k internally disjoint u — v paths. The rainbow connec-
tivity ,(G) of G is the minimum number of colors required of an edge coloring of
G such that every two vertices are connected by k internally disjoint rainbow paths.

For example, since the connectivity of the graph H = K3 x K5 is 3, it follows
that x,(H) is the minimum number of colors in an edge coloring of H such that
every two vertices of H are connected by three internally disjoint rainbow paths.
Since the 6-edge coloring of H shown in Figure 11.10 has this property, x,(H) < 6.

Figure 11.10: A 6-edge coloring of K3 x Ko

We now show that x,.(H) > 6. A useful observation about the graph K3 x Ky
is that for every two vertices x and y belonging to different triangles, there exists
a unique set of three internally disjoint  — y paths. Suppose that x,.(H) = k
and let a k-edge coloring ¢ of H be given such that for every two vertices x and
y of H, there are three internally disjoint rainbow = — y paths. Suppose first that
x and y belong to a common triangle of H. Since two paths in any set of three
internally disjoint « —y paths have lengths 1 and 2 and the edges of these paths are
the edges of the triangle, all three edges of each triangle must be assigned different
colors by ¢. Assume that uv is colored 1, uw is colored 2, and vw is colored 3. See
Figure 11.11(a).

U 1 v

(a)
Figure 11.11: Steps in determining «, (H)

By considering the three internally disjoint u’ — v paths in H, we see that
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uu’ is not colored by 1 (denoted by ~ 1) and neither ww’ nor w'w’ is colored
3 (see Figure 11.11(b)). Similarly, by considering the pairs {u,v’}, {u,v'}, and
{v,v'} of vertices of H, we have the following conditions on the coloring ¢ shown in
Figure 11.11(c).

Then by considering the pairs {u,w’}, {v,w'}, {w,v'}, and {w,v’'} of vertices
of H, we have the added conditions on ¢ shown in Figure 11.12. This shows that
none of the edges of the triangle with vertices u’, v and w’ can be assigned any of
the colors 1, 2, 3. Since no two edges belonging to a triangle can be colored the
same, at least six colors are required to color the edges of H in order for every two
distinct vertices of H to be connected by three internally disjoint rainbow paths.
Thus k,(H) > 6 and so x,(H) = 6.

Figure 11.12: A step in determining x, (H)

We first determine the rainbow connectivity of the complete graphs. Recall
(from Section 10.2) that the chromatic index of K, is

X (Kn) =2[n/2] — 1.
Theorem 11.27 For every integer n > 2,
KT‘(K’H,) = X/(Kﬂ)

Proof. Since k,(K2) = 1, the result holds for n = 2. Hence we may assume
that n > 3. Let x/(K,) = k and let there be given a proper k-edge coloring of
K,,. Consider two vertices v and v of K,. Suppose that vy,vs,...,v,_o are the
remaining vertices of K,. For each ¢ with 1 <4 < n—2, the colors of uv; and v;v are
different. Therefore, the path (u,v) together with the paths (u,v;,v), 1 <i<n—2,
are n — 1 internally disjoint u — v rainbow paths. Hence «,(K,) < x/(K,).

We now show that x,.(K,) > x'(K,) for each n > 3. Assume, to the contrary,
that k,.(K,) = ¢ < x'(K,) for some integer n > 3. Then there exists an f-edge
coloring c of K, such that every two vertices of K, are connected by n—1 internally
disjoint rainbow paths. Since x'(K,) > ¢, there exist two adjacent edges of K,
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say xy and yz, that are assigned the same color. Since (z,y, z) is one of the n — 1
internally disjoint x — z rainbow paths, a contradiction is produced. Therefore,
kr(Kp) > X' (Ky) and so k- (Kp) = X' (Kp).- m

We have seen that the rainbow connection number of the Petersen graph is 3
and its strong rainbow connection number is 4. The connectivity of the Petersen
graph is 3. That x,.(P) < 5 is shown in Figure 11.13. Showing that k,.(P) > 5 is
considerably more complicated, but nevertheless this is true. Hence x,(P) = 5.

Figure 11.13: k,.(P) =5

11.6 The Road Coloring Problem

While our primary focus in the preceding section was on edge colorings of graphs
and paths no two edges of which are assigned the same color, we turn our attention
in the current section to arc colorings of strong digraphs and directed walks the
colors of whose arcs follow a prescribed color sequence.

There are several comical responses to questions involving providing directions
of how to get from “here” to “there”. While there is the pessimistic response:

You can’t get there from here ...,
there is also the overly optimistic response:
Go down this street and make a right, or is it a left? In any case, you can’t miss it.

Then there is the somewhat puzzling response by former New York Yankee baseball
player and philosopher Yogi Berra:

When you come to a fork in the road, take it.

There is a related problem, called the Road Coloring Problem, concerning arc col-
orings of a certain class of strong digraphs, which we now describe.

A digraph D is said to be out-regular or have uniform outdegree if there
is an integer A such that odv = A for every vertex v of D. A digraph with
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uniform outdegree need not have uniform indegree, however. For example, the
strong digraphs D; and Ds of Figure 11.14 have uniform outdegree 2. While D,
has uniform indegree, Do does not as idw =1 and idy = 3.

u [

Dy : Dy :

Y z
Figure 11.14: Strong digraphs with uniform outdegree 2

A digraph D is periodic if it is possible to partition V(D) into k > 2 subsets
Vi, Va, ..., Vi, Virr = V4 such that if (u,v) is an arc of D, then u € V; and v € Vj44
for some ¢ with 1 <4 < k. Such a partition of V(D) is called a cyclic k-partition.
Thus D is periodic if there is a cyclic k-partition of V(D) for some integer k > 2.
If D is not periodic, then D is called aperiodic. Both digraphs D; and Dy of
Figure 11.14 are aperiodic. For example, if Dy were periodic, we could assume that
u € Vi, which would imply that w,y € V. However, since (w,y) is an arc of Dy,
this is impossible. On the other hand, the digraph D3 of Figure 11.15 (which is
an orientation of Ky 2 9) is periodic. For example, V(D) has the cyclic 3-partition
{V1, V2, Va}, where Vi = {uy,v1}, Vo = {ug,v2}, and V3 = {us, vs3}.

U1

Figure 11.15: A periodic digraph

A digraph D is also aperiodic if the greatest common divisor of the lengths of
all directed cycles of D is 1. For example, the lengths of the directed cycles in Dy
are 3, 4, 5; while the lengths of the directed cycles in D3 are 3 and 6.

An arc coloring ¢ of a digraph D is proper if every two arcs incident from the
same vertex of D are assigned different colors, that is, if (u,v) and (u,w) are arcs
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of D with v # w, then ¢(u,v) # ¢(u,w). Certainly if D is a digraph with maximum
outdegree A, then every proper arc coloring of D requires at least A colors.

Suppose that D is a strong digraph with uniform outdegree A and let there be
given a proper A-arc coloring of D using colors in the set S = {1,2,...,A}. Now
let s be a finite sequence of elements of S, say s = ajas---,ax, where a; € S for
1 <i<k. Let u=ug be a vertex of D. Then there is exactly one arc with initial
vertex ug whose color is a1, say (ug,u1), and only one arc with initial vertex u
whose color is ag, say (u1,u2), and so on. That is, s determines a unique directed
u—ov walk W = (u = wo,u1,...,up = v) of length k, where c(u;—1,u;) = a; for
1 < i < k and so s determines a unique terminal vertex of a directed walk with
initial vertex wu.

For a strong digraph D with uniform outdegree A, a proper A-arc coloring ¢ of
D is said to be synchronized (or synchronizing) if for every vertex v of D, there
exists a sequence s,, of colors such that for every vertex u of D, the directed walk with
initial vertex u determined by s, has terminal vertex v. In this case, the sequence
sy is called a synchronized (or synchronizing) sequence of the vertex v. No
periodic strong digraph with uniform outdegree A can possess a synchronized A-arc
coloring, for suppose that such a digraph D has a cyclic k-partition {V7, Va,..., Vi }
and s is a sequence of colors having length ¢. Then for each vertex u € V;, s
determines a directed u — v walk with v € V; where j =i+ ¢ (modk) and so c is
not synchronized.

This brings us to the so-called Road Coloring Problem, which deals with
whether the following conjecture is true.

Road Coloring Conjecture Every strong aperiodic digraph with uniform out-
degree A > 2 has a synchronized A-arc coloring.

While the Road Coloring Problem was first posed in 1970 [5] by Benjamin Weiss
and Roy L. Adler in the context of symbolic dynamics and coding theory, Adler, L.
Wayne Goodwyn, and Weiss [4] explicitly stated it in 1977 in terms of digraphs.

The digraph D of Figure 11.16(a) is strong, aperiodic, and has uniform outdegree
2. The 2-arc coloring of D, using the colors red and blue (where a solid arc denotes
red and a dashed arc denotes blue), shown in Figure 11.16(b) is synchronized.

For example, for the vertex v;, the sequence

Sy,: brrbrrbrr

(where b = blue and r = red) is synchronized. Applying s,, to the vertex ui, we
obtain the directed u; — v walk

714

Suy (ul) = (Ul,xl,vg,UQ,1U1,.’E2,’01,’LU1,$2,’01)

and applying s,, to vz, we obtain the directed vy — v; walk
W, (v2) = (v2, u1,v1, w2, v, Uz, T2, Wa, U1, V1)
Thus, as claimed, both walks terminate at v;. A synchronized sequence for vy is

Sy,: bbrbbrbbr.
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(a) (b)

Figure 11.16: A strong aperiodic digraph with
uniform outdegree 2 and a synchronized coloring

Many mathematicians had tried but failed to solve this problem. Avraham N.
Trahtman, a Russian-born Israeli mathematician, toiled as a laborer at one time in
his life. He was later recruited to teach at Bar Ilan University near Tel Aviv. A five-
year assault on the problem by Trahtman [173], however, resulted in a verification
of the conjecture.

Theorem 11.28 (Road Coloring Theorem) FEvery strong aperiodic digraph
with uniform outdegree A > 2 has a synchronized A-arc coloring.

What the Road Coloring Theorem says is that if we have a network of one-way
roads between a collection of cities such that

(1) every city in the network is reachable from every other city in the network,
(2) the same number A > 2 of roads leave each city, and

(3) the cities cannot be divided into k > 2 sets S1, Sa, . .., Sk, Sk+1 = S1 such that
every road leaving a city in S; proceeds to a city in S;41 for each i (1 <14 < k),

then it is possible to designate exactly one road leaving each city as an i-road for
each ¢ (1 < i < A) such that each city A in the network can be assigned universal
driving directions (a sequence s of integers from the set {1,2,...,A}) such that if
we start at any city B in the network and follow the roads as listed in the sequence,
then the trip will always terminate at city A. That is, if “there” refers to the city A
and “here” is any city B, then following the driving directions in s, we must get
from here to there.

There is a stronger version of the Road Coloring Conjecture, not so coincidentally
called the Strong Road Coloring Conjecture, whose truth is still in question. Let D
be a strong digraph with uniform outdegree A. For each proper A-arc coloring ¢ of
D and every finite sequence s of colors, we define a function
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fs: V(D) = V(D),
where for each u € V(D),
fs(u) =v

if v is the unique terminal vertex of a directed walk with initial vertex u and whose
arcs are selected according to the sequence s. We have seen that c is a synchronized
coloring if |fs(V(D))| = 1, that is, if s leads to a unique vertex v of D, regardless
of the initial vertex. In this case, we called s a synchronized sequence for v.

If D is periodic, then V(D) has a cyclic k-partition for some integer k > 2.
The maximum k for which V(D) has a cyclic k-partition is the period of D. The
period of D is also the greatest common divisor of the lengths of its directed cycles.
Aperiodic digraphs are said to have period 1. The synchronization number of
a A-arc coloring of D is the maximum value of |fs(V(D))| over all sequences s of
colors, while the synchronization number of D is the minimum synchronization
number over all A-arc colorings of D.

The following conjecture is due to Rajneesch Hegde and Kamal Jain [103].

The Strong Road Coloring Conjecture The period of every strong digraph
with uniform outdegree equals its synchronization number.

Exercises for Chapter 11

1. For a red-blue coloring ¢ of Kg, let t. denote the number of monochromatic
triangles produced. By Theorem 11.3, t. > 1 for every red-blue coloring ¢ of
K. Determine min{¢.} over all red-blue colorings ¢ of K.

2. Determine R(Cj5, Cy).

3. For the graphs F and H shown in Figure 11.2, it is shown in Theorem 11.4
that R(F, H) = 7. Determine R(F, F) and R(H, H).

4. Let F and H be two nontrivial graphs, where x € V(F) and y € V(H).
Suppose that F” is isomorphic to F'— x and H’ is isomorphic to H —y. Prove
that R(F, H) < R(F', H) + R(F, H').

5. Prove Theorem 11.8 For every k > 2 graphs G1,Ga,...,Gy, the Ramsey
number R(G1,Ga,...,Gy) exists.

6. For each ordered pair (n,k) € {(7,2),(7,3),(7,4),(8,2),(8,3),(8,4)}, deter-
mine the Turdn graph T}, ; and its size t,, 1.

7. Let k be an integer with k > 3. Prove that there exists a positive integer n
such that for every edge coloring of K,, from a set of positive integers, there
exists some subgraph K}, such that either (1) K} is monochromatic, (2) K is
rainbow, or (3) K}, is neither monochromatic nor rainbow and for every two
distinct colors @ and b used in the edge coloring of K}, the number of edges
colored a is distinct from the number of edges colored b.
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8. Give an example of two graphs F} and Fb, each of order at least 4, such that
both RR(F1, Fy) and RR(F», F1) are defined but RR(Fy, F») # RR(F», F1).

9. Show that RR(K3,3K3) > 7.

10. Let k > 2 be an integer. For 1 <i < k—1, let G; be a copy of a graph G and
R(G;k —1) = R(G1,Ga,...,Gg_1). Prove that

R(G;k—1) < RR(G,kK3) < R(G;k—1)+2(k—1)
for each integer k > 2 and every graph G.
11. Prove Proposition 11.18: For every integer n > 4,
4 ifn=4
tha(Fa) = { 3 ifn>5.
12. Show that rbs (K 3) = 4.

13. Verify the equality in (11.7), that is, diam(G) < r¢(G) < sre(G) < m for every
nontrivial connected graph G of size m.

14. Determine rc(G) and src(G) for the graph G in Figure 11.17.

U

Ui D U9 U3

U1 D) V2 U3
v

Figure 11.17: The graph G in Exercise 14

15. (a) Show that if G is a graph of diameter 2, then src(G + K1) < src(G).

(b) Give an example of a graph G of diameter 2 for which src¢(G + K1) <
sre(G).

(¢) Give an example of a graph H of diameter 3 for which rc(H + K;) <
re(H).

16. The rainbow connectivity of the 3-cube @3 is known to be 7. Show that
K/T(Q?)) S 7.

17. We have seen that if G = K3 x Ko, then k,.(G) = 6.
(a) Determine rc(G) and src(G).
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(b) Determine the minimum positive integer k for which there exists a k-edge
coloring of G such that every two vertices u and v of G are connected by
two internally disjoint u — v rainbow paths.

18. Give an example of a connected digraph that has uniform outdegree 2 but is
not strong.

19. Consider the synchronized coloring of the digraph D shown in Figure 11.16(b).

(a) Is rrbrrbrrb a synchronized sequence for any vertex of D?
(b) Is rrrrrrrrr a synchronized sequence for any vertex of D?

(c¢) Find a synchronized sequence for the vertex vy of D.
20. The strong digraph D of Figure 11.18 has uniform outdegree 2.

v

Figure 11.18: A strong aperiodic digraph in Exercise 20

(a) Show that D is aperiodic.

(b) Find a synchronized coloring of D and a synchronized sequence for each
vertex of D.

(¢) Show that there exists a proper 2-arc coloring of D that is not synchro-
nized.

21. Let D be the strong aperiodic digraph of Figure 11.19 with uniform outde-
gree 2.

Figure 11.19: A strong aperiodic digraph in Exercise 21
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(a) For the proper 2-arc coloring ¢ of D shown in Figure 11.19 (using the
colors 1 and 2), show that 11221122 is a synchronized sequence for the
vertex w.

(b) Find a synchronized sequence for the vertex v.
(c) Is the coloring ¢ synchronized ?

22. Let D be the strong aperiodic digraph of Figure 11.20 with uniform outdegree
3. A proper 3-arc coloring ¢ of D is shown in Figure 11.20.

Figure 11.20: A strong aperiodic digraph in Exercise 22

(a) Is 112233 a synchronized sequence for any vertex of D?
(b) Find a synchronized sequence for the vertex .

(c) Is the coloring ¢ synchronized ?

23. Give an example of a strong digraph with uniform outdegree that has a cyclic
k-partition for more than one value of k.

24. Show that if the vertex set of a strong digraph D with uniform outdegree A
has a cyclic k-partition, then the synchronization number of any proper A-arc
coloring of D is at least k; that is, for any sequence s of colors, | fs(V(D))| > k.

25. In Figure 11.21 a strong digraph D is given in which every vertex has outdegree
2 or 3. A proper 3-arc coloring c is given using the colors 1, 2, 3. For a finite
sequence s of colors and a vertex v of D, a directed walk W with initial vertex
v is constructed according to s where an arc of a given color is selected if such
an arc exists (otherwise, we move to the next color in s).
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Figure 11.21: A strong digraph whose vertices have outdegree 2 or 3

a) Show that s: 131132 is a synchronized sequence for some vertex of D.

(

(b
(¢
(d

Show that s : 112233 is a synchronized sequence for some vertex of D.

Is there a synchronized sequence for each vertex of D?

Is ¢ a synchronized coloring of D?



Chapter 12

Complete Colorings

The proper vertex colorings of a graph G in which we are most interested are those
that use the smallest number of colors. These are, of course, the x(G)-colorings of
G. If x(G) = k, then every k-coloring of G (using the colors 1,2, ...,k as usual)
has the property that for every two distinct colors ¢ and j with 1 < 4,5 < k, there
are adjacent vertices of G colored i and j. If this were not the case, then the set
of vertices colored 7 and the set of vertices colored j could be merged into a single
color class, resulting in a (k — 1)-coloring of G, which is impossible. In fact, the
chromatic number of a graph G can be defined as the smallest positive integer k
for which there is a k-coloring of G having the property that for every two distinct
colors, there are adjacent vertices in G assigned these colors. In this chapter, we
are primarily interested in vertex colorings of graphs having this property and in
concepts related to this property.

12.1 The Achromatic Number of a Graph

By a complete coloring of a graph G, we mean a proper vertex coloring of G
having the property that for every two distinct colors ¢ and j used in the coloring,
there exist adjacent vertices of G colored i and j. A complete coloring in which k
colors are used is a complete k-coloring. If a graph G has a complete k-coloring,
then G must contain at least (g) edges. Consequently, if the size of a graph G is
less than (g) for some positive integer k, then G cannot have a complete k-coloring.

If G is a k-chromatic graph, then every k-coloring of G is a complete coloring
of G. On the other hand, if there is a complete k-coloring of a graph G for some
positive integer k, then it need not be the case that x(G) = k. For example, the
3-coloring of the path P given in Figure 12.1 is a complete 3-coloring and yet
X(Ps) = 2. Indeed, the 4-coloring of the path Ps is a complete 4-coloring (see
Exercise 1).

Since every x(G)-coloring of a graph G is a complete x(G)-coloring and since
every complete k-coloring of G is, by definition, a proper vertex k-coloring of G, it
follows that the minimum positive integer k for which a graph G has a complete

329
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1 2 3 1 1 2
O O e O 0 O

3 2 4
O O O

O~

3 4
Figure 12.1: A complete 3-coloring of P4 and a complete 4-coloring of P

k-coloring is x(G). We saw in Figure 12.1 that a graph G can have a complete
k-coloring for an integer k > x(G). The largest positive integer k for which G
has a complete k-coloring is the achromatic number of G, which is denoted by
¥(G). This concept was introduced by Frank Harary, Stephen Hedetniemi, and
Geert Prins [96]. It therefore follows that

Y(G) > x(G)

for every graph G. Certainly, if G is a graph of order n, then ¥(G) < n and for the
complete graph K,,, ¥(K,) = x(K,) = n. Furthermore, while x(P;) = x(Ps) = 2
for the two paths Py and Pg shown in Figure 12.1, ¢(Ps) = 3 and ¢(Ps) = 4. Let’s
see why ¢ (Ps) = 4. First, )(Pg) > 4 since the 4-coloring shown in Figure 12.1 is
a complete 4-coloring, while ¥(Pgs) < 5 since the size of Py is 7 which is less than
(3) = 10. Thus ¢(Ps) = 4. Hence there are graphs G for which ¢(G) = x(G) and
graphs G for which ¥(G) > x(G). The paths P, and Ps also illustrate the fact that
a bipartite graph need not have achromatic number 2. Every complete bipartite
graph, however, does have achromatic number 2.

Theorem 12.1 Fuvery complete bipartite graph has achromatic number 2.

Proof. Suppose, to the contrary, that there is some complete bipartite graph G
such that ¢(G) # 2. Since x(G) = 2, it follows that ¥(G) = k for some integer
k > 3. Let there be given a complete k-coloring of G. Then two vertices in some
partite set of G must be assigned distinct colors, say ¢ and j. Since this coloring is a
proper coloring, no vertex in the other partite set of G is colored i or j. Therefore,
G does not contain adjacent vertices colored ¢ and j, producing a contradiction. m

From our earlier observations, it follows that if the size m of a graph G satisfies
the inequality (’;) <m< (kérl) for some positive integer k and there is a complete
{-coloring of G, then ¢ < ¢(G) < k. The following theorem gives a rather simple
bound for the achromatic number of a graph in terms of its size.

Proposition 12.2 If G is a graph of size m, then

< 14++v148m

¥(@) >

Proof. Suppose that ¢(G) = k. Then

. .. . . _ 1++/148m
Solving this inequality for k, we obtain (G) = k < =257,
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With the exception that x(G) < ¥(G) for every graph G, there are essentially no
restrictions on the possible values of x(G) and (G) for a graph G. Indeed, Vithal
Bhave [17] observed that every two integers a and b with 2 < a < b can be realized
as the chromatic number and achromatic number, respectively, of some graph.

Theorem 12.3 For every two integers a and b with 2 < a < b, there exists a graph

G with x(G) = a and Y(G) = b.

Proof. Letr = (g) — (‘21) and let

G=K,UrKks,.

(Therefore, if a = b, then r = 0 and G = K,.) Since a > 2, it follows that x(G) = a.
It remains to show that 1 (G) = b. Since the size of G is (5) +r = (g), it follows
that ¥(G) <b.

Consider the b-coloring of G where the vertices of K, in G are assigned the
colors 1,2,...,a such that distinct pairs {7, j} of colors, where 1 < i < j < b and
j > a+ 1, are assigned to the r pairs of adjacent vertices in 7K in G. Since the
number of such pairs {4, j} of colors is

o (572 6) - (6)

the b-coloring is a complete b-coloring and so ¥(G) > b. Thus ¥(G) = b. n

While Theorem 12.3 shows that the number ¢¥(G) — x(G) can be arbitrarily
large for a graph G, Shaoji Xu [190] established an upper bound for ¥(G) — x(G)
in terms of the order of G.

Theorem 12.4 For every graph G of order n > 2,

H(E) — (G < T - 1.
Proof. Since ¢(G) = x(G) = 1if G is empty, we may assume that G is nonempty.
Suppose that x(G) = k and ¥(G) = ¢. Then 2 < k < £. So there exists a
complete ¢-coloring of G but no larger complete coloring of G. Hence V(G) can be
partitioned into ¢ color classes V1, Va, ..., V; such that for every two distinct integers
i,j €{1,2,...,4}, there is a vertex of V; adjacent to a vertex of V. Since x(G) = k,
at most k of the sets V1, V5, ..., V; can consist of a single vertex. Therefore, at least
¢ — k of these sets consist of two or more vertices and son > 2(¢ — k) + k = 2¢ — k.

Therefore, ¢ < (n + k)/2, which implies that

k —k
WG - @) =t-k< Tt k="
Since k > 2, it follows that ¢(G) — x(G) < "T’Q =51 L]

The bound given in Theorem 12.4 is sharp. We show that for every even integer
n > 2, there exists a bipartite graph G' with achromatic number 5§ + 1 and so
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Y(G) = x(G) = (2 +1) —2=2 —1. For n = 2, the graph G = K has the desired
properties; while for n = 4, the graph G = Py has the desired properties. Hence
we may assume that n > 6. Let n = 2a 4 2, where a > 2, and suppose that G is a
graph of order n with vertex set

V(G) = {U,, w} U {'Ull, V12, - - - ,Ula} U {Ugl,’UQQ, e ,Uga}.

Two vertices vi; and vy; are adjacent in G if and only if 4 and j are of the opposite
parity. The set {va1,v22, ..., V24 } is independent in G. Two vertices vi; and vy; are
adjacent in G if and only if ¢ # j and ¢ and j are of the same parity. The vertices
u and vy; are adjacent if and only if 7 is odd; while u and wvo; are adjacent if and
only if 7 is even. Also, w and vy; are adjacent if and only if 7 is even; while w and
vg; are adjacent if and only if ¢ is odd. Finally, v and w are adjacent in G. This
completes the construction of G. Thus the sets

Vi =A{vr,v2}, 1 <7 <@, Vo1 = {u}, Voyo = {w}
are independent in G. Furthermore, G is a bipartite graph with partite sets
U = {u}U{vy;: iiseven}U{vy : ¢ is odd},
W = {w}U{vy: iisodd}U{vy : iis even}.
Since for every two distinct integers r and s with 1 < r;s < a 4+ 2, a vertex in
V. is adjacent to a vertex in Vi, the coloring that assigns each vertex of V,. (1 <

r,s < a+ 2) the color r is a complete (% + 1)—c010ring. The graph G is shown in
Figure 12.2 for the case when n = 12 along with a complete (% + 1)—c010ring.

Figure 12.2: A bipartite graph G of order n = 12 with ¢(G) = § +1=7

It is useful to know how the achromatic number of a graph can be affected by the
removal of a single vertex or a single edge. The following information was obtained
by Dennis Paul Geller and Hudson V. Kronk [79).
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Theorem 12.5 For each vertex v in a nontrivial graph G,
Y(G) =1 <P(G —v) <P(G).

Proof. Suppose that (G — v) = k. Let there be given a complete k-coloring
of G — v, using the colors 1,2,... k. If there exists a color ¢ € {1,2,...,k} such
that v is not adjacent to a vertex colored ¢, then by assigning the color ¢ to v, a
complete k-coloring of G results. Otherwise, there is a neighbor of v colored ¢ for
each i € {1,2,...,k}. By assigning the color k + 1 to v, a complete (k + 1)-coloring
of G results. In either case, ¥(G) > k = (G —v).

Suppose next that ¢(G) = £. Let there be given a complete ¢-coloring of G, using
the colors 1,2, ..., ¢, where the vertex v is colored /¢ say. If v is the only vertex of G
colored ¢, then the (¢ —1)-coloring of G —v is a complete (£ —1)-coloring. Otherwise,
there are vertices of G other than v colored ¢. If the ¢-coloring of G — v is not a
complete {-coloring, then for every vertex u that is colored ¢ in G — v, there exists
some color ¢ € {1,2,...,£—1} such that no neighbor of « is colored i. By recoloring
each vertex of G — v colored £ with a color in {1,2,...,¢— 1} not assigned to some
neighbor of the vertex, a complete (¢ — 1)-coloring of G results. In either case,

WG —v)>l—1=9(G)—1. .

The following result is an immediate consequence of Theorem 12.5.

Corollary 12.6 For every induced subgraph H of a graph G,
Y(H) < Y(G).

As we saw in Theorem 12.5, the removal of a single vertex from a graph G can
result in a graph whose achromatic number is either one less than or is the same
as the achromatic number of G. When a single edge is removed, there is a third
possibility.

Theorem 12.7 For each edge e in a nonempty graph G,
Y(G) =1 <Y(G—e) <P(G) + 1.

Proof. Suppose that ¢ = uv and that (G —e) = k. Then there exists a complete
k-coloring of G — e, using the colors 1,2,...,k. The vertices u and v are either
assigned distinct colors or the same color. If u and v are assigned distinct colors,
then the complete k-coloring of G — e is also a complete k-coloring of G. Hence we
may assume that v and v are assigned the same color, say k. If both v and v are

adjacent to a vertex colored i for each 7 € {1,2,...,k — 1}, then recoloring v with
the color k + 1 results in a complete (k + 1)-coloring of G. If exactly one of u and
v, say v, has no neighbor colored i for some ¢ € {1,2,...,k — 1}, then by recoloring

v with the color 4, a complete k-coloring of G is produced.

Suppose that no neighbor of u is colored i and no neighbor of v is colored 7,
where 4,5 € {1,2,...,k—1} and i # j, and for every vertex z colored k, there is no
neighbor of = colored ¢ for some ¢ € {1,2,...,k — 1}. Then by recoloring u by %, v
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by j, and any such vertex x by ¢, a complete (k — 1)-coloring of G results. In any
case, Y(G) > k—1=9(G—e)— 1.

Next suppose that ¢(G) = ¢. Then there exists a complete ¢-coloring of G,
where the colors assigned to uw and v are distinct, say u is colored £ — 1 and v is
colored ¢. If the resulting ¢-coloring of G — e is not a complete ¢-coloring, then no
two adjacent vertices in G — e are colored ¢ and ¢ — 1. Hence every vertex colored
¢ may be recolored ¢ — 1, resulting in a complete (¢ — 1)-coloring of G — e. In any

case, (G —e) >4 —1=9(G) — 1. L]

The bounds presented in Theorem 12.7 are sharp. For example, for the graphs G
and H of Figure 12.3 and the edges e in G and f in H, ¥(G) = 2 and (G —e) = 3,
while ¢(H) =3 and ¢(H — f) = 2.

e
UEOU u: :v
G: G_C:
w x w x
w w
" A, e /\
u v
! u v

Figure 12.3: Showing the bounds in Theorem 12.7 are sharp

A graph G is k-minimal (with respect to achromatic number) if ¢(G) = k and
Y(G — e) < k for every edge e of G. By Theorem 12.7, if G is a k-minimal graph,
then ¥(G —e) = ¥(G) — 1. Since k-minimal graphs have achromatic number k, the
size of every such graph is at least (’;) Bhave [17] characterized graphs that are
k-minimal in terms of their size.

Theorem 12.8 Let G be a graph with achromatic number k. Then G is k-minimal
if and only if its size is (’;)

Proof. Assume first that the size of G is (g) Then for every edge e of G, the

size of G — e is (k) — 1. Since the size of G — e is less than (’;), it follows that
P(G —e) < k =¢(G) and that G is k-minimal.

We now verify the converse. Assume, to the contrary, that there is a k-minimal
graph H whose size m is not (’;) Since ¥(H) = k, it follows that m > (’;)
However, because m # (g), we must have m > (g) + 1. Let a complete k-coloring
of H be given, using the colors 1,2, ..., k. Therefore, for every two distinct colors
i,7 € {1,2,...,k}, there exist adjacent vertices of H colored ¢ and j. Since there
are only (g) pairs of two distinct colors from the set {1,2,...,k}, there are two
distinct edges f and f’ whose incident vertices are assigned the same pair of colors
from {1,2,...,k}. However then, the complete k-coloring of H is also a complete

k-coloring of H — f, contradicting the assumption that H is k-minimal. [
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The achromatic numbers of all paths and cycles were determined by Pavol Hell
and Donald J. Miller [104].

Theorem 12.9 For each n > 2, %(P,) =max{k: (|| +1)(k—2)+2<n}.

According to Theorem 12.9, ¥(P7) = 3 and ¢ (P11) = 5. A complete 3-coloring
of P; and a complete 5-coloring of P are given in Figure 12.4 (see Exercise 9).

Py O O
1 2

O O
1 2

O O
1 3

O

5

O O

Pii: o O 0 O
2 5 2 4 1

1

3 4 'k
Figure 12.4: The graphs Py and P with ¢(P7) = 3 and ¥(Py1) =5
The following is then a consequence of Theorem 12.9 (see Exercise 10).

Corollary 12.10 For every positive integer k, there exists a positive integer n
such that ¥(P,) = k.

Theorem 12.11 For each n > 3, ¥(C,) = max{k;: k L%J < n} — s(n), where
s(n) is the number of positive integer solutions of n = 2z + x + 1.

According to Theorem 12.11, ¢ (C19) = 5 and ¢(C11) = 4. A complete 5-coloring
of C1p and a complete 4-coloring of Cy; are given in Figure 12.5 (see Exercise 11).

Cl() .

Figure 12.5: The graphs Co and C;; with ¥(C19) =5 and (C11) = 4

12.2 Graph Homomorphisms

One of the fundamental concepts in graph theory is isomorphism. Recall that an
isomorphism from a graph G to a graph H is a bijective function ¢ : V(G) — V(H)
that maps adjacent vertices in G to adjacent vertices in H and nonadjacent vertices
in G to nonadjacent vertices in H. Of course, if such a function should exist, then
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G and H are isomorphic graphs; while if no such function exists, then G and H are
not isomorphic. The related concept of homomorphism will be of special interest
to us in our discussion of graph colorings.

A homomorphism from a graph G to a graph G’ is a function ¢ : V(G) —
V(@) that maps adjacent vertices in G to adjacent vertices in G'. If ¢ is a ho-
momorphism from G to G’ and u and v are nonadjacent vertices in G, then either
o(u) and ¢(v) are nonadjacent, ¢(u) and ¢(v) are adjacent, or ¢(u) = ¢(v). The
subgraph H of G’ whose vertex set is V(H) = ¢(V(G)) and whose edge set consists
of all those edges u'v’ in G’ such that ¢(u) = v’ and ¢(v) = v for two adjacent
vertices v and v of G is called the homomorphic image of G under ¢ and is
denoted by ¢(G) = H. A graph H is a homomorphic image of a graph G if
there exists a homomorphism ¢ of G such that ¢(G) = H. If H is a homomorphic
image of a graph G under a homomorphism ¢ from G to a graph G’, then ¢ is also
a homomorphism from G to H. Indeed, our primary interest is in the homomorphic
images of a graph.

For the graphs G = Ps and H of Figure 12.6, the function ¢ : V(G) — V(H)
defined by

P(ur) = ¢p(us) = v1, ¢(ua) = ¢(us) = va, d(uz) = v3, P(us) = v4

is a homomorphism. In fact, H is the homomorphic image of G under ¢. In this
case, the nonadjacent vertices u; and w4 map into the nonadjacent vertices v; and
v4, the nonadjacent vertices u; and us map into the adjacent vertices vy and wva,
and the nonadjacent vertices u; and ug both map into v;.

v1
v2

FPs: © O O O O O U3 V4

Figure 12.6: A graph G and a homomorphic image of G

There are exactly four homomorphic images of the path P;. These are shown in
Figure 12.7. On the other hand, for each positive integer n, the only homomorphic
image of K, is K, itself.

0—0—0—0 0—0—O0 &) o0—oO0

Figure 12.7: The homomorphic images of P,

There is an alternative way to obtain the homomorphic images of a graph G.
As we noted, the only homomorphic image of the complete graph G = K,, is K.
Otherwise, G is not complete and thus contains one or more pairs of nonadjacent
vertices. An elementary homomorphism of a graph G is obtained by identifying
two nonadjacent vertices u and v of G. The vertex obtained by identifying u and
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v may be denoted by either u or v. Thus the resulting homomorphic image G’ can
be considered to have vertex set V(G) — {u} and edge set

E(G) = {zy:xye E(GQ),z,y € V(G)—{u,v}}U
{ve : vz € E(G) or ux € E(G),z ¢ V(G) — {u,v}}.

Alternatively, the mapping € : V(G) — V(G’) defined by

_ x ifxeV(G)—{u,v}
(@) = {v if x € {u,v}

is an elementary homomorphism from G to G’. The homomorphic image ¢(G)
of a graph G obtained from an elementary homomorphism € is also referred to as
an elementary homomorphic image. Not only is G’ a homomorphic image of G, a
graph H is a homomorphic image of a graph G if and only if H can be obtained
by a sequence of elementary homomorphisms beginning with G. For example, if we
identify u; and wug in the graph G of Figure 12.6, which is redrawn in Figure 12.8,
we obtain the graph G; shown in Figure 12.8, which is a homomorphic image of G.
Then identifying uo and us in G1, we obtain G, which is a homomorphic image of
G1. The graph G5 is also a homomorphic image of G. The graph G, is isomorphic
to the graph H of Figure 12.6, which is redrawn in Figure 12.8.

ul
uQO/O us
G ul u2  ug U4 U5 ug Gi: \7
: 0—0—0—0—0—0
us3 U

ul v1
Gs - us H: v
us Ugq v3 V4

Figure 12.8: Some homomorphic images of a graph

The fact that each homomorphic image of a graph G can be obtained from
G by a sequence of elementary homomorphisms tells us that we can obtain each
homomorphic image of G by an appropriate partition P = {V, Va,..., Vi } of V(G)
into independent sets such that V(H) = {vi, v, ..., v}, where v; is adjacent to v,
if and only if some vertex in V; is adjacent to some vertex in V;. The partition P of
V(@) then corresponds to the coloring ¢ of G in which each vertex in V; is assigned
the color ¢ (1 <4 < k). In particular, if the coloring ¢ is a complete k-coloring, then
H = K},. The 4-coloring of the graph G in Figure 12.8 shown in Figure 12.9 results
in the color classes Vi = {uy,us}, Vo = {ua, us}, V3 = {us}, and V4 = {uy} and the
homomorphic image H of Figure 12.8, which is also shown in Figure 12.9.
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U1

Ul U2 uz U4 u H: V2
5 ue
G oO—0—0—0—0—0
1 2 3 4 2 1 v -

Figure 12.9: A homomorphic image of a graph

Therefore, if a graph H is a homomorphic image of a graph G, then there is
a homomorphism ¢ from G to H and for each vertex v in H, the set ¢~ !(v) of
those vertices of G having v as their image is independent in G. Consequently, each
coloring of H gives rise to a coloring of G by assigning to each vertex of G in ¢~ (v)
the color that is assigned to v in H. For this reason, the graph G is said to be
H-colorable. This provides us with the following observation, which is a primary
reason for our interest in graph homomorphisms.

Theorem 12.12 If H is a homomorphic image of a graph G, then
x(G) < x(H).

We now show that the chromatic number of an elementary homomorphic image
of a graph can exceed the chromatic number of the graph by at most 1.

Theorem 12.13 If ¢ is an elementary homomorphism of a graph G, then
X(G) < x(e(G)) < x(G) + 1.

Proof. Suppose that e identifies the nonadjacent vertices v and v of G. We have
already noted the inequality x(G) < x(e(G)). Suppose that x(G) = k and a k-
coloring of G is given, using the colors 1,2,...,k. Define a coloring ¢’ of ¢(G)
by

p clz) ifxeV(G)—{u,v}
@) = {k—i—l if z € {u,v}

Since ¢’ is a (k + 1)-coloring of €(G), it follows that
X(e(@) <k +1=x(G)+1,

giving the desired result. L]

Since the graph G2 of Figure 12.8 is an elementary homomorphism of G; and
G is an elementary homomorphism of G while x(G) = 2 and x(G1) = x(G2) =
3, it follows that both bounds in Theorem 12.13 are attainable. The following
result indicates the conditions under which x(e(G)) = x(G) for an elementary
homomorphism € of a graph G.
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Theorem 12.14 Let u and v be nonadjacent vertices in a graph G and let € be
the elementary homomorphism of G that identifies the nonadjacent vertices u and
v. Then

x(e(G)) = x(G)
if and only if there exists a x(G)-coloring of G in which w and v are assigned the
same color.

Proof. Suppose first that there exists a x(G)-coloring ¢ of G in which u and v are
assigned the same color. Then the coloring ¢ of ¢(G) defined by

d(z) = { c(x) if e V(G) - {u,v}

clu) =clv) ifxe{u,v}

is a x(G)-coloring of €(G). Thus x(e(G)) < x(G). Since x(G) < x(e(G)) by
Theorem 12.13, it follows that x(e(G)) = x(G).

Conversely, suppose that x(e(G)) = x(G) = k. Let there be given a k-coloring
¢’ of €(G). Then the coloring which assigns the same color to a vertex z of G that
¢’ assigns to x in ¢(G) is a k-coloring of G. Since x(G) = k, this x(G)-coloring of
G assigns the same color to v and v. [

When computing the chromatic polynomial of a graph G, we saw in Section 8.3
that for nonadjacent vertices v and v of GG, both the graph G + uv and the graph
€(@), where ¢ is the elementary homomorphism of G that identifies v and v, were
of interest to us. At least one of these graphs has the same chromatic number as G.

Theorem 12.15 Let € be an elementary homomorphism of a graph G that identi-
fies nonadjacent vertices uw and v in G. Then

X(G) = min{x(e(G)), x(G + uv)}.

Proof. If x(G) = x(e(G)), then the statement is true since x(G + uv) > x(G).
On the other hand, if x(G) # x(e(@)), then x(e(G)) = x(G) + 1 by Theorem 12.13;
while by Theorem 12.14, every x(G)-coloring of G assigns distinct colors to u and
v. Thus every x(G)-coloring of G is also a x(G)-coloring of G + uv, completing the
proof. [

Beginning with a noncomplete graph G, we can always perform a sequence of
elementary homomorphisms until arriving at some complete graph. As we saw, a
complete graph K} obtained in this manner corresponds to a complete k-coloring
of G. Consequently, we have the following.

Theorem 12.16 The largest order of a complete graph that is a homomorphic
image of a graph G is the achromatic number of G.

We have seen that for every graph G of order n,
X(G) < (G) <n.

With the aid of Theorem 12.13, we show that ¢(G) can never be closer to n than
to x(G).
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Theorem 12.17 For every graph G of order n,

X(G)+n
P(G) < —

Proof. Suppose that ¢(G) = k. Then there is a sequence
G =Gy, Gy,...,Gy = Ky,

of graphs where G; = ¢;(Gi—1) for 1 <i <t =mn — k and an elementary homomor-
phism ¢; of G;_1. By Theorem 12.13,

x(€i(Gi-1)) < x(Gi-1) +1
and so
X(Gi) < x(Gi-1) +1
for 1 <4 < t. Therefore,

t

D> x(G) <D (Gia) + 1]

i=1 i=1
and so k < x(G) +t = x(G) + (n — k). Hence
2k = 2¢(G) < x(G) +n

and so ¢(G) < M "

The following theorem is due to Harary, Hedetniemi, and Prins [96] and is an
immediate consequence of Theorem 12.13.

Theorem 12.18 (The Homomorphism Interpolation Theorem) Let G be
a graph. For every integer £ with x(G) < £ < ¢(G), there is a homomorphic image
H of G with x(H) ={.

Proof. The theorem is certainly true if £ = x(G) or £ = ¢(G). Hence we may
assume that x(G) < £ < ¢(G). Suppose that ¢(G) = k. Then there is a sequence

G =Go,Gy,...,Gr =Ky,

of graphs where G; = ¢;(G;—1) for some elementary homomorphism ¢; of G;_; for
1 < i <t Since x(Go) < £ < x(Gi) = k, there exists a largest integer j with
0 <j <t such that x(G;) < ¢. Hence x(Gj4+1) > £. By Theorem 12.13,

X(Gj1) <x(Gj) +1<L+1,

and so x(G,+1) = ¢. n

The Homomorphism Interpolation Theorem can be rephrased in terms of com-
plete colorings, namely:
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For a graph G and an integer £, there exists a complete £-coloring of G
if and only if x(G) < £ < (G).

The following result is the analogue of Theorem 12.13 for complementary graphs.

Theorem 12.19 If € is an elementary homomorphism of a graph G, then

X(G) =1 < x(e(G)) < x(G).

Proof. We first show that x(e(G)) < x(G). Suppose that x(G) = k. Then there
exists a partition P = {V1,Va,...,Vi} of V(G) into k independent sets in G. Next,
suppose that e is an elementary homomorphism of G for which e(u) = ¢(v) for
nonadjacent vertices u and v of G. Since u and v are not adjacent in G, it follows
that u and v are adjacent in G and thus belong to different elements of P, say
u € Vi and v € V5. Define

Vi=Vi—{u},and V/ =V, for 2 <i < k.
Then P’ = {V{,V4,...,V/} is a partition of V(¢(G)) into k — 1 or k subsets, de-
pending on whether V' = () or V{ # 0. Since none of V{, V4, ..., V/ contains v, these
sets are independent in €(G). We claim that Vj is independent in ¢(G) as well. If
and y are vertices in V4 distinct from v, then z and y are not adjacent in V4 since x
and y are not adjacent in V2. Suppose that v and w are two adjacent vertices in V3.
Since vw is an edge in €(G), it follows that v and w are not adjacent in ¢(G). Hence
both v and w are not adjacent in G and v and w are not adjacent in G. Therefore,
v and w are adjacent in G, which contradicts the fact that v,w € V5. Thus P’ is a

partition of V(e(G)) into k — 1 or k independent sets and so

X(e(G)) < k= x(G).

Next, we show that x(G) — 1 < x(e(G)). Suppose that x(e(G)) = ¢ for some
elementary homomorphism € of G that identifies two nonadjacent vertices v and v
in G, where the vertex in ¢(G) obtained by identifying v and v is denoted by v.
Let there be given an ¢-coloring of €(G) using the colors 1,2, ..., . We may assume
that the vertex v in €(G) is assigned the color £. Then no vertex in ¢(G) adjacent
to v is colored £. Assign to each vertex in G distinct from u the same color assigned
to that vertex in €(G) and assign u the color £ + 1. Since no vertex in G adjacent
to v is assigned the color ¢, this produces an (¢ 4 1)-coloring of G and so

(@) < t+1=x(e@)) + 1.

Therefore, x(G) — 1 < x(e(G)). L]

We now turn to bounds for the achromatic number of an elementary homomor-
phism of a graph G in terms of ¥(G).

Theorem 12.20 If € is an elementary homomorphism € of a graph G, then

V(@) =2 < Y(e(@)) < ¥(G).
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Proof. Let € is an elementary homomorphism of a graph G that identifies the
two nonadjacent vertices u and v and let the vertex in €(G) obtained by identifying
u and v be denoted by v. Suppose that 1(e(G)) = k and let there be given a
complete k-coloring ¢ of €(G). Assigning the vertices u and v in G the color ¢(v) in
€(@) produces a complete k-coloring of G, implying that ¢(G) > k = ¥(e(Q)).

We now show that ¥(G) — 2 < ¥(e(G)). Suppose that ¥(G) = £. Then (G —
u—v) > £ —2 by Theorem 12.5. Furthermore, G —u — v is an induced subgraph of
€(G). It follows by Corollary 12.6 that

P(e(G) Z2P(G —u—v) 22
Hence ¢¥(e(G)) > ¢(G) — 2. L]

While the lower bound for 1(e(G)) in Theorem 12.20 may be unexpected, it
is nevertheless sharp. For example, ¥(G) = 5 for the graph G of Figure 12.10,
while 1(e(G)) = 3 for the elementary homomorphism of G that identifies the two
nonadjacent vertices u and v in G. (See Exercise 22.)

Figure 12.10: ¢(e(G)) = ¢(G) — 2

For every homomorphic image H, with vertex set V(H) = {uy, ua, ..., uy} say, of
a graph G, there exists a partition P = {V1, Va, ..., V;} of V(G) into k independent
sets such that the mapping ¢ : V(G) — V(H) defined by

pv) =wu; ifveV; (1<i<k)

is a homomorphism. Then two vertices u; and u; are adjacent in H if there exists a
vertex in V; and a vertex in V; that are adjacent in G. If H = K}, then the coloring
that assigns the color i to every vertex in V; for each 7 (1 < i < k) is a complete
coloring. On the other hand, the existence of a complete k-coloring of G implies
that K} is a homomorphic image of G. Therefore, the greatest positive integer k
for which K is a homomorphic image of G is, in fact, the achromatic number of G.

Suppose that G is a noncomplete graph with ¢(G) = k. Then there exists a
complete k-coloring of G and, in turn, K} is a homomorphic image of G. Hence
there exists a sequence

G =Gy,Gy,...,Gt =K},

of graphs, where ¢;(G;_1) = G; for an elementary homomorphism ¢; of G;—; (1 <
1 <t). By Theorem 12.20,

E=v9(G) <Y(Gioq) < - <P(Gr) <Y(G) = k.
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Therefore, ¢(G;) = k for all ¢ (1 < 4 < t). From this, we have the following
corollary.

Corollary 12.21 For every noncomplete graph G, there is an elementary homo-
morphism € of G such that ¥(e(Q)) = ¥ (G).

By the Nordhaus-Gaddum Theorem (Theorem 7.10),

X(G)+x(G) <n+1

for every graph G of order n. Since ¥(G) > x(G) for every graph G, a larger upper

bound for ¢(G) + x(G) may be expected, but such is not the case.

Theorem 12.22 For every graph G of order n,

Y(G)+ x(G) <n+1.
Proof. Suppose that ¢(G) = k. There there exists a sequence
G =Gy, Gy,...,Gy = Ky,

of graphs, where G; = ¢;(G;_1) for an elementary homomorphism ¢; of G;—1 (1 <
i <t). Thent=n—k=n—1(G). By Theorem 12.19,

X(Gic1) < x(ei(Giz1)) +1 < x(Gy) + 1.

Thus

(X(Gi)) +1]

t t
=1

> x(@io) <
=1 3
and s0 \(G) < x(G1) + t = x(Ks) + (n — k). Hence
k+x(G) =¥(G) +x(G) <n+1,
completing the proof. [

By Theorem 12.22, it follows that
X(G) +x(G) < x(G) +¥(G) <n+1,

thereby providing an alternative proof of the Nordhaus-Gaddum Theorem. A nat-
ural problem now arises of establishing an upper bound for 1(G) 4 ¥(G) in terms
of the order of G. Prior to providing a solution to this problem, we find an upper
bound for 2¢/(G) + ¥(G) in terms of the order of G.

Theorem 12.23 For every graph G of order n,

29(G) +¥(G) < 2n+ 1.
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Proof. By Theorem 12.17,
20(G) < x(G) +n.
By Theorem 12.22,

20(G) +9(G) (X(G) +n) + ¥(G) = (X(G) +¥(G)) +n

<
< (n4+1)+n=2n+1,
as desired. n

The following result is due to Ram Prakesh Gupta [87] and the proof is due to
Landon Rabern [141].

Theorem 12.24 For every graph G of order n,

Y(G) + 9(G) < [%ﬂ :

Proof. By Theorem 12.23,
20(G) +¥(G) <2n+1 and 29(G) +¥(G) < 2n+ 1.

Adding these inequalities, we obtain

Consequently,
9(G) +9(0) < 2
Therefore,
e +v© < |72 =5,
giving the desired result. L]

We now show that the bound presented in Theorem 12.24 is sharp by giving an
infinite class of graphs G of order n for which

ve+u@ = ||

For a positive integer k, let G be the graph of order n = 3k such that V(G) is the
disjoint union of the three sets U, W, and X, where

U={ui,uz,...,up}, W= {wi,wa,...,wr}, and X = {z1,22,..., 21}
and
E(G) = {uwu;:1<i<j<kjU{uw;:1<4,5<k}U
{wixj 01 SZ,] Sk,l?é]}

A complete coloring c is defined on G by
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c(u;) =i for 1 <i<kandclw)=c(x;) =k+iforl<i<k.

(See Figure 12.11(a) for the case k = 4.) For the complement G, it therefore follows
that

EG) = {ww;j:1<i<j<k}U{mz;:1<i<j<k}u
{wiz; 11 <4, <k}U{wz,; : 1 <i<k}

A complete coloring € is defined on G by
¢(x;) =ifor 1 <i<kandc(u)=C¢(w)=k+iforl<i<k.
(See Figure 12.11(b).) The colorings ¢ and ¢ of G and G, respectively, show that

¢(G) > 2k and (G) > 2k and so ¢(G) + (G) > 4k. Since ¥(G) + ¢(G) < 4k by
Theorem 12.24, it follows that 1(G) = ¥(G) = 2k and so

W(G) + (@) = 4k = [4_”] .

3
wlo ............................ ()J:1
— w2 O O T2 —
K4 K4
w3 o o T3
w40 O x4
O O O o
Ul U2 U3 uy
Ky
(a) @
w1 O O T1
Wy O O T2
Ky Ky
w3 O A 3
'lU4O % O T4

Figure 12.11: A graph G of order n = 12 with ¢(G) + ¢(G) = 16 = [4].
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While the identification of two nonadjacent vertices in a graph G results in an
elementary homomorphism of GG, an elementary contraction of G is obtained
by the identification of two adjacent vertices in G. If a graph H is obtained from
G by a sequence of elementary contractions, then H is a contraction of G (see
Section 5.1). We saw that if a graph H is obtained from G by a sequence of
elementary contractions, edge deletions, and vertex deletions, then H is a minor
of G. Also, a graph H is a contraction of a graph G if and only if there exists a
surjective function ¢ : V(G) — V(H) such that

(1) the subgraph G[¢~1(x)] of G induced by ¢~1(z) is connected for every vertex
x of H and

(2) for every edge zy of H, there exist adjacent vertices v and v in G, where

u€ ¢ t(x) and v € o7 1(y).

Trivially, every graph is a contraction and a minor of itself.

We saw in Theorem 12.13 how an elementary homomorphism affects the chro-
matic number of a graph. The corresponding result for elementary contractions is
presented next.

Theorem 12.25 For every elementary contraction € of a graph G,
X(G) =1 < x(e(@) < x(G) + 1.

Proof. Suppose that €(G) is obtained from G by identifying the adjacent vertices
u and v of G. Let G’ = G — uv. We mentioned in Section 7.1 that

X(G') = x(G) or x(G") = x(G) — 1.

Let ¢’ be the elementary homomorphism that identifies the nonadjacent vertices u
and v in G'. Then €/(G’) = ¢(G). By Theorem 12.13, either

X(€'(G) = x(G) or x(€(G")) = x(G") + 1.

Therefore, x(e(G)) = x(¢'(G")) has one of the two values x(G’) or x(G’) + 1. Since
either x(G') = x(G) or x(G’) = x(G) — 1, it follows that x(e(G)) has one of the
three values x(G) — 1, x(G), or x(G) + 1. L]

The graph G in Figure 12.12 has order 6 and chromatic number 4. The graph
(G1 obtained by identifying the adjacent vertices v and v, the graph G5 obtained by
identifying the adjacent vertices w and x, and the graph G35 obtained by identifying
the adjacent vertices x and y are shown in Figure 12.12 as well. Since x(G1) = 5,
x(G2) = 4, and x(G3) = 3, the sharpness of the bounds in Theorem 12.25 is
illustrated.

Corollary 12.26 If G is a k-chromatic graph, then for every positive integer £
with £ < k, there exists a contraction H of G such that x(H) = ¢.

Proof. Suppose that the order of G is n. Consider a sequence
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G: z v
w
o u u
x z y vox v
Y w w w
G1 Gy Gs

Figure 12.12: Chromatic numbers and elementary contractions

G =Go,G,...,Gns

of graphs such that G; = ¢;(G;—1) where ¢; is an elementary contraction of G;_1
(1 <i<n—¥). Hence each graph G; (0 < i < n—~/) is a contraction of G. Since the
order of G,,_y is ¢, it follows that x(G,—¢) < £. Let j be the largest integer such that
0 < j <n —{ for which x(G;) > ¢+ 1 and let H = G,41. Hence x(H) < ¢. Since
H is obtained from G by an elementary contraction, it follows by Theorem 12.25
that x(H) > x(G;) —1>({+1)—1=/{. Thus x(H) =¢. "

There are several other consequences of Theorem 12.25 concerning the chromatic
number of contractions of a graph GG and depending on whether G is critical.

Corollary 12.27 FEvery noncritical graph G has a nontrivial contraction H such
that x(H) = x(G).

Proof. We may assume that G is a connected graph of order n such that x(G) = k.
Since G is a noncritical graph, there exist one or more proper subgraphs of G
having chromatic number k. In particular, there is an edge e = uv of G such that
X(G —e) = k. Let € be the elementary homomorphism of G — e that identifies u
and v in G — e. Then

x(e(G—e))=korx(e(G—¢e)=k+1

by Theorem 12.13. Let €¢; be the elementary contraction that identifies u and v in
G. Then

x(e1(G)) =k =1, x(e1(G)) = k, or x(e1(G)) =k +1

by Theorem 12.25. Since ¢(G—uv) = €1(G), it follows that x(e1(G)) = x(e(G—uw)).
So x(e1(G)) = k or x(e1(Q)) = k+ 1. If x(e1(G)) = k, then H = €;(G) has the
desired properties. Hence we may assume that x(e;(G)) =k + 1.

Let Gp = G and G71 = €1(G). Consider a sequence



348 CHAPTER 12. COMPLETE COLORINGS

GZ G0,€1(G) = Gl,GQ,...,Gn_k

of graphs such that G; = ¢;(G;—1) for some elementary contraction ¢; of G;_1
(1 <i<n—k). Since the order of Gy_y, is k, it follows that x(Gn—r) < k. Each
graph G; (1 < i < n—k) is a nontrivial contraction of G. Let j be the largest integer
such that 1 <j <n—kand x(G;) > k+1 and let H = G;41. Thus x(H) < k. By
Theorem 12.25, x(H) > x(G;) —1> (k+1) — 1= k. Thus x(H) = k. L]

The graph G = C} is 2-chromatic but not 2-critical. Furthermore, ¢(G) = K3 for
every elementary contraction € of G. Therefore, the nontrivial contraction referred
to in Corollary 12.27 may not be an elementary contraction.

Corollary 12.28 A graph G is critical if and only if for every elementary con-
traction € of G, x(e(G)) = x(G) — 1.

Proof. Suppose that G is k-critical for some integer k > 2. Hence for every edge
uv of G, x(G —wv) = k—1. Necessarily, every (k— 1)-coloring of G —uv assigns the
same color to u and v, for otherwise this would imply that there is a (k— 1)-coloring
of (G — uv) + wv = G, which is impossible. Let ¢ be the elementary contraction of
G that identifies u and v. Then x(e(G)) =k — 1.

For the converse, let x(G) = k and suppose that x(e(G)) = x(G) — 1 for every
elementary contraction € of G. Let uv be an edge of G and let € be the elementary
contraction of G that identifies u and v. Then x(e(G)) = k — 1 and every (k — 1)-
coloring of €(G) produces a (k—1)-coloring of G—e, where each vertex in V(G)—{u}
is assigned the same color as in €(G) and w is assigned the same color as v. Hence
X(G —wv) =k —1 and so G is k-critical. n

A noncritical k-chromatic graph always has a k-critical contraction.

Corollary 12.29 For every noncritical graph G, there is a critical graph H that
is a contraction of G such that x(H) = x(G).

Proof. Suppose that x(G) = k. Let Go,G1,...,Gt be a sequence of graphs of
maximum length such that for each ¢ with 1 < i < ¢, there exists an elementary
contraction €; of G;—1 such that ¢;(G;—1) = G; and x(G;) > k. Let H = G;.
Therefore, H is a contraction of G and x(¢’(H)) = k — 1 for every elementary
contraction € of H, which implies that x(H) = k. To show that H is k-critical, it
suffices to show that x(H —¢e) = k — 1 for every edge e of H. Let uv be an edge
of H and let € be the elementary contraction of H that identifies © and v. Thus
x(e(G)) =k — 1. Let a (k — 1)-coloring of e(H) be given. We now assign the same
color to each vertex of G —v that was assigned to this vertex in e¢(H ). This produces
a (k — 1)-coloring of H — uv and so H is k-critical. ]

Corollary 12.30 If € is an elementary homomorphism of a k-critical graph G,
then x(e(G)) = k.

Proof. Suppose that e identifies two nonadjacent vertices u and v of G. By
Theorem 12.19, either x(e(G)) =k or x(e(G)) = k+ 1. Since ¢(G) —v=G —u—v
and G is k-critical, x(e(G) —v) < k. Thus x(e(G)) < k and so x(e(G)) = k. L]
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12.3 The Grundy Number of a Graph

A 1939 article [85] by Patrick Michael Grundy (1917-1959) dealing with combina-
torial games contained ideas that led to the concept of Grundy colorings of graphs.
A Grundy coloring of a graph G is a proper vertex coloring of G (whose colors,
as usual, are positive integers) having the property that for every two colors i and
j with ¢ < j, every vertex colored j has a neighbor colored i. Consequently, every
Grundy coloring is a complete coloring. The 4-coloring of the tree T} of Figure 12.13
is a Grundy 4-coloring and is therefore a complete 4-coloring as well. However, the
complete 3-coloring of T shown in Figure 12.13 is not a Grundy 3-coloring.

1 1 1 1 3 3 3
o (@) O o O
T12 J J TQI L T
9 3 4 9 1 2 51

Figure 12.13: Complete and Grundy colorings

Recall that a greedy coloring ¢ of a graph G is obtained from an ordering ¢ :
V1,02, ..., U, of the vertices of G in some manner, by defining ¢(v1) = 1, and once
colors have been assigned to v1,ve, ..., v; for some integer ¢t with 1 <t < n, c(vi41)
is defined as the smallest color not assigned to any neighbor of v;41 belonging to
the set {v1,v2,...,v:}. The coloring ¢ so produced is then a Grundy coloring of G.
That is, every greedy coloring is a Grundy coloring.

The maximum positive integer k for which a graph G has a Grundy k-coloring
is denoted by I'(G) and is called the Grundy chromatic number of G or more
simply the Grundy number of G. If the Grundy number of a graph G is k, then
in any Grundy k-coloring of G (using the colors 1,2,... k), every vertex v of G
colored k must be adjacent to a vertex colored ¢ for each integer ¢ with 1 <14 < k.
Thus A(G) > degv >k — 1 and so

I'G) < AG) +1

for every graph G. Since A(T7) = 3 for the tree T} in Figure 12.13, it follows that
I'(Ty) < 4. On the other hand, T} has a Grundy 4-coloring and so I'(T}) > 4.
Therefore, I'(Ty) = 4.

Since every Grundy coloring of a graph G is a proper coloring, it follows that

x(G) < T(G).

Claude Christen and Stanley Selkow [43] determined those integers k for which a
given graph G has a Grundy k-coloring.

Theorem 12.31 For a graph G and an integer k with x(G) < k <T(G), there is
a Grundy k-coloring of G.

Proof. Let ¢ be a Grundy I'(G)-coloring of G using the colors 1,2,...,T'(G) and
let Vi, Va, ..., V() be the color classes of ¢, where V; consists of the vertices
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colored i by ¢ for 1 < i < T'(G). Suppose that x(G) = a1. For each integer i with
2 <i <T(G)+1, let a; be the smallest number of colors in a proper coloring of G
which coincides with ¢ for each vertex belonging to V; UVo U --- U V;_1. Then

ar@agy+1 = F(G)-

Furthermore, for each integer ¢ with 2 < i < I'(G), let G; be the subgraph of G
induced by V;UVi11U---UVp(g). Since each vertex in V; is adjacent to at least one
vertex in each of the color classes V1, Vo, ..., V;_1, it follows that in every coloring
of G that coincides with ¢ on Vi U Vo U--- U V;_1, none of the colors 1,2,...,71—1
can be used for a vertex of G; and so

a; = (1 — 1) + x(Gy). (12.1)

Since G;41 is a subgraph of G;, it follows that x(Gi+1) < x(Gi). Furthermore, a
X(G;)-coloring of G; can be obtained from a x(G;41)-coloring of G;4+1 by assigning
all of the vertices in V; the same color but one that is different from the colors used
in the x(G;+1)-coloring of G;y1. Thus

X(Gi) =1 < x(Git1) < x(Gi). (12.2)
By (12.1) and (12.2),

ai = (i=1)+x(Gi) =i+ Kx(Gi)—1) <i+x(Gitr)
< i+ x(G)=1+(—1)+x(Gi) =1+ a;.

Therefore,
a; <i+x(Git1) <1+ a;.

Since a;+1 = i + x(Git1), it follows that a; < a;41 < 14 a;. On the other hand,
a; = x(G) and ap(gy41 = ['(G). Thus for each integer k with x(G) < k < T'(G),
there is an integer ¢ with 1 <1i < T'(G) + 1 such that a; = k.

Since a x(G)-coloring of G is a Grundy coloring, we may assume that x(G) <
k < T(G). Thus there exists a k-coloring ¢’ of G such that ¢’ coincides with ¢ for
each vertex belonging to V; UVaU---UV;_1. Next, let ¢* be a greedy x(G;)-coloring
of G; with respect to some ordering ¢* of the vertices of GG;. Define an ordering ¢
of the vertices of G such that the vertices of V7 are listed first in some order, the
vertices of V5 are listed next in some order, and so on until finally listing the vertices
of V;_1 in some order, and then followed by ¢*. Let ¢’ be the greedy coloring with
respect to ¢. Suppose that ¢’ is an f-coloring of G. Then ¢’ is a Grundy f-coloring
of G such that ¢ coincides with ¢’ and c on all of the verticesin V; UVoU---UV,;_¢
and ¢” assigns to each vertex of G a color not greater than the color assigned to
the vertex by ¢’. Therefore, £ < k. On the other hand, by the definition of a;, the
coloring ¢” cannot use less than k = a; colors, which implies that ¢ = k and so ¢”
is Grundy k-coloring of G. [

Only a few connected graphs have Grundy number 2.
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Theorem 12.32 If G is a connected graph with Grundy number 2, then G is a
complete bipartite graph.

Proof. Since G has Grundy number 2 and x(G) < I'(G), it follows that x(G) = 2
and so G is bipartite. We show that G does not contain P, as an induced subgraph.
Suppose it does. Let P = (v1, v2,vs,v4) be an induced subgraph of G, where

V(G) = V(P) = {vs,v6,...,0n}.
Consider the sequence

@ 1 V1, V2,04, V3, V5,6, - - -, Un-

The resulting greedy coloring determined by ¢ is a Grundy k-coloring for some
k > 3, which contradicts I'(G) = 2. Hence G does not contain P, as an induced
subgraph. By Theorem 1.10, GG is a complete bipartite graph. ]

Since a Grundy coloring of a graph G is both a complete coloring and a proper
vertex coloring, it follows that

X(G) <T(G) < 4(G) (12.3)

for every graph G. Figure 12.14 shows a graph G together with a proper 3-coloring, a
Grundy 4-coloring, and a complete 5-coloring of G. Therefore, x(G) < 3, T'(G) > 4,
and ¢ (G) > 5. Since G contains an odd cycle, x(G) = 3; since A(G) = 3, I'(G) = 4;
and since the size of G is 10 < (g), ¥(G) = 5. The graph G of Figure 12.14 serves
to illustrate a result due to Gary Chartrand, Futaba Okamoto, Zsolt Tuza, and
Ping Zhang [41]. Before presenting this result, we show that for every graph G,
each of the chromatic, Grundy, and achromatic numbers of G + K; exceeds the
corresponding numbers of G by exactly 1.

Figure 12.14: Complete and Grundy colorings

Lemma 12.33 For every graph G,

X(G+ K1) =x(G)+1, T(G+K;)=T(G)+1, and ¥(G+ K1) =9(G) + 1.
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Proof. Let G be a graph with x(G) = a, I'(G) = b, and ¢¥(G) = ¢. The graph
G + K; is obtained from G by adding a new vertex v to G and joining v to each
vertex of G. Clearly, x(G + K1) =a+ 1. Let
V(@G —{1,2,...,¢}
be a complete c-coloring of G. The coloring
f1:V(G+Ky) —{1,2,...,c+1}

defined by

flx) ifzeV(G)
fl(x):{ c+1 ifxz=v

is a complete (c+1)-coloring of G+ K and so ¢)(G+ K7) > c+1. By Theorem 12.5,
V(G + K1) <9¥(G)+1and so (G + K1) =c+ 1.

In a similar manner, a Grundy (b + 1)-coloring of G + K3 can be obtained from
a Grundy b-coloring of G and so I'(G + K1) > b+ 1. Assume, to the contrary, that
there exists a Grundy ’-coloring

g:V(G+ Ky) —{1,2,...,V},
where b’ > b+ 2, with color classes S1,55,...,Sy. Assume that
S;i={zeV(G+ Ky): g(z) =1}

for each 7 (1 <4 < ¥'). Since v is adjacent to every vertex of G and g is a proper
coloring of G + K, the color class to which v belongs must be a singleton set.
Suppose that g(v) = j. Because the coloring

g :V(G)—{1,2,...,0 — 1}
of G defined by

() g(z) fzeS;and1<i<j—1
P = ) =1 ifreSandjr1<i<V

is a Grundy (b’ — 1)-coloring of G, it follows that I'(G) > ' — 1 > b, which is a
contradiction. Therefore, I'(G + K1) = b+ 1. ]

Theorem 12.34 For integers a, b, ¢ with 2 < a < b < ¢, there exists a connected
graph G with
X(G)=a, T(G)=0b, and ¥(G)=c

if and only ifa=b=c=2 or b > 3.
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Proof. First, let G be a connected graph such that x(G) = a, I'(G) = b, and
P(G) = c. If b =2, then a = b = 2. Since x(G) = I'(G) = 2, it follows by Theo-
rem 12.32 that G is a complete bipartite graph and so ¢¥(G) = 2 by Theorem 12.1.

For the converse, let a, b, ¢ be integers with 2 < a<b<c Ifa=b=c> 2,
then G = K, has the desired properties. Thus we may assume that b > 3. We
consider the two cases a =b < cand a <b<ec.

Case 1. a = b < c¢. By Theorem 12.9, for a given integer ¢, there is a positive
integer ¢ such that ¢ (FPy) = ¢. Let F be the graph obtained from K, by identifying
an end-vertex of the path P, with a vertex of K,. By Corollary 12.6, ¢(F) > ¢
since F' contains Py as an induced subgraph. It then follows by Theorem 12.5 that
there exists an integer k < £ such that identifying an end-vertex of Py with a vertex
of K, results in a graph G with ¥(G) = ¢ (see Figure 12.15). Since K, is the only
block of G that is not acyclic, x(G) = x(K,) = a.

a+1 /

Figure 12.15: Graphs G with x(G) =T'(G) = a and ¥(G) = ¢

It remains to show that I'(G) = a. Since the maximum degree of G is a and
X(G) = a, it follows that I'(G) = a or I'(G) = a + 1. Assume, to the contrary, that
I'(G) = a+ 1. Then there exists a Grundy (a + 1)-coloring of G. Since v is the
only vertex of degree a in G, it follows that v is the only vertex that is assigned
the color a + 1 by the Grundy coloring. Only the neighbor w of v with degree 2
can be colored a, for if some neighbor u of v having degree a — 1 is colored a, then
for at least one color i in the set {1,2,...,a — 1}, there is no neighbor of u that is
colored i. Thus as claimed, w is colored a. Since a > 3, it follows that w does not
have neighbors colored both 1 and 2. This contradicts the fact that the coloring is
a Grundy (a + 1)-coloring of G. Thus, as claimed, T'(G) = a.

Case 2. a < b < c¢. We consider two subcases, according to whether a = 2 or
a> 3.

Subcase 2.1. a = 2. Let H be the graph obtained from K3_1 31 whose partite
sets are

U1 = {ul,uQ, e ,ub_l} and U2 = {’Ul,’UQ, e ,Ub_l}

by removing the b — 2 edges w;v; for 1 < i < b — 2. Then clearly x(H) = 2. We
show that I'(H) = ¢(H) = b, starting with the Grundy number.
Let f:V(H) — {1,2,...,b} be a b-coloring of vertices of G defined by

1 if x € {u;,v;} where 1 <i<b—2
fley=¢ b—1 ifz=up_
b ifﬂ?zvb_l.
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Then f is a Grundy b-coloring and so I'(H) > b. On the other hand, T'(H) <
A(H)+1=bandsoI'(H) = b as claimed.

To verify that ¢ (H) = b, it suffices to show that ¢(H) < bsince (H) > T'(H) =
b. Assume, to the contrary, that ¥(H) = b > b+ 1 and consider a complete b'-
coloring with the color classes Si,S2,...,Sy. If |[S;| = 1 for some i (1 < i < V'),
then let S; = {v} and observe that v must be adjacent to at least one vertex in each
color class S; (1 < j <V and j # ¢), implying that

degv >V —1>b—1=A(H),

which is impossible. Hence |S;| > 2 for every i. However, this implies that the order
of H is

b

> 1Si > 2b > 26 -2,

i=1
which is also impossible. Therefore, ¢)(H) = b.

Proceeding as in Case 1, we can establish the existence of an integer k such
that identifying an end-vertex of Py with the vertex uy of H results in a graph G
with ¢(G) = ¢. Since G is bipartite, x(G) = 2. To see that T'(G) = b, note first
that T'(G) < b since A(G) = A(H) = b — 1. Furthermore, since H is an induced
subgraph of G, it follows that b = T'(H) < T'(G). Therefore, I'(G) = b and so G has
the desired values of the three complete coloring numbers.

Subcase 2.2. a > 3. Let G be the connected graph constructed in Subcase 2.1
such that x(G) =2, I'(G) = b—a+ 2, and ¥(G) = ¢ — a + 2. It then follows by
Lemma 12.33 that G + K,_2 is a connected graph for which

X(G+Ko2) = x(G)+(a—2)=a
I'G+ K,—2) I'G)+(a—2)=b
PG+ Kaz) = ¢(G)+(a—2)=c,

completing the proof. n

In 1982 Gustavus Simmons [165] introduced a new type of coloring of a graph
G based on orderings of the vertices of GG, which is similar to but not identical to
greedy colorings of G. Let ¢ : v1,vs,...,v, be an ordering of the vertices of a graph
G. A proper vertex coloring ¢ : V(G) — N of G is a parsimonious ¢-coloring
of G if the vertices of G are colored in the order ¢, beginning with c¢(v;) = 1, such
that each vertex v;11 (1 < i <n — 1) must be assigned a color that has been used
to color one or more of the vertices vy, vs, ..., v; if possible. If v;41 can be assigned
more than one color, then a color must be selected that results in using the fewest
number of colors needed to color G. If v;11 is adjacent to vertices of every currently
used color, then ¢(v;+1) is defined as the smallest positive integer not yet used. The
parsimonious ¢-coloring number x4(G) of G is the minimum number of colors
in a parsimonious ¢-coloring of G. The maximum value of x4(G) over all orderings
¢ of the vertices of G is the ordered chromatic number or, more simply, the
ochromatic number of G, which is denoted by x°(G).
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To illustrate these concepts, consider the graph G = P5; shown in Figure 12.16.
First, let ¢1 : v1,v2,v5,v3,v4. Necessarily, v1 must be colored 1 and vy must be
colored 2. Since vs is adjacent to neither vy nor wvs, it follows that vs must be
assigned a color already used, that is, vs must be colored 1 or 2. If v is colored 2,
then vz must be colored 1 and vy must be colored 3. On the other hand, If vy is
colored 1, then vs must be colored 1 and v4 must be colored 2. Thus x4, (G) = 2.
Suppose next that ¢o : v1,v4,v2,v5,v3. Thus v; and v4 must be colored 1, and wvs
and vs must be colored 2. Furthermore, vz must be colored 3. Thus xg,(G) = 3.
There is no ordering ¢ of the vertices of G such that x4(G) = 4 because A(G) =2
and so no vertex of G will ever be required to be colored 4. Thus x°(G) = 3.

Ps: O 0 O 0 0
U1 V2 U3 V4 Vs

Figure 12.16: Computing the ochromatic number of a graph

Paul Erdos, William Hare, Stephen Hedetniemi, and Renu Laskar [60] and,
independently, Ernest Brickell (unpublished) showed that the ochromatic number
of every graph always equals its Grundy number.

Theorem 12.35 For every graph G, T'(G) = x°(G).

Proof. Suppose that I'(G) = k. We show that x°(G) > k. Let a Grundy k-
coloring of the vertices of G be given, using the colors 1,2, ..., k, and let V; denote
the set of vertices of G colored i (1 < i < k). Let ¢ : v1,v2,...,v, be any ordering
of G in which the vertices of V] are listed first in some order, the vertices of V5 are
listed next in some order, and so on until finally listing the vertices of Vj in some
order. We now compute x4(G). Assign vy the color 1. Since V; is independent,
every vertex in ¢ that belongs to V7 is not adjacent to v; and must be colored 1 as
well. Assume, for an integer r with 1 < r < k, that the parsimonious coloring has
assigned the color i to every vertex in V; for 1 < i < r. We now consider the vertices
in ¢ that belong to V,11. Let vy be the first vertex appearing in ¢ that belongs to
V,4+1. Since v, is adjacent to at least one vertex in V; for every ¢ with 1 <i <7, it
follows that v, cannot be colored any of the colors 1,2,...,r. Hence the new color
r + 1 is assigned to v,. Now if v}, is any vertex belonging to V,.41 such that b > a,
then v, cannot be colored any of the colors 1,2, ..., since v, is adjacent to at least
one vertex in V; for 1 < ¢ < r. However since v is not adjacent to v; for all ¢ with
a <t < b, it follows that v, must be colored r + 1. By mathematical induction,
X4(G) = k. Thus x°(G) > I'(G).

We now show that I'(G) > x°(G). Let ¢ : v1,vs,...,v, be an ordering of the
vertices of G such that x4(G) = x°(G). Consider the parsimonious ¢-coloring that
is a greedy coloring, that is, whenever there is a choice of a color for a vertex, the
smallest possible color is chosen. Suppose that this results in an ¢-coloring of G.
Then x4(G) < ¢. Furthermore, this ¢-coloring is a Grundy ¢-coloring. Therefore,
I'(G) > ¢ and so

(G) = xo(G) < L <T(G),
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producing the desired inequality. [

Theorem 12.35 therefore tells us that the ochromatic number is not a new col-
oring number but rather an alternative interpretation of the Grundy number.

Exercises for Chapter 12

1.

10.

11.
12.

13.

14.

We have seen that if a graph G of size m has a complete k-coloring, then
k
m > (5).
(a) Show that if there is a complete 4-coloring of P,,, then n > 8.

(b) Find the smallest positive integer n for which P, has a complete 5-
coloring.

(¢) Find a tree of size 6 having a complete 3-coloring and give a complete
3-coloring of this tree.

. Determine the achromatic number of each complete k-partite graph.

Prove that (G + K1) = ¢¥(G) + 1 for every graph G.

From the proof of Theorem 12.3, for every two integers a and b with 2 < a < b,
there exists a disconnected graph G with x(G) = a and ¢(G) = b. Show that
there exists a connected graph H with x(H) = a and ¢(H) = b.

Theorem 12.4 states for every graph G of order n > 2 that ¢/(G)—x(G) < §—1.
Show that this bound is not sharp if G is not bipartite.

Prove for every nontrivial graph G of order n that ¥(G)—x(G) < (n—w(G))/2.

Give an example of a graph G containing edges e and f such that (G —e) =
P(G)—1and (G —e— f)=9(G —e) + 1.

Prove that for every integer k > 3, there exists a graph G having the property
that for every edge e of Gy, the graph Gy, — e is k-minimal.

Without using Theorem 12.9, show that 1(P;) = 3 and ¢(P11) = 5.

Prove Corollary 12.10: For every positive integer t, there exists a positive
integer £ such that ¥(P;) = t.

Without using Theorem 12.11, show that (C19) = 5 and (C1) = 4.
Without using Theorem 12.11, determine and verify the value of ¥ (Clg).

Prove that for every noncomplete graph G and every complete coloring of G,
there exist nonadjacent vertices u and v that are assigned the same color.

Prove that for every integer k > 2, there exists a tree of size (g) having a
complete k-coloring.
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15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.
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For an integer n > 5, find the largest achromatic number of a bipartite graph
of order n.

Prove that every homomorphic image of a connected graph is connected.

Prove that a graph H is a homomorphic image of a path P = (v1,va,...,v,)
if and only if H contains a walk W = (u1, us,...,uy,) such that every vertex
and every edge of H belong to W.

Determine for the pairs G;, H; (i = 1,2,3) of graphs in Figure 12.17 whether
H; is a homomorphic image of G;.

OB
RS

H12 HQI

NN

Figure 12.17: Graphs in Exercise 18

Prove that K,, (n > 3) is a homomorphic image of P( )+1 if and only if n is
odd.

We saw in Figure 12.7 that the path P, has four homomorphic images, in-
cluding K5 and Kj3. Show that if a graph has K5 and K3 as homomorphic
images, then it must have at least four homomorphic images.

Prove or disprove: Every two homomorphic images of a graph G have the
same chromatic number if and only if G is a complete multipartite graph.

Show for the graph G and ¢(G) of Figure 12.10 that (G) = 5 and ¢ (e(G)) = 3.

Let € be the elementary homomorphism of a graph G that identifies the non-
adjacent vertices u and v. Determine deg, )z for every vertex z in €(G) in
terms of quantities in G.

Let u and v be nonadjacent vertices in a graph G and let S C V(G) — {u, v}.
Prove that if € is the elementary homomorphism of G and G— S that identifies
u and v, then ¢(G) — S =¢(G — 5).

Let there be given a k-coloring ¢ of G using the colors 1,2,..., k. Let H be
the graph with vertex set {1,2,...,k} such that ij is an edge of H if and only
if G contains adjacent vertices colored i and j.
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(a) If H = K, then what does this say about ¢?
(b) If H = G, then what does this say about G?
(¢) Prove that x(H) > x(G).

26. Prove that a coloring ¢ of a graph G is a Grundy coloring of G if and only if
¢ is a greedy coloring of G.

27. For the graph G of Figure 12.18, determine x(G), I'(G), and ¢¥(G).

Figure 12.18: The graph G in Exercise 27

28. For the double star T' of Figure 12.19 and the ordering ¢ : vy, v2, v3, V4, Vs, Vg
of the vertices of T', determine x4(T).

U1 V4

v3 Vs

Figure 12.19: The double star 7" in Exercise 28



Chapter 13
Distinguishing Colorings

In a vertex labeling of a graph G, each vertex of G is assigned a label (an element
of some set). If distinct vertices are assigned distinct labels, then the labeling is
called vertex-distinguishing or irregular. That is, each vertex of G is uniquely
determined by its label. A vertex labeling of G in which every two adjacent vertices
are assigned distinct labels is a neighbor-distinguishing labeling. Similarly, an
edge labeling of G is edge-distinguishing if distinct edges are assigned distinct
labels. There are occasions when a vertex coloring of a graph gives rise to an edge-
distinguishing labeling and occasions when an edge coloring may induce a vertex-
distinguishing labeling or a neighbor-distinguishing labeling. Vertex colorings may
also induce vertex-distinguishing labelings. Colorings that induce distinguishing
labelings of some type are themselves called distinguishing colorings, which is
the subject of this chapter.

13.1 Edge-Distinguishing Vertex Colorings

In Chapter 12 we saw that a complete coloring of a graph G is a proper vertex
coloring of G such that for every two distinct colors ¢ and j used in the coloring,
there is at least one pair of adjacent vertices colored i and j. If at most one pair
of adjacent vertices are colored ¢ and j, then the coloring is called harmonious.
Since every coloring that assigns distinct colors to distinct vertices in a graph is
a harmonious coloring, it follows that every graph has at least one harmonious
coloring. The minimum positive integer k for which a graph G has a harmonious
k-coloring is called the harmonious chromatic number of G and is denoted by
h(G).

If G is a graph of size m with h(G) = k, then m < (g) = k(k —1)/2. Solving
this inequality for k, we have k > (1 ++/8m + 1)/2. This gives the following result.

Theorem 13.1 If G is a graph of size m, then

hG) > [@W .

359



360 CHAPTER 13. DISTINGUISHING COLORINGS

According to Theorem 13.1, if G is a graph of size 10, then h(G) > 5. The two
graphs GG1 and G4 of Figure 13.1 have size 10. While (G; has harmonious chromatic
number 5, the graph G5 has harmonious chromatic number 7. The harmonious
5-coloring of G7 in Figure 13.1 shows that h(G1) = 5, while the harmonious 7-
coloring of G5 in Figure 13.1 shows only that h(G2) = 5, h(G2) = 6, or h(G2) = T7.
Suppose that there is a harmonious 5-coloring of G2. Then the vertices u and v
must be assigned distinct colors, say 1 and 2, respectively. Since there is only one
pair of adjacent vertices colored 1 and i for i = 2,3,4,5 and degu = 4, only u
can be colored 1. Similarly, only v can be colored 2. This, however, implies that
two neighbors of u must be assigned the same color. This is impossible since the
coloring is harmonious. Suppose next that there exists a harmonious 6-coloring of
Gs. As before, we may assume that w and v are colored 1 and 2, respectively. Thus
p and ¢ must be assigned distinct colors that are different from 1 and 2, say p and
q are colored 3 and 4, respectively. Then x and y must be colored 5 and 6 as are z
and w. Since the coloring is proper, the adjacent pairs {x,y} and {w,y} must both
be colored 5 and 6. This, however, is impossible since the coloring is harmonious.
Therefore, as claimed, h(G3) = 7.

3 4

/ :
G1: 5

Figure 13.1: Harmonious colorings of graphs
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Since a given pair of distinct colors can be assigned to at most one pair of
adjacent vertices in a harmonious coloring of a graph G, it follows that no two
neighbors of a vertex in G can be assigned the same color. Hence if v is a vertex
for which degv = A(G), then the neighbors of v must be assigned colors that are
distinct from each other and from v. Consequently, we have the following.

Theorem 13.2 For every graph G,
h(G) > A(G) + 1.

For the graphs G and G2 of Figure 13.1, A(G1) = A(G2) = 4. Consequently,
from Theorem 13.2, h(G1) > 5 and h(G2) > 5. Since both G; and G2 have size
10 = (;), we have already observed these lower bounds. In fact, we have seen that
h(Gl) =5 and h(Gg) =T.

For a graph G of order n > 2, h(G) = 1 if and only if G = K,,. Also, h(K,) = n.
However, there are noncomplete graphs of order n having harmonious chromatic
number n. Indeed, by Theorem 13.2, any graph of order n having maximum degree
n — 1 has harmonious chromatic number n.
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While we have seen some rather simple (although sharp) lower bounds for the
harmonious chromatic number of a graph (in Theorems 13.1 and 13.2), a few more
complex (although not sharp) upper bounds have been established as well. We
describe some of these next.

A partial harmonious coloring of a graph G is a harmonious coloring of an
induced subgraph of G such that no two neighbors of any uncolored vertex are
assigned the same color. For a partial harmonious k-coloring of G, one of the k
colors, say color 4, is said to be available for an uncolored vertex v of G if v can
be colored i and a new partial harmonious k-coloring of G results. For a color i to
be available for v, no neighbor of v can be assigned the color i (see Figure 13.2(a))
and no vertex of G can be colored 4 that is a neighbor of a vertex having the same
color as a neighbor of v (see Figure 13.2(b)).

v v

(a) (b)
Figure 13.2: Available colors for an uncolored vertex v

The following result by Sin-Min Lee and John Mitchem [117] provides a lower
bound for the number of available colors for an uncolored vertex in a partial har-
monious coloring of a graph.

Theorem 13.3 If v is an uncolored vertex in a partial harmonious k-coloring of
a graph G with A(G) = A where each color class contains at most t vertices, then
there are at least k — tA2 available colors for v.

Proof. Assume first that every neighbor of v has been assigned a color. By
hypothesis, no two neighbors of v are assigned the same color. As noted earlier,
in order for one of the k colors to be unavailable for v, this color must either be
(1) the color of a neighbor of v or (2) the color of a neighbor of a vertex having
the same color as a neighbor of v. Let j be the color of some neighbor of v and
let S; be the color class consisting of those vertices of G that are colored j. Thus
|S;| < t. Let N(S;) consist of all vertices of G that are neighbors of a vertex of §j.
Since the given coloring is a partial harmonious k-coloring of G, no color assigned
to a vertex of N(S;) is available for v. Because |N(S;)| < tA, v € N(S;), and v
is uncolored, there are at most tA — 1 unavailable colors for v of type (2) when
considering N (.S;).

Since there are at most A choices for a color i assigned to a neighbor of v, we
see that there are at most A(tA — 1) = tA? — A unavailable colors of type (2).
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However, the colors assigned to the neighbors of v are also unavailable for v. Hence
there are at most A unavailable colors of type (1). Thus the total number of colors
unavailable for v is at most A + (tA% — A) = tA?. Therefore, the number of colors
available for v is at least k — tA2.

If there are neighbors of v that are uncolored, then the argument above shows
that the total number of colors available for v exceeds k — tA? and so the result
follows in both cases. n

With the aid of Theorem 13.3, an upper bound for the harmonious chromatic
number of a graph was given by Lee and Mitchem [117] in terms of the order and
maximum degree of the graph.

Theorem 13.4 If G is a graph of order n having mazimum degree A, then
hMG) < (A% +1) [vn .
Proof. If (A% +1)[/n ] > n, then the result is obvious; so we may assume that

(A2 +1)[ya ] <n.

We claim that there is a harmonious coloring of G using (A% 4+ 1) [y/n ] colors.
Assume that this is not so. Then among all partial harmonious colorings of G,
consider one where there is a harmonious coloring of an induced subgraph H of
maximum order such that (A2 + 1) [v/n ] colors are used in the coloring and each
color class contains at most [1/n | vertices. Any coloring that assigns distinct colors
to (A% +1) [\/n ] vertices of G is a partial harmonious coloring of G, so partial
harmonious colorings with the required properties exist. Now because H # G, the
graph G contains an uncolored vertex v.
By Theorem 13.3, v has at least

(A2 +1) [Va]-[Vn]A%=[Vn]

available colors. We claim that there exists an available color for v such that
the color class consisting of the vertices assigned this color has fewer than [v/n ]
vertices. If this were not the case, then each of the [/n ] color classes consisting of
the vertices assigned one of the available colors for v must contain [y/n | vertices.
Since v belongs to none of these color classes, G must contain at least

[V v l+1>n+1

vertices, which is impossible.

Thus, as claimed, there exists an available color 4 for v such that the color class
consisting of the vertices colored ¢ contains fewer than [y/n | vertices. By assigning
v the color i, a partial harmonious coloring of G is produced, where there is a
harmonious coloring of the induced subgraph G[V (H) U {v}] whose order is larger
than that of H and (A%+ 1) [{/n ] colors are used in the coloring such that each
color class contains at most [y/n ] vertices. This contradicts the defining property
of the given partial harmonious coloring. [
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Using partial harmonious colorings, Zhikand Lu [125] and Colin McDiarmid and
Xinhua Luo [128] determined two very similar but improved upper bounds for the
harmonious chromatic number of a graph, namely, if G is a nonempty graph of
order n having maximum degree A, then hA(G) < 2A [v/n | and h(G) < 2Av/n —1,
respectively.

Ronald Graham and Neil Sloane [81] introduced a related vertex labeling of a
graph called a harmonious labeling. For a connected graph G of size m, a har-
monious labeling of GG is an assignment f of distinct elements of the set Z,, of
integers modulo m to the vertices of G so that the resulting edge labeling in which
each edge uv of G is labeled f(u)+ f(v) (addition in Z,,) is edge-distinguishing.
Since such a vertex labeling is not possible if G is a tree, in the case where G is a
tree, some element of Z,, is assigned to two vertices of G, while all other elements
of Z,, are used exactly once. A graph that admits a harmonious labeling is called
a harmonious graph.

The graphs H; and Hy of Figure 13.3 are harmonious. A harmonious labeling
of each graph is shown along with the resulting edge labels. The graph Hs = K>3
of Figure 13.3 is not harmonious, however. To see this, assume, to the contrary,
that Hj is harmonious. Then there exists a harmonious labeling f of Hs with the
elements of the set Zg. Suppose that f(u;) = a; for 1 < i < 5 (see Figure 13.3).
Thus {a1, a2} and {as, a4, a5} are disjoint subsets of Zg. The edge labels of Hj are
therefore a; 4+ a;, where 1 < ¢ < 2 and 3 < j < 5. Since the edge labels of H3 are
distinct, a; + a; = ag + ar (where 1 <4,k <2 and 3 < j,¢ <5)if and only if i =k
and j = £. This implies that a; — a¢y = ax — a; if and only if ¢ = k and j = ¢. That
is,

{a;—a;: 1<i<2and3<j<5}={0,1,2,3,4,5}.

In particular, for some ¢ and j with 1 <4 <2 and 3 < j <5, it follows that a; —a; =
0 and so a; = a;. This, however, is impossible since {a1,a2} and {as,a4, a5} are
disjoint. Therefore, Hz = K> 3 is not harmonious.

Uy

@ p (a)
Hs : 12 Hs

U2
Figure 13.3: Harmonious and non-harmonious graphs

A large class of harmonious graphs are the odd cycles.

Theorem 13.5 The cycle C,, is harmonious if and only if n is odd.
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Proof. Let C, = (vg,v1,-..,Un—1,00) be a cycle of length n. Assume first that
n = 2k + 1 is odd. Consider the labeling that assigns v; (0 < i < n — 1) the
label i. Then the k edges v;v;41 (0 < i < k — 1) are assigned all of the odd labels
1,3,...,n— 2, while the k + 1 edges v;v;41 (k <i <n — 1) are assigned all of the
even labels 0,2,...,n — 1. Hence C,, is harmonious.

Next, suppose that n = 2k > 4 is even and that C,, is harmonious. Then there is
a harmonious labeling of the cycle C,,, which assigns v; the label a; (0 < i <n-—1).
Thus {ag,a1,...,an—1} ={0,1,...,n—1}. In Z,, let

n—1 n—1 . 'fL(’fL—].)
s:Zai=Zz:T:k(n—1).
i=0 i=0

Hence
{ag +a1,a1 +as,...,an—1 +ao} ={0,1,...,n—1}.
The sum in Z,, of the edge labels of C,, is therefore,

n—1

s:(a0+a1)+(a1—l—ag)—i—---—i—(an_l—!-ao):221':25.
i=0

Thus 2s = s (mod n) and so s = 0 (mod n). Hence n | s and so 2k | k(n — 1).
Thus 2 | (n — 1), which is impossible. L]

While it is easy to show that K5, K3, and K4 are harmonious, Graham and
Sloane [81] verified that K, is not harmonious for n > 5. They also made the
following conjecture.

The Harmonious Tree Conjecture Fuvery nontrivial tree is harmonious.

Graham and Sloane verified the conjecture for trees of order 10 or less and
Robert Aldred and Brendan McKay [6] verified it for trees of order 26 or less.

An extensive survey of graph labelings has been conducted by Joseph Gallian
[75]. Among the vertex labelings of graphs, by far the best known and most studied
are the graceful labelings. A graceful labeling f of a graph G of size m > 1 assigns
distinct elements of the set {0, 1,...,m} to the vertices of G so that the induced edge
labeling, which labels the edge wv with the integer |f(u) — f(v)|, assigns distinct
labels to the edges of G. Thus the set of labels of the edges of G in a graceful
labeling is {1,2,...,m}. Hence a graceful labeling is an edge-distinguishing vertex
labeling. We may assume therefore that when studying this concept, all graphs
under consideration have no isolated vertices.

Graceful labelings of graphs were introduced by Alexander Rosa [156], although
the term “graceful” was first used by Solomon Golomb [80]. A graph that admits a
graceful labeling is a graceful graph. All seven graphs in Figure 13.4 are graceful.

Not all graphs are graceful, however. While all graphs of order less than 5 are
graceful, there are three graphs of order 5 that are not graceful. These graphs are
shown in Figure 13.5. To see why G; = Cj is not graceful, for example, assume, to
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Figure 13.4: Graceful labeling of graphs

the contrary, that there is a graceful labeling of G;. Hence five of the six integers
0,1,...,5 can be assigned to the vertices of G; so that the induced edge labels of
G1 are 1,2,3,4,5. The only way that an edge can have the label 5 is for its incident
vertices to be labeled 0 and 5. As we proceed around the cycle (u1, vy, w1, 21, Y1, u1),
the parity of the vertex labeling must change an even number of times, implying
that G has an even number of odd edge labels. This is impossible, however.

Uy
1 U1

T w1

Gl GQ G3
Figure 13.5: The three nongraceful graphs of order 5

Alexander Rosa [156] established a connection between graceful graphs and
graph decompositions by showing that every complete graph of odd order n can
be cyclically decomposed into any graceful graph of size (n —1)/2.

Theorem 13.6 If H is a graceful graph of size m, then the complete graph Kop, 41
is cyclically H-decomposable.

Proof. Let there be given a graceful labeling of H. Hence the vertices of H are
labeled with integers from the set {0,1,...,m} in such a way that the induced edge
labels of H are 1,2,...,m. Arrange the vertices vg, v1, ..., Vom of Koy cyclically
about a regular (2m + 1)-gon resulting in the cycle

C = (U(),'Ul,. ..,UQm,U())
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of order 2m + 1. Each edge of Ks,,41 is drawn as a straight line segment.
We now define a subgraph H; of Ks,,4+1 whose vertex set is

V(H;y) = {v; : i is the label assigned to a vertex of H}.

Therefore, V(H1) C {vo,v1,...,0m}. An edge v;v; of Komi1 (0 <14,5 <m, i # j)
is then an edge of H; if there is an edge of H joining vertices labeled ¢ and j in H.
For example, if H is the graceful graph of order 4 and size 5 shown in Figure 13.6(a)
(with the given graceful labeling), then the resulting subgraph H; of K is shown
in Figure 13.6(b).

Vo
V100 V1
Vg O V2
vg O O vs
v7 O Oy
O
Vg Vs

(b)
Figure 13.6: A graph H and a subgraph H; in Ki;

Each edge v,vs of Kopmi1 (0 < r,s < 2m) is now assigned the label d¢ (v, vs),
which is the distance between v, and vs on the cycle C. Therefore, each edge of
Ko, 41 is assigned one of the labels 1,2,...,m and there are exactly 2m + 1 edges
in Komy1 labeled ¢ for 1 < ¢ < m. Consequently, H; contains exactly one edge
labeled 7 for 1 < i < m.

If an edge e of H; is rotated clockwise through an angle of (Wkﬂ
1 < k < 2m, then the resulting edge has the same label as e. Denote the subgraph of

Ko, 41 obtained by rotating H; through a clockwise angle of (%fﬁ) 27 radians by

Hi11 (0 <k <2m). Since Hyy1 = H for each k (0 < k < 2m), the decomposition
{Hy,Hs,...,Hyms1} is a cyclic H-decomposition of Kap,41. For the subgraph H;
of K1 in Figure 13.6, the subgraph Hs (with bold edges) and Hy; (with dashed
edges) are shown in Figure 13.7. ]

) 27 radians for

While Alexander Rosa showed that every tree of order 16 or less is graceful,
Aldred and McKay [6] showed that every tree of order 27 or less is graceful. The
most famous conjecture in this area is the following.

The Graceful Tree Conjecture FEvery tree is graceful.
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v8 O

v7 O
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ot

Figure 13.7: The subgraphs Hy and Hi; in Ki;

Rosa showed that if every tree is graceful, the following conjecture (attributed
to Gerhard Ringel and Anton Kotzig) is true (see Section 4.4).

The Ringel-Kotzig Conjecture If T is a tree of size k, then Kogi1 is T-
decomposable.

We have seen that it may not be possible to label the vertices of a graph G of size
m with labels from the set {0, 1, ..., m} in such a way that the induced edge labeling,
which labels the edge wv with the integer |f(u) — f(v)|, assigns distinct labels to
the edges of G. Such a labeling is always possible, however, if the set of labels is
expanded. The gracefulness grac(G) of a graph G with V(G) = {v1,v2,...,v,} is
the smallest positive integer k for which it is possible to label the vertices of G with
distinct elements of the set {0,1,2,...,k} in such a way that distinct edges receive
distinct labels. The gracefulness of every such graph is defined for if we label v; by
2i=1 for 1 <4 < n, then a vertex labeling with this property exists. Thus if G is a
graph of order n and size m, then

m < grac(G) < 2" L.

If grac(G) = m, then G is graceful. The gracefulness of a graph G can be considered
as a measure of how close G is to being graceful — the closer the gracefulness is to
m, the closer the graph is to being graceful.

The complete graphs K>, K3, and K4 are all graceful and so the gracefulness
for each of these three graphs is 1, 3, and 6, respectively. Of course, the chromatic
numbers of these graphs are 2, 3, and 4, respectively. The following theorem is due
to Bellamannu D. Acharya, Siddhani B. Rao, and Subramanian Arumugam [2].

Theorem 13.7 For every integer k > 2, there exists a graceful graph having chro-
matic number k.

Proof. Since K} is graceful for 2 < k < 4, the result is true for 2 < k < 4. Hence
we may assume that k& > 5. Consider K}, where k > 5. Suppose that grac(Kj) = r.
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Since K} is not graceful, r > (g) Hence the vertices of K can be labeled with
distinct elements of the set {0,1,2,...,r} in such a way that distinct edges receive
distinct labels. Then some vertex u of K} is labeled r and a vertex v of K}, is
labeled 0.

Let s = r — (’2“) Thus s > 0. Let {aj,az,...,as} be that subset of T =
{1,2,...,r} consisting of these elements a of T such that no edge of K} has been
labeled a. Thus no vertex of K has been labeled a; for 1 <7 < s. Let G be that
graph obtained from Kj by adding s vertices vy, vs, ..., vs and joining each of these
vertices to v. Now assign the label a; to v; for 1 < i < s and so G is a graceful
graph with chromatic number k (]

We have seen that a harmonious coloring of a graph G is a proper coloring of
G having the property that if ¢ and j are two distinct colors used in the coloring of
G, then there is at most one pair of adjacent vertices assigned these two colors. A
harmonious coloring ¢ of G therefore induces an edge labeling of G where the edge
uv is assigned the label {c(u), c(v)}, which is then a 2-element subset of the set of
colors assigned to the vertices of G. Since no two edges of G are labeled the same,
this vertex coloring is edge-distinguishing. That is, every harmonious coloring is
edge-distinguishing.

Pierre Duchet introduced a related edge-distinguishing vertex coloring of a graph
in which adjacent vertices are permitted to be colored the same. (While the early
investigators of this concept referred to the coloring as a line-distinguishing coloring,
this terminology doesn’t “distinguish” it from a harmonious coloring. Consequently,
we coin a different, but similar, name for this type of vertex coloring.) A harmonic
coloring of a graph G is a vertex coloring of G (where adjacent vertices may be
assigned the same color) that induces the edge-distinguishing labeling that assigns
to each edge uv the label {c(u),c(v)}, which is either a 2-element subset or a 1-
element subset of colors, depending on whether c(u) # ¢(v) or ¢(u) = ¢(v). Since
the coloring is edge-distinguishing, no two edges of G are labeled the same. The
minimum positive integer k for which a graph G has a harmonic k-coloring is called
the harmonic chromatic number or the harmonic number of G, which we
denote by h'(G). Thus

W(G) < h(G)

for every graph G. Furthermore, since no two neighbors of any vertex of G can be
assigned the same color in a harmonic coloring of G, we have the following.

Theorem 13.8 For every graph G,
(G) > A(G).

N. Zagaglia Salvi [158] showed that there are few graphs G for which h'(G) =
A(G).

Theorem 13.9 If G is a graph for which h'(G) = A(G) and v is a vertex of degree
A(Q), then at least one neighbor of v is an end-vertex.
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Proof. Since the result is true if A(G) = 1, we may assume that A(G) = A > 2.
Let u be a vertex with degu = A. Then |[N[u]] = A+ 1 > 3. Let a harmonic
A-coloring of G be given. Then every two vertices of N(u) are assigned distinct
colors. Thus u is assigned the same color as a vertex v adjacent to u.

We claim that degv = 1. Suppose that degv > 2. Then there is a vertex w
distinct from u that is adjacent to v. Necessarily, w ¢ N(u) since uw and vw have
distinct labels. Hence w is not adjacent to v and so w and a neighbor x of u are
assigned the same color. This, however, implies that uxz and vw are labeled the
same, producing a contradiction. [

If G is a graph of size m with h'(G) = k, then in a harmonic k-coloring of G,
at most (g) edges of G can be labeled with a 2-element set of distinct colors and at
most k edges can be labeled with a 1-element set and so m < k + (g) = (k;rl). As
a consequence of this observation, we have the following.

Theorem 13.10 If G is a graph of size m, then

H(G) > {ﬂl .

By Theorem 13.10 if a graph G has size 6 = (342'1), then h'(G) > 3. The two
graphs G and G of Figure 13.8 have six edges but h'(G1) = 3 while h'(G2) = 4.
A harmonic 3-coloring of G is shown in Figure 13.8 together with a harmonic 4-
coloring of G5. To see why h/(G3) # 3, first notice that any harmonic 3-coloring
¢ must assign distinct colors to u and w (for otherwise uv and vw will be labeled
the same). Suppose that c¢(u) = 1 and c(w) = 2. Then ¢(v) # 1 and c(v) # 2; so
c(v) = 3. This implies that ¢(x) = 1 and ¢(y) = 2. However then uw and xy are

both labeled {1,2}, which is impossible.

Figure 13.8: Harmonious and non-harmonious graphs

By Theorem 13.8, h/'(G) > A(G) for every graph G. We have seen that the
chromatic index x'(G) > A(G) as well. In fact, by Vizing’s theorem (Theorem 10.2),
A(G) < X'(G) < A(G) + 1. Salvi [158] showed that x'(G) = A(G) whenever
M(G) = A(G).

Theorem 13.11 If G is a graph with b/ (G) = A(G), then
X (G) = AG).
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Proof. If h'(G) = A(G) =1, then G = K3 and x'(G) = 1. Hence we may assume
that A(G) > 2. Suppose that uy, usz,...,up (p > 1) are the vertices of degree A(G)
in G. By Theorem 13.9, each vertex u; (1 <i < p) is adjacent to an end-vertex v;.
Let H =G — {v1,v2,...,vp}. Thus A(H) = A(G) — 1. Since

A(H) < ¥/(H) < A(H) + 1

by Vizing’s theorem, it follows that x'(H) has one of two values. We consider these
cases.

Case 1. x'(H) = A(H). Let a proper A(H)-edge coloring of H be given. This
produces an edge coloring of G except for the edges w;v; (1 <i < p). By assigning
a new color to each of these edges, a (A(H) + 1)-edge coloring of G is obtained.
Since A(H) 4+ 1 = A(G), it follows that x'(G) = A(G).

Case2. X'(H) = A(H)+1. Let a proper (A(H)+1)-edge coloring of H be given.
For each vertex u; (1 <i < p), exactly one of the A(H)+ 1 colors is not assigned to
an edge incident with ;. Assigning this color to u;v; produces a (A(H) + 1)-edge
coloring of G. Since A(G) = A(H) + 1, it follows that x(G) = A(G). L]

As a consequence of Theorem 13.11, Salvi [158] showed that there is no graph
G such that x'(G) = A(G) + 1 and 1/(G) = A(G).

Corollary 13.12 For every graph G,
W(G) = X' (G).

Proof. Assume, to the contrary, that there exists a graph G such that h'(G) <
X'(G). Then W (G) = A(G) and x'(G) = A(G) + 1. This, however, contradicts
Theorem 13.11. ]

While x'(G) < A(G)+1 for every graph G, it is not difficult to give an example of
a graph G such that A'(G) > A(G)+1. For example, by Theorem 13.10, h'(C1p) > 4.

13.2 Vertex-Distinguishing Edge Colorings

We now turn to edge colorings (either proper or not) of a graph G that are used to
uniquely identify all of the vertices of G in some manner (that is, that are vertez-
distinguishing). Anita C. Burris and Richard H. Schelp [28] defined a strong edge
coloring of G as a proper edge coloring that induces the vertex-distinguishing
labeling which assigns to each vertex v the set S(v) of colors of the edges incident
with v. Since the edge coloring is vertex-distinguishing, no two vertices of G are
labeled the same. The minimum positive integer k for which G has a strong k-edge
coloring is called the strong chromatic index of G and is denoted by x.(G).
Since every strong edge coloring of a nonempty graph G is a proper edge coloring
of G, it follows that
A(G) < X(G) < XL(G).

As an example, we determine the strong chromatic index of the graph G of
Figure 13.9(a). Since x'(G) = 3, it follows that x4(G) > 3. However, x}(G) # 3,
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for any proper 3-edge coloring of G would assign the label {1, 2, 3} to every vertex of
degree 3. Furthermore, x/,(G) # 4, for suppose that there is a strong 4-edge coloring
c of G. We may assume that c¢(vw) = 1. Then none of the edges uv, uw, va, and wz
can be colored 1. Hence two of these four edges must be assigned the same color
and the remaining two edges different colors, say uv and wx are colored 2. Thus all
of the vertices u, v, w, and = are assigned a label that is a 3-element set containing
2. This, however, implies that two of these vertices are labeled the same, which is
impossible. Hence x,(G) > 5. The strong 5-edge coloring of G in Figure 13.9(b)
shows that x4 (G) = 5.

(a) (b)
Figure 13.9: A strong 5-edge coloring of a graph

The argument used to verify that the strong chromatic index of the graph G of
Figure 13.9(a) is 5 suggests the following observation (see Exercise 22).

k—1
r

Observation 13.13 If G is a graph containing more than (
r (1 <r < A(G)) for some positive integer k, then

) vertices of degree

X5(G) > k.
In particular, if G contains k end-vertices, then x.(G) > k.

Since no isolated vertex of a graph G is assigned a label in an edge coloring of
G, we may assume that G has no isolated vertices. Furthermore, if G contains a
component Gq of order 2, then the two vertices of Gy are assigned the same label in
any edge coloring of G. Hence, when considering strong edge colorings of a graph
G, we may assume that the order of every component of G is at least 3. If e is an
edge of a graph G such that the order of every component of G — e is at least 3,
then the strong chromatic index of G — e can differ from the strong chromatic index
of G by at most 2, as shown by Burris and Schelp [28].

Theorem 13.14 Let G be a nonempty graph. If e is an edge of G such that the
order of every component of G — e is at least 3, then

X5(G) =1 < x((G —e) < x4(G) +2.
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Proof. Suppose that e = zy and let G’ = G — e. First, we show that x,(G) —1 <
X5(G'). Assume that x.(G’) = k. Then there exists a strong k-edge coloring ¢’
of G’ (using the colors 1,2,...,k) and so the induced vertex labels S’(v) of G’ are
distinct. We define the proper (k + 1)-edge coloring ¢ of G by

d(f) if feB(@)
C(f):{ k+1 if f=e.

The induced vertex labels S(v) of G are therefore

B S/(U) ifvo#zy
sw={ S0vmen e,

Since the induced vertex labels of G are distinct, ¢ is a strong (k + 1)-edge coloring
of G and so X%(G) < k+ 1, implying that x.(G) — 1 < x4 (G’).

Assume next that x,(G) = ¢. Then there exists a strong f-edge coloring of G
(using the colors 1,2,...,¢). In G’ each of S'(x) and S’(y) is the same vertex label
as at most one other vertex of G’. Since the order of every component of G’ is
at least 3, there is an edge zw of G’ such that S’(z) # S'(w). Similarly, there
is an edge yz of G’ such that S'(y) # S’(z). Replacing the color of zw by £+ 1
and the color of yz by £+ 2 results in a strong (¢ + 2)-edge coloring of G’ and so
X4(G") < £+ 2. Therefore, x,(G") < xL(G) + 2. "

Both bounds given in Theorem 13.14 can be attained (see Exercise 26). Although
A(G) + 1 is an upper bound for x'(G) by Vizing’s Theorem, A(G) + 1 is not an
upper bound for x%(G). For a connected graph G of order n with A(G) > 2, the
number n + A(G) — 1 is an upper bound for x’,(G), however.

Theorem 13.15 If G is a connected graph of order n > 3, then
X5(G) <n+ A(G) - 1.

Proof. By Vizing’s Theorem, there exists a proper (A(G) + 1)-edge coloring of
G. Let such an edge coloring of G be given using the colors 1,2,... A(G) + 1.
Also, let vy, v9,...,v, be an ordering of the vertices of G such that for each i
(2 < ¢ < n), the vertex v; is adjacent to one or more of the vertices preceding it
in the ordering. For each ¢ with 2 <7 < n — 1, select an edge joining v; and some
vertex in {v1,vs,...,v;—1} and replace the color of this edge by A(G) + i. Now

S(un) € {1,2,...,A(G) + 1}

and for 7 and j with 2 < i < j < n — 1, the vertex v; is incident with an edge
colored A(G) + ¢ while v; is not. Hence S(v;) # S(v;) for all pairs 4, j of distinct
integers with 2 < 4, j < n. Necessarily, the edge assigned the color A(G)+2 is vav; .
Since no other edge is assigned the color A(G) + 2, it follows that S(v1) # S(v;)
for 3 < ¢ < n. Since exactly one of the edges vsvs and wvsv; is assigned the color
A(G) + 3, it follows that S(vi) # S(v2). Hence the vertices of G are assigned
distinct labels and so the resulting (n + A(G) — 1)-edge coloring of G is a strong
edge coloring. Therefore, x4 (G) <n+ A(G) — 1. L]
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If G is a disconnected graph with a strong edge coloring, then, as we observed ear-
lier, every component of G has order at least 3. Using the proof of Theorem 13.15,
the upper bound for the strong chromatic index for connected graphs in Theo-
rem 13.15 can be extended to disconnected graphs (see Exercise 25).

Corollary 13.16 If G is a disconnected graph with k components, each of which
has order 3 or more, then

YL(G) < n+AG) — k.

Whether the upper bounds for the strong chromatic index presented in Theo-
rem 13.15 and Corollary 13.16 are sharp is unknown. Indeed, Burris and Schelp
conjectured the existence of a much better upper bound.

The Burris-Schelp Conjecture If G is a graph of order n, every component of
which has order 3 or more, then x4(G) <n+ 1.

This conjecture, if true, cannot be improved.

Theorem 13.17 Ifn > 3, then

, [n if nis odd
Xs(Kn) = { n+1 ifn is even.

Proof. Since x}(K3) = 3, we may assume that n > 4. Since K, contains n vertices
of degree n — 1, it follows by Observation 13.13 that x(K,) > n. If n is even, then
we write n = 2k for some integer k > 2; while if n is odd, then we write n = 2k + 1.
First, consider the complete graph Koj4o with vertex set {vg, v1,...,vor11}. Place
the vertices vy, va, ..., vakt1 cyclically about a regular (2k + 1)-gon and place vg in
the center of the (2k + 1)-gon. Join every two vertices of Koi1o by a straight line
segment. For each ¢ with 1 <1 < 2k + 1, the edge vgv; and all edges perpendicular
to vou; form a 1-factor F; of Kopio and so

F={F,F,...,Fopq1}

is a 1-factorization of Kog1o. Assign each edge of F; the color i for 1 < i < 2k + 1.
By deleting v; from Kop42, we obtain Kopy1 with vertex set

{vo,v2,v3, ..., vapq1}-

Since the edges v1v; with i € {0,2,3,...,2k + 1} have 2k + 1 distinct colors, the
induced vertex labels for the vertices of Kap41 are distinct and so the (2k + 1)-
edge coloring of Koi41 is a strong edge coloring. Thus x4 (K,) < 2k + 1. Since
Xs(Kopt1) > 2k + 1, it follows that x4 (K,) = n if n is odd.

By deleting both v; and vy from Kop o, we obtain Ko, with vertex set

{U(),U?,, Vg, ... ,'U2k+1}.
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Let S = {1,2,...,2k + 1}. Since the colors of the edges incident with vy in Ko
are S — {1,2} and the colors of the edges incident with wve; 41 (1 < i < k) are
S —{i+1,k+i+ 2} and the colors of the edges incident with vg;10 (1 <i < k—1)
are S —{i+ 2,k +i+ 2}, where each color is one of 1,2,...,2k + 1, modulo 2k + 1,
the (2k + 1)-edge coloring of Koy, is a strong edge coloring. Thus x/, (K2r) < 2k + 1.
It remains to show that x.(Kaox) = 2k + 1. Suppose that x.(Kai) = 2k. Since Koy,
contains 2k vertices of degree 2k —1 and (2551) = 2k, each possible (2k — 1)-element
subset of {1,2,...,2k} must be the label of some vertex of Ko;. This implies that
for each i € {1,2,...,2k}, there is exactly one vertex of Ko not incident with an
edge colored i. Suppose that vsy is the only vertex of Ksj not incident with an edge
colored 1. Then each of v1,vs,...,v95—1 is incident with an edge colored 1. Hence
at least one of these vertices, say v1, is incident with at least two edges colored 1.
This, however, implies that the number of colors of the edges incident with vy is at
most 2k — 2, which is impossible. Therefore, x.(K,) = n+ 1 if n is even. m

We therefore have similarity in the formulas for the chromatic index and the
strong chromatic index of complete graphs, namely

V() =2 [ 2] = Tand oK) =2 | 2| - 1.

We now turn to edge colorings of a graph that are not necessarily proper but
are vertex-distinguishing in some manner. Over the years, several such vertex-
distinguishing edge colorings have been defined. In many instances, different au-
thors (or sets of authors) have used the same terminology to describe different
concepts. We mentioned earlier that the term irreqular has occasionally been used
as a synonym for vertex-distinguishing. In this section, we describe two vertex-
distinguishing edge colorings that are not necessarily proper.

As in the case of strong (proper) edge colorings of a graph G, Frank Harary and
Michael Plantholt [97] associated with a given (not necessarily proper) edge coloring
of G the set of colors of the edges incident with each vertex of G. As before, for a
vertex v of G, we denote this set by S(v). If distinct vertices have distinct labels,
then the edge coloring is vertex-distinguishing. Therefore, for distinct vertices u
and v, one of S(u) and S(v) contains a color that the other does not. Harary and
Plantholt referred to this type of coloring as a point-distinguishing edge coloring but
since so many vertex-distinguishing edge colorings have been studied, we employ
different terminology. We say that such an edge coloring is a set irregular edge
coloring of G. The minimum k for which a graph G has a set irregular k-edge col-
oring is the set irregular chromatic index (or simply the set irregular index)
of G, which we denote by si(G).

We saw that the graph G of Figure 13.9(a) has strong chromatic index 5. We
now determine its set irregular index. This graph is shown again in Figure 13.10(a).
Although both a strong edge coloring and a set irregular edge coloring require all
induced vertex labels to be distinct, strong edge colorings are required to be proper
while set irregular edge colorings are not. Since the graph G of Figure 13.10(a)
has order 7 and there are only three nonempty subsets of {1,2}, it follows that
si(G) > 3. The set irregular 3-edge coloring of G in Figure 13.10(b) shows that
si(G) = 3.
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~+
<
8

<

z {2,3}

(a) (b)

Figure 13.10: A set irregular 3-edge coloring of a graph

Harary and Plantholt [97] determined the set irregular indexes of all complete
graphs.

Theorem 13.18 For every integer n > 3,
Si(K,) = [logy ] + 1.

Proof. First, suppose that si(K,) = k. Then there exists a set irregular k-edge
coloring of G (using the colors in the set A = {1,2,...,k}). Hence for distinct
vertices v and v in K, the induced vertex labels S(u) and S(v) are distinct. How-
ever, since S(u) and S(v) both contain the color assigned to uw, it follows that
S(u) N S(v) # 0. Suppose that S(u) contains a color that S(v) does not. Then
S(v) = A—S(v) # (. No set S(x) can be a subset of S(v) for this would imply that
S(xz) NS(v) = 0, which is impossible. For each color i € S(v) and for each vertex
, it follows that S(x) C A — {i}. Hence there are at most 2¥~! choices for the set
S(z). Therefore, n < 28=! and so logyn < k — 1. Thus si(K,) > [logyn] + 1.

It remains to show that si(K,) < [logyn] + 1. Let & = [logyon] + 1. Thus
n < 2F=1. We show that there exists a set irregular k-edge coloring of K,. Since
this is true for n = 3, as shown in Figure 13.11, we may assume that n > 4 and so
n>k+ 1.

{12}

{1, 3} {2, 3}
3

Figure 13.11: A set irregular 3-edge coloring of K3

Denote the vertices of K, by v1,va,...,V,...,0,. Assign the set S; = {1} to
vy, the set S; = {1,i}, 2 < i < k, to v; and the set Sgy1 = {1,2,...,k} to vpy1.
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Since n < 25~1, we can assign to the vertices v; (k4 2 < i < n) distinct subsets S;
of the set {1,2,...,k} that contain 1 and that are distinct from Sy, Ss, ..., Skt1.
Hence 1 € S; for all ¢ (1 <4 < n). For each edge v;v; of K,, assign v;v; the largest
color belonging to S; N.S;. This gives a k-edge coloring of K,,. (See Figure 13.12
for such a 4-edge coloring of Kg.)

{1} {2y {13} {1,4}
O O @) O
v1 v2 v3 V4
U5 V6
@) O
{1,2,3,4} {1,2,3}

Figure 13.12: A set irregular 4-edge coloring of K¢

For 1 < i < mn, let S(v;) be the induced vertex label which is the set of colors
of the incident edges of v;. Hence S(v;) C S; for each ¢ with 1 < ¢ < n. Since
S; = {1}, it follows that S(v;) = {1}. For 2 < i < k, we have i € S;. Since
i € Skt1, it follows that ¢ € S(v;) and so S(v;) = S; for all ¢ with 1 < i < k.
Consider S;, where k 4+ 1 < i < n and suppose that ¢ € S;, where ¢ # 1. Since /¢ is
the largest color in Sy, it follows that ¢ is the color of the edge vpv;. Thus ¢ € S(v;)
and so S(v;) = S; for all i (1 < i < n). Hence si(K,) < [logyn] + 1, completing
the proof. [

We now consider another vertex-distinguishing edge coloring of a graph that is
not necessarily a proper coloring. A multiset is a set that permits repetition of
elements. A (not necessarily proper) edge coloring of a graph G, every component
of which has order 3 or more, is a multiset irregular edge coloring if the vertex
labeling that assigns to each vertex v of G the multiset of colors of the edges incident
with v is vertex-distinguishing. This concept was introduced by Anita C. Burris
[27]. The minimum k for which a graph G has a multiset irregular k-edge coloring
(using the colors 1,2,...,k) is the multiset irregular coloring index or more
simply, the multiset irregular index of G, which is denoted by mi(G). Thus
mi(G) > 2 for every graph G whose components have order 3 or more.

For a k-edge coloring ¢ of G that is not necessarily proper and using the colors
1,2,...,k, a vertex v of G is labeled code.(v) or code(v), which is the ordered k-
tuple (a1, a2, ...,ax), also expressed as ajas .. .ay, where a; is the number of edges
incident with v that are colored i (1 < ¢ < k). The vertex label code(v) is called
the color code of v, or more simply, the code of v. Hence the color code of v is a
representation of the multiset of colors of the edges incident with v.

For the graph G of Figure 13.13(a), a 3-edge coloring ¢; of G is given in Fig-
ure 13.13(b) and a 2-edge coloring co of G is given in Figure 13.13(c). For example,
code, (z) = 201 since z is incident with two edges colored 1 and one edge colored 3
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by ¢1; while code,, (x) = 12 since x is incident with one edge colored 1 and two edges
colored 2 by cy. Since the resulting color codes are distinct for each coloring, both
edge colorings are multiset irregular. Because mi(G) > 2, it follows that mi(G) = 2.

u 110

v w 021 210
x
G:
Yy
z

Figure 13.13: Irregular edge colorings of a graph

A multiset irregular 3-edge coloring of the graph H = Cj is given in Figure 13.14.
This shows that mi(H) < 3. We already know that mi(H) > 2. Suppose that
mi(H) = 2. Then there exists a multiset irregular 2-edge coloring of H using the
colors 1 and 2. Since at least one edge of H is colored 1 and at least one edge of H
is colored 2, at least two vertices of H are incident with edges of each color, which
is impossible. Thus mi(H) = 3.

u v 1010———0 200

w x
Figure 13.14: An irregular 3-edge colorings of Cy

In the graph H = Cy of Figure 13.14, we showed that mi(H) > 3 by observing
that any 2-edge coloring of H results in two vertices incident with edges of each
color. There is a more general explanation of this. In any edge coloring of a graph,
no two vertices with distinct degrees can have the same color code. That is, we need
only be concerned with vertices of the same degree having the same color code. For
example, if we are investigating the vertices of degree 3 in a graph with a given
3-edge coloring that is not necessarily proper, the only possible color codes of these
vertices are

300, 030, 003, 210, 201, 120, 021, 102, 012, 111.

That is, there are only ten distinct color codes for vertices of degree 3 in a graph
G with a given nonproper 3-edge coloring. This implies that if G has more than
ten vertices of degree 3, then mi(G) > 4. Indeed, there is a theorem concerning
combinations with repetition that states the following.
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Theorem 13.19 Let A be a set containing k different kinds of elements, where
there are at least v elements of each kind. The number of different selections of r
elements from A is (T'H;_l).

In terms of graphs, this says the following.

Theorem 13.20 In any multiset irreqular k-edge coloring of a graph G, at most
(TH:*l) vertices have degree v in G.

In view of Theorem 13.20, r-regular graphs of order n for which n is large
compared to r have a large multiset irregular index. Regardless of the order n > 3,
no r-regular graph, r > 2, can have multiset irregular index 2.

Proposition 13.21 If G is a reqular graph of order at least 3, then mi(G) > 3.

Proof. Suppose that G is r-regular for some integer » > 2. Let there be given
a 2-edge coloring ¢ of G, using the colors 1 and 2. Let G; be the subgraph of G
whose edges are colored 1. By Theorem 1.12, G; contains two vertices of the same
degree, say degg, u = degg, v = k. Thus code(u) = code(v) = (k,r — k) and so c is
not multiset irregular. [

The complete graphs constitute a class of regular graphs with multiset irregular
index 3.

Theorem 13.22 For every integer n > 3, mi(K,,) = 3.

Proof. By Proposition 13.21, mi(K,) > 3. It remains to show that there is
a multiset irregular 3-edge coloring of K,. Let V(K,) = {v1,v2,...,v,}. By
Theorem 1.12, there is a spanning connected subgraph F' of K,, containing exactly
two vertices with equal degree. We may assume that

I if1<i<|Z
degF“f_{ i—1 if[2]+1<i<n

Thus v\ 2| and v 2|41 are the only two vertices of equal degree in F', namely they
both have degree [%]. We now define a factorization F = {Fy, F, F3} of K, by

Fi=F—vnuv, Fh= F,and F3 = Ko U (n — 2) K],
where E(F3) = {v|n v, }. Since
degp, vi = (n—1) —degpv; for 1 <i<n

and v|z| and v » |4 are the only two vertices having the same degree in F, these
are the only two vertices having the same degree in F5. Since

degp, v|z) =1 and degp, v|z )41 =0,
it follows that the vertices of K, have distinct color codes and so mi(K,) =3. =

We now present an upper bound for the multiset irregular index of a graph.
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1
1 2
1 2 2
o—O0——0—=0 3 1

1 1 1
1 2 1
1 ' 2 3
2

Figure 13.15: Multiset irregular edge colorings of connected graphs of order 4

Proposition 13.23 If G is a connected graph of order n > 4, then
mi(G) <n—1.

Proof. We proceed by induction on n. That the statement is true for n = 4 is
shown in Figure 13.15. Hence the statement holds for the basis case.

Assume that mi(G) < k — 1 for every connected graph G of order k£ > 4 and
let H be a connected graph of order k + 1. Let v be a vertex of H that is not a
cut-vertex. By the induction hypothesis, mi(H — v) < k — 1. Hence there exists
a multiset irregular (k — 1)-edge coloring of H — v. Assigning the color k to every
edge of H that is incident with v produces a multiset irregular k-edge coloring of
H. [

Another vertex-distinguishing edge coloring, using the colors 1,2, ..., k for some
positive integer k, has been studied in which each vertex is labeled with the sum of
the colors assigned to its incident edges (see Exercise 32).

13.3 Vertex-Distinguishing Vertex Colorings

In addition to edge-distinguishing vertex colorings and vertex-distinguishing edge
colorings, there have also been studies of vertex-distinguishing vertex colorings. Of
course, any vertex coloring that assigns distinct colors to distinct vertices is vertex-
distinguishing, but vertex colorings can be used to assign distinct labels to the
vertices of a graph in ways that require fewer colors. We look at one example of
this.

For a graph G and a positive integer k, let ¢: V(G) — {1,2,...,k} be a proper
k-coloring of the vertices of G. Here the color code (or simply the code) of a
vertex v of G with respect to ¢ is the ordered (k + 1)-tuple

code(v) = (ao, a1, ...,ax) = aparas - - - ai,

where ag = ¢(v) and a; (1 <7 < k) is the number of vertices that are adjacent to v
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and colored i. Consequently, if ¢(v) = i, then a; = 0. Also,

k

Z a; = degqgv.
i=1

The coloring c is called irregular if distinct vertices of G have distinct color codes.
The irregular chromatic number x;.(G) of G is the minimum positive integer
k for which G has an irregular k-coloring. This concept was introduced by Mary
Radcliffe and Ping Zhang [142]. Since every irregular coloring of a graph G is a
proper coloring of G, it follows that

X(G) < xir(G). (13.1)

To illustrate this concept, consider the Petersen graph P of Figure 13.16. Since
x(P) = 3, it follows by (13.1) that x;,(P) > 3. A 4-coloring of the Petersen graph is
given in Figure 13.16 along with the corresponding color codes of its vertices. Since
distinct vertices have distinct codes, this coloring is irregular and so x;-(P) < 4.
Therefore, x;r(P) = 3 or xi(P) = 4. We show that x;,(P) = 4. Assume, to the
contrary, that x;,(P) = 3. Let ¢ be an irregular 3-coloring of P and let u and v be
two vertices of P with c(u) = ¢(v). We may assume that c¢(u) = ¢(v) = 1. Since
c is a proper coloring, u and v are not adjacent. Furthermore, the diameter of P
is 2 and so u and v have a common neighbor in P. Because code(u) # code(v), at
most one of u and v is adjacent to three vertices having the same color. That is,
no two vertices in P colored 1 can have the two color codes 1030 and 1003. Hence
if some vertex has color code 1030, then any other vertex colored 1 has color code
1021 or 1012. This implies that at most three vertices of P can be colored 1 and,
in general, at most three vertices of P can be assigned the same color. Since P has
order 10, this contradicts our assumption that x;.(P) = 3.

10120

Figure 13.16: An irregular 4-coloring of the Petersen graph P

Because x(G) < xir(G) < n for every graph G of order n and x(K,) = n, it
follows that x;. (XK, ) = n. The complete graph K, is not the only graph of order n
with irregular chromatic number n, however [142].
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Theorem 13.24 Let G be a connected graph of order n > 2. Then x;(G) = n if
and only if N(u) = N(v) for every pair u,v of nonadjacent vertices of G.

Proof. Assume first that there exists a connected graph G of order n > 2 such that
N(u) = N(v) for every pair u, v of nonadjacent vertices of G but that y;.(G) < n—1.
Let ¢ be an irregular (n—1)-coloring of G. Consequently, there exist distinct vertices
z and y of G such that ¢(z) = ¢(y). Since c is a proper coloring, = and y are
nonadjacent vertices of G. By hypothesis, N(z) = N(y). This, however, implies
that code(x) = code(y), which is impossible.

For the converse, assume that there exists a connected graph G of order n > 2
such that x;r(G) = n but N(u) # N(v) for some pair u, v of nonadjacent vertices of

G. By assigning the color 1 to w and v and the colors 2, 3, - - -, n—1 to the remaining
n — 2 vertices of G, an irregular (n — 1)-coloring of G is produced, which contradicts
the assumption that y;.(G) = n. n

With the aid of Theorem 13.24, all connected graphs G of order n with x;-(G) =
n can be characterized [142].

Corollary 13.25 Let G be a connected graph of order n > 2. Then xi(G) =n if
and only if G is a complete multipartite graph.

Proof. Let G be a complete multipartite graph. Then N(u) = N(v) for every
two nonadjacent vertices u and v of G. By Theorem 13.24, x;(G) = n.

For the converse, let G be a connected graph of order n > 2 with x;-(G) = n.
By Theorem 13.24, N(u) = N(v) for every pair u,v of nonadjacent vertices of G.
Suppose that x(G) = k, where then 2 < k < n. Let there be given a proper k-
coloring ¢ of G, resulting in the color classes Vi, V5, -+, Vix. We claim that G is a
complete k-partite graph with partite sets Vi, Vo, -+, Vi. Assume that this is not
the case. This implies that G contains two nonadjacent vertices v and v, where
u € V; and v € V; with ¢ # j. Since c is a proper k-coloring, c is also a complete
k-coloring and so some vertex x € V; is adjacent to a vertex y € V;. Suppose first
that either x = u or y = v, say the former. Since y € N(u) and y ¢ N(v), it
follows that N(u) # N (v), which is a contradiction since v and v are not adjacent.
Consequently, x # « and y # v. If x is adjacent to v, then N(u) # N(x), which is
impossible since u, € V;. Thus z is not adjacent to v. However then, N(v) # N(z),
which again is impossible. [

We have mentioned that 2 < x(G) < xi,(G) for every nontrivial connected graph
G. Other than these inequalities, there are no other restrictions on the values of
the chromatic number and the irregular chromatic number of a nontrivial connected
graph.

Corollary 13.26 For every pair a,b of integers with 2 < a < b, there is a con-
nected graph G with x(G) = a and x;(G) = b.

Proof. While the complete a-partite graph G = Ki 1. 1p-a+1 has chromatic

sy dy

number a, it follows by Corollary 13.25 that x;.(G) = b. n
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We now turn to irregular chromatic numbers of cycles. Since x(C),) = 3, where
n > 3 is odd, x;r(C,) > 3 for all odd integers n > 3. The irregular 3-colorings of
Cs, C5, and C%, in Figure 13.17 show that the irregular chromatic number of all
three cycles is 3.

Figure 13.17: Irregular 3-colorings of C5, C5, and C7

On the other hand, even though x(C,,) = 2 for every even integer n > 4, no even
cycle has irregular chromatic number 2 (or even 3). Since Cy = K3 o, it follows by
Corollary 13.25 that y;-(Cy) = 4. In fact, x4 (Cs) = xir(Cs) = 4 as well. Irregular
4-colorings of these three cycles are shown in Figure 13.18.

Figure 13.18: Irregular 4-colorings of C4, Cg, and Cs

Suppose that G is a nontrivial connected graph and v € V(G). For a given
irregular k-coloring of G,

code(v) = (i,a1,az,...,ax)

for some ¢ with 1 <+¢ < k. As we have noted, a; = 0 and the sum of the remaining
k — 1 coordinates of code(v) is degv. By Theorem 13.19, we have the following.

Proposition 13.27 If a nontrivial connected graph G has an irreqular k-coloring,
then G contains at most k‘(TJrf*Q) vertices of degree .

By Proposition 13.27, every nontrivial connected graph having an irregular 3-
coloring contains at most nine vertices of degree 2. As Figure 13.19 shows, there
is an irregular 3-coloring of Cy. Consequently, 3 = x(C9) < xir(Cy) < 3 and so
Xir(Co) = 3.

Although it is not all that challenging to construct an irregular 3-coloring of Cg,
let’s see how the particular irregular 3-coloring of Cy shown in Figure 13.19 can
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Figure 13.19: An irregular 3-coloring of Cg

be constructed. We make use of a certain subdigraph D of the de Bruijn digraph
B(3,3) (discussed in Section 3.2). The vertex set of this subdigraph D consists of
the six 2-permutations of the set {1, 2,3}, that is,

V(D) = {12,21,13,31,23,32}.

A vertex ab is adjacent to a vertex cd in D if b = ¢ and the resulting arc is labeled
abd (or sometimes simply d). This subdigraph D of B(3, 3) is shown in Figure 13.20.

21

132

Figure 13.20: A subdigraph of the de Bruijn digraph B(3,3)

The arc abd corresponds to a vertex of Cy colored b and adjacent to vertices
colored a and d in Cy. However, the vertex db in D is also adjacent to the vertex ba
resulting in the arc dba and this also gives rise to a vertex in Cy colored b adjacent
to vertices colored d and a. In the desired irregular 3-coloring of Cy, only one vertex
of Cy can be colored b and adjacent to vertices colored a and d. Consequently, we
seek a spanning Eulerian subdigraph D’ of D containing only one of the arcs zyz or
zyx if x # z. An Eulerian circuit C’ of D’ can then be used to produce an irregular
3-coloring of Cy. One such digraph D’ is shown in Figure 13.21.

Actually, the Eulerian circuit C” of the digraph D’ is unique, namely

C’' = (13,31,12,21,12,23,32,23,31,13).
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Figure 13.21: An Eulerian subdigraph D’ of the digraph D of Figure 13.20

Following along the arcs of C’ gives the irregular 3-coloring
1,3,1,2,1,2,3,2,3

of Cy shown in Figure 13.19 (starting at the vertex s and proceeding clockwise).

By Proposition 13.27, x;(C,) > 4 for every integer n > 10 and the largest
integer n for which y;.(Cy,) can have the value 4 is 24. The irregular chromatic
number of Cyy is in fact 4, as shown in Figure 13.22.

Figure 13.22: An irregular 4-coloring of Cay

The fact that x;-(C24) = 4 has an interesting interpretation. Suppose, for
example, that there are 24 students (namely 6 freshmen, 6 sophomores, 6 juniors,
and 6 seniors) attending a banquet. Can all 24 students be seated at a single circular



13.4. NEIGHBOR-DISTINGUISHING EDGE COLORINGS 385

table in such a way that no two students from the same class are seated next to each
other and no two students from the same class have neighbors from the same class or
pair of classes? Since x;,(C24) = 4, this question has an affirmative answer. In fact,
the irregular 4-coloring of Csy4 in Figure 13.22 gives a possible seating arrangement
(where 1 represents a freshman, 2 a sophomore, 3 a junior, and 4 a senior).

A formula for the irregular chromatic number of all cycles was obtained by Mark
Anderson, Christian Barrientos, Robert C. Brigham, Julie R. Carrington, Michelle
Kronman, Richard P. Vitray, and Jay Yellen [11].

Theorem 13.28  Let k > 4. If (k — 1)(k;1) +1<n< k(g), then

4 ok ifn#k(%) -1
X“’(C)_{kﬂ ifn=k(t) - 1.

13.4 Neighbor-Distinguishing Edge Colorings

We now consider edge colorings of a graph G that gives rise to neighbor-distinguishing
vertex labelings. That is, suppose that ¢ : F(G) — N is an edge coloring that
need not be proper. For each vertex v of G, we assign a label ¢(v) to v that
depends on the colors of the edges incident with v. The labeling is neighbor-
distinguishing if £(u) # £(v) for every two adjacent vertices u and v of G. If
the edge coloring ¢ induces a neighbor-distinguishing vertex labeling of G, then
c is referred to as a neighbor-distinguishing edge coloring of G. A number of
neighbor-distinguishing edge colorings have been introduced. As with the vertex-
distinguishing edge colorings described in Section 13.2, two of the most common
involve the use of sets or multisets, that is, £(v) is either the set of colors of the
edges incident with v or the multiset of colors of the edges incident with v. Because
the neighbor-distinguishing edge coloring that induces a vertex labeling defined by
multisets has introduced an intriguing problem, we consider only this concept in
the current section.

Let G be a graph and ¢ : E(G) — N an edge coloring of G using the col-
ors 1,2,...,k, say. For each vertex v of G, define the color code (or code)
code(v) as the ordered k-tuple (a1, as,...,a) or aias...ay, where a; is the num-
ber of edges incident with v that are colored i (1 < i < k). The coloring ¢
is called multiset neighbor-distinguishing if every pair of adjacent vertices
have distinct codes. The minimum positive integer k for which G has a mul-
tiset neighbor-distinguishing k-edge coloring is called the multiset neighbor-
distinguishing coloring index. To simplify the terminology, we refer to such a
coloring as neighbor-distinguishing and refer to the parameter as the neighbor-
distinguishing index which we denoted by ndi(G).

Recall that the multiset irregular index mi(G) of a graph G is the minimum
positive integer k for which G has a multiset irregular k-edge coloring. If mi(G) = k,
then there is a k-edge coloring of G such that all induced vertex labels are distinct.
Hence ndi(G) < mi(G) for every graph G. In Theorem 13.22 it was shown that
mi(K,,) = 3 for n > 3. Since every two vertices in K,, are adjacent, every neighbor-
distinguishing edge coloring of K, is also a multiset irregular edge coloring of K.
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Proposition 13.29 For every integer n > 3,
ndi(K,,) = 3.
We now turn to complete bipartite graphs.

Proposition 13.30 For positive integers s and t with s+t > 3,

ndi(K ) = { ; Zz i ;

Proof. If s # t, then no two adjacent vertices of K have the same degree and so
ndi(K;+) = 1. Suppose then that s = ¢. Then ndi(K, ) > 2. Let the partite sets
of Kss be U={uy,ua, -,us} and W = {wy,ws, -+, ws}, and let ¢ be the 2-edge
coloring of K 5 defined by

ole) = 1 Hfe=uww;for1 <i<s
] 2 otherwise.
Then
(s,0) if v=u
code(v) =< (0,9) ifv=u; for2<i<s
(1,s—1) ifv=w; forl <i<s.

Since s > 2 and no two adjacent vertices of K 5 have the same color code, it follows
that ¢ is a neighbor-distinguishing 2-edge coloring of K s. Therefore, ndi(K, ;) =
2. [ ]

The neighbor-distinguishing indexes of all cycles were determined in [67].
Proposition 13.31 Forn > 3,

. ]2 if n =0 (mod4)
ndi(Cn) = { 3 if n# 0 (mod4).

Proof. Let C,, = (v1,v2,...,Vn,Vnt1 = v1). For each integer ¢ with 1 < i < n,
let e; = v;v;41. For an edge coloring ¢ of C,,, define the color sequence of ¢ as

Se: cler),clen), ... clen).
We consider two cases.

Case 1. n = 0 (mod4). Then n = 4k for some positive integer k. Because
ndi(C,,) > 2 and the edge coloring ¢’ of C,, with color sequence

se 1,1,2,2,1,1,2,2,...,1,1,2,2

3 ) 3 ) 3 ) 3 )

is a neighbor-distinguishing 2-edge coloring, it follows that ndi(C,,) = 2 for n =
0 (mod4).

Case 2. n 20 (mod 4). Thus n = 4k + 4 for some nonnegative integer k, where
i € {1,2,3}. We consider these three subcases, according to the value of i.

Subcase 2.1. n = 4k + 1. The edge coloring ¢; of C,, with color sequence
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eyt 3,1,1,2,2,1,1,2,2,...,1,1,2,2

is a neighbor-distinguishing 3-edge coloring and so ndi(C,) < 3. Assume, to the
contrary, that there is a neighbor-distinguishing 2-edge coloring ¢ of C,. Since
n is odd, there are two consecutive edges of C,, that are both colored 1 or both
colored 2 by ¢. We may assume that c(e;) = c(e2) = 1. If ¢(ez) = 1, then
code(vy) = code(vs) = (2,0), which is impossible; so ¢(ez) = 2. If ¢(eq) = 1, then
code(vs) = code(vs) = (1,1), which is also impossible. Hence ¢(es) = 2 and the
color sequence of ¢ is

se: 1,1,2,2,...,1,1,2,2,1.
However then, code(v;) = code(vz) = (2,0), which is impossible.
Subcase 2.2. n = 4k 4 2. Since the edge coloring ¢ of C,, with color sequence
Seyt 3,3,1,1,2,2,1,1,2,2,...,1,1,2,2

is a neighbor-distinguishing 3-edge coloring, it follows that ndi(C,) < 3. An
argument similar to that used in Subcase 2.1 shows that there is no neighbor-
distinguishing 2-edge coloring of C,, and so ndi(C,,) = 3 here as well.

Subcase 2.3. n = 4k + 3. Since the edge coloring c3 of C,, with color sequence
Ses ¢ 1,2,3,1,1,3,3,1,1,3,3,...,1,1,3,3

is a neighbor-distinguishing 3-edge coloring, it follows that ndi(C,,) < 3. Again,
an argument similar to that used in Subcase 2.1 shows that there is no neighbor-
distinguishing 2-edge coloring of C;, and so ndi(C,,) = 3. n

Of all the graphs G we have considered thus far, either ndi(G) = 1, ndi(G) = 2,
or ndi(G) = 3. Michal Karonski, Tomasz Luczak, and Andrew Thomason [109]
showed that this is, in fact, the case for all 3-colorable graphs.

Theorem 13.32 Let G be a connected graph of order 3 or more. If x(G) < 3,
then ndi(G) < 3.

Proof. First, we introduce some notation and terminology. For every 3-edge col-
oring of G using colors from the set {1,2,3} and for each vertex v of G, let o(v)
denote the sum of the colors (modulo 3) of the edges incident with v such that
o(v) € {1,2,3}. We refer to o(v) as the color sum of v. We now consider two cases,
according to whether x(G) =3 or x(G) = 2.

Case 1. x(G) = 3. Since G is 3-chromatic, there exists a proper vertex 3-coloring
c of G using the colors 1, 2, and 3. Suppose that n; vertices of G are colored ¢ for
1 =1,2,3. Thus the order of G is n = ny+na+ns. Then ny+2n2+3n3 = 25 (mod 3)
for some j € {1,2,3}. Assign some edge of G the color j and assign all other edges
of G the color 3. Then the sum of the color sums of the vertices of G is congruent
to 27 modulo 3, that is,

Z o(v) =27 (mod 3).
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We now modify the edge coloring of G so that ZvEV(G) o(v) is unchanged and
such that o(v) = ¢(v) for each v € V(G). Suppose that there is a vertex u of G
such that o(u) # c(u). Since 3 oy () o(v) = 2j (mod3) and ny + 2nz + 3ng =
2 vev(c) c(u) = 2j (mod3), it follows that 3,y () (0(v) — c(v)) =0 (mod 3) and
so there is another vertex w such that o(w) # c(w). Let W be a u —w walk of even
length in G (see Exercise 38). Adding the colors c(u)—o(u), o(u)—c(u), c(u)—o(u),

.., o(u) — c(u) alternately to the edges of W gives the new value o(u) = c(u),
changes the value of o(x) of no other vertex z except w, and leaves >, vy o(v)
unchanged. Repeated application of this gives the desired edge coloring, that is,
o(v) = ¢(v) for each v € V(G).

Case 2. x(G) = 2. Let there be given a proper vertex 2-coloring ¢ of G using
the colors 1 and 2 such that the color 1 is assigned to a vertex x of degree 2 or
more. Since G is a connected graph of order at least 3, such a coloring is possible.
Now let there be given an edge coloring of G that assigns each edge of G the color
3. Then o(v) = 3 for all vertices v of G. We now modify the edge coloring of G
so that o(t) # 3 if ¢(t) = 1 and o(t) = 3 if ¢(t) = 2, that is, every two adjacent
vertices of G have different color sums.

Suppose first that there are three or more vertices of G colored 1. Let u, v, and
w be three such vertices. Next, we add the colors 1,2,1,...,2 alternately to the
edges of a u — v path in G. Then o(u) =1 and o(v) = 2, where o(¢) is unchanged
for all other vertices ¢t in G. Next, we add the colors 2,1,2,...,1 alternately to
the edges of a v — w path in G. Then o(v) = o(w) = 1 and o(t) is unchanged for
all other vertices ¢ in G. We continue this procedure as long as there are three or
more vertices colored 1 whose color sums are 3. If no such vertices remain, then
the resulting 3-edge coloring of G has the desired property. Hence we may assume
that either exactly two such vertices remain or exactly one such vertex remains. We
consider these two subcases.

Subcase 2.1. G contains ezxactly two vertices u and v colored 1 with o(u) =
o(v) =3, whereo(t) = 1ifc(t) =1 and o(t) = 3 if c(t) = 2 for allt € V(G)—{u,v}.
We add the colors 1,2,1, ..., 2 alternately to the edges of a u—v path in G, resulting
in o(u) = 1 and o(v) = 2, where o(t) is unchanged for all other vertices ¢ in G.
Thus the resulting 3-edge coloring of G has the desired property.

Subcase 2.2. G contains exactly one vertex y colored 1 with o(y) = 3, where
again o(t) =1 if c¢(t) =1 and o(t) = 3 if c(t) = 2 for all t € V(G) — {y}. We
may assume that y = x, for if not, we may alternately add the colors 2,1,2,...,1
to the edges of an « — y path, resulting in o(z) = 3 and o(y) = 1. We now add the
color 2 to any two edges incident with z, say xp and zq, obtaining o(z) = 1 and
o(p) = o(q) = 2, where o(t) is unchanged for all other vertices ¢t in G. Furthermore,
p and ¢ are not adjacent since G is bipartite and o(z) = 1 for each vertex z different
from x that is adjacent to p or ¢. Hence o(u) # o(v) for every two adjacent vertices
u and v of G.

Therefore, there is a 3-edge coloring of G such that every two adjacent vertices
of G have different color sums and so different color codes, which implies that
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ndi(G) < 3. L]

For connected graphs G with x(G) > 4, it can be shown that ndi(G) < 4. First
we verify the following lemma due to Louigi Addario-Berry, Robert Aldred, Ketan
Dalal, and Bruce Reed [3].

Lemma 13.33 If G is a connected graph with x(G) > 4, then there exists a
partition of V(QG) into three sets Vi, Va, and V3 such that fori=1,2,3,

(1) IN(v) N Vig1| > |N(v) N V4| for each v € V; and
(2) every vertex in V; has a neighbor in Vi1,

where the addition i + 1 is performed modulo 3.

Proof. Among all partitions of V(G) into three sets, let P = {U1,Us,Us} be
one such that the number of edges joining vertices in different subsets in P is
maximum. We call such a partition of V(G) a mazimum 3-partition. First we claim
that condition (1) holds. Suppose that it does not. Then we may assume that G
contains a vertex u in Uy, say, such that |[N(u) N Usz| < |N(u) N Up|. Then letting
Uy = Uy —{u}, U) = UaU{u}, and U} = Us results in a partition P’ = {U7, Us, U4}
of V(@) such that the number of edges joining vertices in different subsets in P’
exceeds that in P, contradicting our assumption that P is a maximum 3-partition.
Thus every maximum 3-partition of V(G) satisfies (1).

We now show that there is a maximum 3-partition of V(G) that also satisfies
condition (2). For each maximum 3-partition P = {U;, Uz, Us} of V(G), define a
digraph Dp such that V(Dp) = V(G) and E(Dp) contains (i) the arc (u,w) for
each edge vw € E(G) with v € U; and w € U471, where i € {1,2,3} and (ii) the arcs
(u,w) and (w,u) for each edge uw € E(G), where u,w € U; for some i € {1,2,3}.

Observe for u € U; that odu > 1 in Dp if and only if u has a neighbor in
U;UU;+1. Since P satisfies condition (1), we see that if u has a neighbor in U;, then
u has a neighbor in U;y1. Hence if all vertices in Dp have outdegree 1 or more,
then condition (2) is also satisfied.

A vertex z is said to be a descendant of u if Dp contains a directed u — x path.
Let Sp be the set of all vertices u for which either

(a) u belongs to a directed cycle in Dp (including a directed 2-cycle) or
(b) w has a descendant x that belongs to a directed cycle in Dp.

Since every vertex in Sp has outdegree at least 1 in Dp, it follows that if
Sp = V(G), then condition (2) holds. Suppose that |Sp| is maximized over all
maximum 3-partitions P with Sp # V(G). We then construct a new partition P’ =
{U1,U5,U%} of V(G) from P by transferring each vertex not in Sp to the succeeding
subset in P, that is, if y € Sp NU;, then y € U/; while if y € (V(G) — Sp) NU,,
then y € U/, ;. We claim that P’ is a maximum 3-partition of V(G). To verify
this, we show that any edge joining vertices in different subsets of P joins vertices
in different subsets in P’.
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Any two vertices belonging to Sp and that join vertices in two different sets in P
have the same property in P’. Hence it suffices to consider adjacent vertices at least
one of which does not belong to Sp. Any vertex y € U; — Sp, where i € {1,2,3},
has no neighbor z € Uj;, for otherwise both (y,z) and (z,y) are arcs in Dp, which
would contradict (a). Furthermore, if (y,2) is an arc of Dp and z € Sp, then by
(b) the vertex y € Sp as well. Therefore, there are only two cases remaining to
consider.

Case 1. (y,z) is an arc of Dp such that both y and z belong to V(G) — Sp.
Then y € U; and z € Uy for some i € {1,2,3}, which implies that y € U, and
z € Ui,

Case 2. (y,z) is an arc of Dp such that y € Sp and z ¢ Sp. Then y € U; and
z € Uiy for some i € {1,2,3}. This implies that y € Uj and z € Uj,,. In this case,
the arc in Dp/ corresponding to (y, z) in Dp is (z,y).

Thus, as claimed, P’ is a maximum 3-partition of V(G).

Since x(G) > 4, not all of the sets Uy, Uy, and Us in P can be independent.
Hence at least one of these sets contains two adjacent vertices, implying that Dp
contains a directed 2-cycle and that Sp # (). Since G is connected and Sp # V(G),
it follows that G contains an edge uw such that © € Sp and w ¢ Sp. In particular,
this says that u cannot be a descendant of w. Thus (w, ) cannot be an arc in Dp
and so (u,w) is an arc in Dp.

We now show that (i) every vertex z belonging to Sp also belongs to Spr and
(ii) w € Sps. To verify (i), let z € Sp. Hence either z lies on a directed cycle in Dp
or there is a directed z — x path in Dp where x is on a directed cycle in Dp. Thus
all vertices on this cycle or path belong to Sp as well. Since the only arcs that are
reversed in Dp, have one of its incident vertices not in Sp, it follows that the cycle
or path in Dp is unchanged in Dp/, implying that z € Sp,. We now turn to (ii).
As we saw in Case 2, the arc in Dp/ corresponding to the arc (u, w) in Dp is (w, u).
Since u € Spr, it follows that w € Spr. Hence |Sp/| > |Sp| + 1, which contradicts
our assumption that |Sp| is maximized over all maximum 3-partitions P of V/(G). m

With the aid of Lemma 13.33, Addario-Berry, Aldred, Dalal, and Reed [3]
showed that every connected graph of order 3 or more has neighbor-distinguishing
index at most 4.

Theorem 13.34 If G is a connected graph of order 3 or more, then ndi(G) < 4.

Proof. By Theorem 13.32, ndi(G) < 3 if x(G) < 3. Hence we may assume that
x(G) > 4. By Lemma 13.33, there exists a partition P = {V1,V,,V3} of V(G)
satisfying the following two conditions:

(1) IN(v) NVig1] > |N(v) NV;]| for each v € V; and
(2) every vertex in V; has a neighbor in V11,

where the addition i 4 1 is performed modulo 3.
We now assign one of the colors 1, 2, 3, 4 to each edge of G. For i € {1,2,3},
each edge joining two vertices of V; is colored i. Each edge joining a vertex in V;
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and a vertex in V;;11 will be colored either ¢ or 4. In particular, for each vertex
v € V; for which N(v) N'V; = (), each edge of G joining v and a vertex of Vj;1 is
assigned the color i. (By (2), there is at least one such edge.)

Fori € {1,2,3}, we now consider all those vertices v € V; for which |N(v)NV;| >
1. For each such vertex v, let |N(v) N V;| =k, and so k, > 1. Let vy, va,...,vs be
an ordering of all such vertices in V;. We now assign to each of these vertices v,
(1 < j < s) alabel that will be used to determine the number of edges joining v,
and the vertices in V; 41 that will be colored i. Label the vertex vq with £(v1) = ky, .
For 2 < r <'s, suppose that the vertices v1,v2,...,v,—1 have been assigned labels,
namely £(v1), £(va), ..., £(v.—1). We assign v, the label ¢(v,), defined as the
smallest integer at least &, that is distinct from the labels that have already been
assigned to the neighbors of v, in V;. For each vertex v; € V;, where 1 < j < s, we
now assign the color i to £(v;) — k,, edges joining v; and the vertices in V;;; and
the color 4 to the remaining edges.

Now consider two adjacent vertices u and v belonging to different sets in P, say
u € V; and v € V;41. Since v is incident with an edge colored ¢ + 1 while u is not, it
follows that w and v have different color codes. Hence it suffices to show that every
two adjacent vertices belonging to the same set V; have distinct color codes.

For each j with 1 < j < s, the vertex v; is incident with exactly k,;, edges
within V; that are colored ¢ and is incident with exactly £(v;) — k,; edges between
Vi and V(G)—V; that are colored i. Thus each vertex v; (1 < j < s) is incident with
exactly ¢(v;) edges colored i. From the manner in which the labels ¢(v;) are defined,
any two vertices in {v1,va,...,vs} have different labels and so have different color
codes. [

Despite Theorem 13.34, no graph G is known for which ndi(G) = 4. Indeed,
Addario-Berry, Aldred, Dalal, and Reed [3] showed that if G is a connected graph
with 6(G) > 1000, then ndi(G) < 3. Hence if there is a graph G with ndi(G) = 4,
then x(G) > 4 and §(G) < 1000. The existence or non-existence of such a graph is,
at present, an open question.

Exercises for Chapter 13

1. Determine the harmonious chromatic number of the tree T in Figure 13.23.

O O O O

N~
O—0O0—o0O

O O

O O
Figure 13.23: The tree T" in Exercise 1
2. In Figure 13.1, two graphs G; and G5 are given, both of size 10 and maximum

degree 4. However, h(G1) = 5 and h(G2) = 7. Give an example of a graph
G3 of size 10 and maximum degree 4 with h(G3) = 6.
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Give an example of a triangle-free graph G of size 10 and maximum degree 4
with h(G) = 5.

Show for every two integers a and b with 2 < a < b that there exists a graph
G with x(G) = a and h(G) = b.

Prove or disprove: A graph G of size m has equal achromatic number (see
Section 12.1) and harmonious chromatic number if and only if m = (g) for
some positive integer k.

Determine all pairs a, b of positive integers with a < b for which there is a
graph G with ¢(G) = a and h(G) = b.

Does there exist a connected noncomplete graph G such that x(G) = h(G)?

Prove that if G is a noncomplete graph without isolated vertices, then h(G) >
w(G) + 1.

Prove that if G is a graph of size m, then h(G) > v2m.
A partial harmonious 6-coloring of the graph Cy is given in Figure 13.24.

2

[§ 5

Figure 13.24: The graph Cy in Exercise 10

(a) According to Theorem 13.3, what is the minimum number of available
colors for the vertex v?

(b) What is the number of available colors for the vertex v?
(¢) What is h(Cy)?

Show that every star is harmonious.
Show that there are no integers s,¢ > 2 such that K ; is harmonious.

(a) Show that K35 is not harmonious.

(b) Determine the gracefulness of K.

Let G be a connected graph of order n > 2 with V(G) = {v1,v2,...,0n}.
Show that if the vertex labeling f defined by f(v;) = 2= for 1 < i < n
assigns the edge v;v; the label |f(v;) — f(v;)|, then an edge-distinguishing
labeling is produced.
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Show that the graph G2 of Figure 13.5 is not graceful.

Give an example of two graphs H; and H; of order 6 such that H; is graceful
and Hs is not graceful. Verify that these graphs have the desired property.

Show that the tree T' of Figure 13.25 is graceful and use the proof of Theo-
rem 13.6 to show that Ky is cyclically T-decomposable.

he
b

T:

Figure 13.25: The tree T in Exercise 17

Prove Theorem 13.10: If G is a graph of size m, then h'(G) > {_1*'7 V21+8mJ .

Show that if G is a graph of size (k'QH) for some positive integer k such that
o/ (G) < k, then W' (G) > k + 1.

Determine the harmonious chromatic number and the harmonic chromatic
number of all complete bipartite graphs.

Give an example of two graphs G; and Ga such that A(G1) = A(G2) and
where 1/ (G;) = X' (G;) for i = 1,2 but h'(G1) # W' (G2).
Verify Observation 13.13: If G is a graph containing more than (kzl) vertices
of degree r (1 < r < A(Q)) for some positive integer k, then x.(G) > k. In
particular, if G contains k end-vertices, then x.(G) > k.

Determine the strong chromatic index of each of the two graphs G and H in
Figure 13.26.

J A

Figure 13.26: The graphs in Exercise 23

Determine the largest order of a connected graph having strong chromatic
index 3.
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Prove Corollary 13.16: If G is a disconnected graph with k components, each
of which has order 3 or more, then x4(G) < n+ A(G) — k.

Show that there exist graphs G; and G2 containing edges e; and es, respec-
tively, such that for G} = G; —e (i = 1,2),

(a) xi(G1) =x.(G1) —Land (b) x((G3) = X((G2) +2.

Determine the set irregular indexes of the two 3-regular graphs of order 6.

Find the smallest positive integer k for which there is a graph G with x(G) =
k and si(G) < k.

For the graph G = K4 — e, determine x/(G), si(G), and mi(G).

Prove that for every pair k, n of integers with 2 < k < n —1 and n > 4, there
exists a connected graph G of order n with mi(G) = k.

Determine mi(kK3) for k € {7,8,12}.

A sum irregular edge coloring of a connected graph G of order n > 3 is
a vertex-distinguishing coloring ¢ : E(G) — N that assigns the label o(v) to
each vertex v of G, where

o(v) = Z{c(e) : e is incident with v}.

The minimum k for which G has a sum irregular k-edge coloring is the sum
irregular index o(G). (Note that if 0(G) = k, then there is a sum irregular
edge coloring ¢ : E(G) — S of G, where S C N and |S| = k. The set S need
not be {1,2,...,k}.)

(a) Show that o(G) is defined for every connected graph G of order 3 or
more.

(b) There exists a constant k such that o(K,) = k for every n > 3. De-
termine k£ and show that there is a sum irregular k-edge coloring of K,
using the colors 1,2, ... k.

Prove or disprove: If H is a subgraph of a graph G, then x;,(H) < x:r(G).
>

Prove that if G is a connected r-regular graph, where r > 2, then x;-(G) > 3.

Show that the largest possible order of a cubic graph with irregular chromatic
number 3 is 12.

Use a de Bruijn digraph to construct an irregular 4-coloring of Cay.

(a) Let G be a nontrivial connected graph. Prove that y;.(G) = 2 if and
only if G is bipartite and no two vertices in the same partite set have the
same degree.

(b) Give an example of a connected graph of order 2k having irregular chro-
matic number 2 for each positive integer k.
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38.

39.
40.

Let G be a connected graph with x(G) > 3. Prove that for each pair z,y of
vertices of GG, there is an & — y walk in G of even length.

Prove that for every tree T' of order 3 or more, ndi(T") < 2.

Let H = C5 x K5. Show that it is possible to color each edge of H red, blue,
or green, resulting in three spanning subgraphs Hg (the red subgraph of H
whose edges are red), Hp (the blue subgraph of H whose edges are blue), and
Hg (the green subgraph of H whose edges are green) such that for every two
distinct vertices u and v in H, the degrees of u and v are different in at least
one of these three subgraphs Hg, Hg, and Hg. For such an edge coloring,
label each vertex v of H by a triple (a, b, ¢), where a is the degree of v in Hpg,
b is the degree of v in Hp, and c¢ is the degree of v in Hg. (Then no two
vertices of H will have the same triple.)






Chapter 14

Colorings, Distance, and
Domination

A number of graph colorings have their roots in a communications problem known
as the Channel Assignment Problem. In this problem, there are transmitters, say
v1, V2, ..., Un, located in some geographic region. It is not at all unusual for some
pairs of transmitters to interfere with each other. There can be various reasons for
this such as their proximity to each other, the time of day, the time of year, the
terrain on which the transmitters are constructed, the power of the transmitters,
and the existence of power lines in the vicinity. This situation can be modeled
by a graph G whose vertices are the transmitters, that is V(G) = {v1,va,...,0n},
and such that v;v; € E(G) if v; and v; interfere with each other. The goal is
then to assign frequencies or channels to the transmitters in a manner that permits
clear reception of the transmitted signals. The Channel Assignment Problem
is the problem of assigning channels to the transmitters in some optimal manner.
This problem, with variations, has been studied by the Federal Communications
Commission (FCC), AT&T Bell Labs, the National Telecommunications and Infor-
mation Administration, and the Department of Defense. Interpreting channels as
colors (or labels) gives rise to graph coloring (or graph labeling) problems. The
idea of studying channel assignment with the aid of graphs is due to B. H. Metzger
[130], J. A. Zoellner and C. L. Beall [193] , and William K. Hale [92].

14.1 T-Colorings

Suppose that in some geographic region there are n transmitters vy, va, ..., vy,
some pairs of which interfere with each other. A graph G can be constructed that
models this situation, namely V(G) = {v1,v2,...,v,} and v;v; € E(G) if v; and v;
interfere with each other. The goal is to assign channels to the transmitters in such
a way that the channels of each pair of interfering transmitters differ by a suitable
amount, thereby permitting clear reception of the transmitted signals. Suppose that
T is a finite set of nonnegative integers containing 0 that represents the disallowed

397
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separations between channels assigned to interfering transmitters. Thus, to each
vertex (transmitter) v of G, we assign a channel c¢(v) in such a manner that if
uw € E(G) (and so v and w are interfering transmitters), then |c(u) — c(w)| ¢ T.
Any function ¢ : V(G) — N that satisfies these conditions is called a T-coloring
of G. The fact that T contains 0 requires interfering transmitters to be assigned
distinct channels.

More formally then, for a graph G and a given finite set T' of nonnegative integers
containing 0, a T-coloring of G is an assignment ¢ of colors (positive integers) to
the vertices of G such that if uw € E(G), then |c(u) — c(w)| ¢ T. If s is the largest
color assigned to a vertex of G by the T-coloring ¢, then the coloring ¢ of G' defined
by

c(v)=s+1—c(v)

for each vertex v of G is also a T-coloring of GG, called the complementary coloring
of ¢. The concept of T-colorings is due to William K. Hale [92].

For the set T' = {0}, the only requirement of a T-coloring of a graph G is that
colors assigned to every two adjacent vertices of G must differ and so a T-coloring
of G in this case is simply a proper coloring of G. Indeed, since 0 is a required
element of every such set T', every T-coloring of a graph is a proper coloring. In
the case where T' = {0, 1}, the colors assigned to every two adjacent vertices of
G must differ by at least 2. What this T-coloring requires then is that every two
interfering transmitters must be assigned channels that are not only distinct but
are not consecutive either. For T' = {0, 1,4}, Figure 14.1 shows two T-colorings of
a graph.

Figure 14.1: Two T-colorings of a graph for T'={0,1,4}

For a graph G with V(G) = {v1,v2,...,v,} and a set T of nonnegative integers
containing 0, it is quite easy to construct a channel assignment that is a T-coloring.
For example, suppose that r is the largest element of T'. The channel assignment
(coloring) ¢ defined by

clv))=@GE—-1D(r+1)+1

for 1 <4 < nis a T-coloring of G. There are two primary concepts associated with
T-colorings of graphs. The T-chromatic number y7(G) is the minimum number
of colors that can be used in a T-coloring of G. For a T-coloring ¢ of G, the c-span
spr(c) is the maximum value of |c(u) — ¢(w)| over all pairs u,w of vertices of G.
The T-span spp(G) of G is the minimum c-span over all T-colorings ¢ of G. The
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following theorem of Margaret B. Cozzens and Fred S. Roberts [51] explains why
the T-span of a graph has attracted more interest than the T-chromatic number.

Theorem 14.1 Let G be a graph. For each finite set T of nonnegative integers
containing 0,
xr(G) = x(G).

Proof. Since every T-coloring of G is also a proper coloring of G, it follows that
X(G) < xr(G). Suppose that x(G) = k and that r is the largest integer in 7.
Let there be given a proper k-coloring ¢ of G using the colors 1,2, ..., k. Define a
function ¢’ : V(G) — N by

&) = (r + De(v)
for each vertex v of G. For every two adjacent vertices u and w of G,
() =) = [(r+1)e(u) = (r+ Le(w)]
(r+1)e(uw) —c(w)| >r+1
and so |¢/(u) — ¢/ (w)| ¢ T. Hence ¢’ is a T-coloring of G. Since k colors are used by
the T-coloring ¢, it follows that x7(G) < k = x(G). Hence x1(G) = x(G). L]

For each T-coloring of a graph G, we may assume that some vertex of G is
assigned the color 1. If, for example, ¢’ is a T-coloring of a graph G in which a > 1
is the smallest color assigned to any vertex of G, then the coloring ¢ of G defined
by

c(v) = (v) — (a — 1) for each v € V(G)
is a T-coloring of G in which some vertex of G is assigned the color 1 by ¢ and in

which the c-span of G is the same as the ¢’-span of G. Hence for a given finite set
T of nonnegative integers, the T-span of G is

spr(G) = min{max{(c(v) — 1)}},

where the maximum is taken over all vertices v of G and the minimum is taken over
all T-colorings ¢ of G. It is evident therefore that if sp;(G) = k, then there is a
T-coloring ¢ : V(G) — {1,2,...,k 4+ 1} of G in which at least one vertex of G is
colored 1 and at least one vertex is colored k + 1. Furthermore,

x1(G) <1+ spp(G) (14.1)

for every graph G.

Suppose that we are given a k-chromatic graph G and a finite set T' of nonneg-
ative integers containing 0 such that the largest element of T is r. For a k-coloring
¢ of G (using the colors 1,2, ..., k), the coloring ¢’ defined by

d(v) = (c(v) = (r+1)+1

for every vertex v of G is both a proper k-coloring and a T-coloring with ¢’-span
(x(G) = 1)(r 4+ 1). Hence we have the following.
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Theorem 14.2 For every graph G and every finite set T of nonnegative integers
containing 0 whose largest element is r,

spr(G) < (x(G) = 1)(r + 1).
The following theorem is also due to Cozzens and Roberts [52].

Theorem 14.3 Let T be a finite set of nonnegative integers containing 0. If G is
a k-chromatic graph with clique number w, then

spr(Ky) < spr(G) < spr(Ky).

Proof. Let ¢ be a T-coloring of G such that the c-span of G is spr(G). Since
w(G) = w, it follows that G contains a complete subgraph H of order w. Hence

spr(Kw)

IN

MaXy weV (H) |C(U,) - C(’LU)|

IN

maxy yev(a)lce(u) — c(w)| = spr(G)

and so spr(K,) < spr(G).

We now establish the second inequality. Let ¢ be a T-coloring of K} using
the colors 1 = r1,79,...,7% = spr(Kg) + 1 such that 71 < ro < -+ < rg. Since
X(G) = k, there also exists a proper k-coloring ¢’ of G using the colors 71,79, ..., 7.
Because c is a T-coloring of Ky, it follows that |r; — r;| ¢ T for each pair 4, j of
integers with 1 < 4,5 < k and 7 # j. Consequently, ¢’ is also a T-coloring of G and
so spr(G) < spr(Ky). ]

We now determine the T-chromatic number and T-span for the set T' = {0, 2, 3}
and the cycles Cs, Cy, and C5. By Theorem 14.1,

XT(CS) = XT(CS) = 3, and XT(C4) =2.

In the case of T-spans, we have
spp(Cs) =5, spp(Cy) =1, and spp(Cs) = 4.

Corresponding T-colorings of these three cycles are shown in Figure 14.2, which
establishes each of these numbers as an upper bound for the respective cycle. We
verify that for T = {0, 2, 3}, the T-span of Cj is, in fact, 4. Suppose, to the contrary,
that spp(Cs) = a for some integer a < 3. By (14.1), a = 2 or a = 3 and so there
is a T-coloring ¢ of C5 in which the largest color used is a + 1 < 4. Thus two
nonadjacent vertices u and w are colored the same by ¢, say ¢(u) = ¢(w) = b, where
1 < b < 4. We may assume that b = 1 or b = 2, for otherwise, we could consider the
complementary T-coloring ¢. Now there are two adjacent vertices x and y on Cj,
neither of which is u or w. Since ¢(z) # ¢(y), both ¢(x) and ¢(y) are different from
b, and |c(x) — c(y)| ¢ {2,3}, it follows that no such T-coloring of Cjs is possible.
Therefore, spp(Cs) = 4, as claimed.
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1 2 !
1
i i 5 2
Figure 14.2: T-colorings of C5, Cy, and Cs

For T = {0,2,3}, a T-coloring of C5 with x7(C5) = 3 colors and whose largest
color is minimum is shown in Figure 14.3. Thus, in order to assign each vertex of
Cs a color smaller than 6, more than three colors must be used.

1

2 1
Figure 14.3: A T-coloring of Cs

The following upper bound for the T-span of a graph is due to Cozzens and
Roberts [51] and is an improvement over that given in Theorem 14.2.

Theorem 14.4 If G is a k-chromatic graph and T is a finite set of t nonnegative
integers containing 0, then
spr(G) <tk —1).

Proof. For each positive integer r, let G, be the graph with V(G,) ={v1, v, ...,
vr} such that v;v; € E(G,) if i # j and |[i — j| € T. First, we show that x(G,) <t
for every positive integer r. For a given positive integer r, let H be an induced
subgraph of G,.. Suppose that v; is a vertex of G belonging to H. Since 0 is one of
the elements of T', it follows that v; is adjacent to at most ¢ — 1 vertices of H and
so 6(H) < degyv; <t—1. By Theorem 7.8,

X(Gy) < 1+ max{5(H)},

where the maximum is taken over all subgraphs H of G,.. Thus x(G,) < 1+(t—1) =
t, as claimed. Among all positive integers r for which x(G,) is maximum, let s be
the minimum integer. Then

x(Gs) <t (14.2)
Let p = x(Gs)(k — 1) + 1. Thus x(G,) < x(Gs). By Theorem 6.10,

P x(GHk-1+1
x(Gp) — x(Gs)

a(Gp) > >k—1
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and so «(G,) > k. Let S = {v;,,vj,,...,vj, } be an independent set of k vertices of
G, such that j1 < j2 < -+ < ji.
Now let there be given a k-coloring of G, using the colors 1,2,..., k. We now

replace each color i (1 < i < k) by jj;, arriving at a new k-coloring ¢ of G. Hence if =
and y are two adjacent vertices of G, then x and y are assigned distinct colors j, and
Js, where 1 <r s < k and r # s. Since vj,,v;, € S, it follows that v; v;, ¢ E(G,)
and so |j, — js| ¢ T. Hence c is a T-coloring of G. Since the largest color used in ¢
is jr and

gk <p=x(Gs)(k—1)+1,

it follows by (14.2) that

spr(G) < gr—j1 < [X(Go)(k—1)+1] -1
= xX(Gs)(k—1) <t(k—1),

giving the desired result. L]

We now show that the upper bound given in Theorem 14.4 for the T-span of
a graph is attainable. Suppose first that 7' = {0,2,4} and consider the graphs Cj
and Cs. Then x(C3) = x(Cs) = 3 and |T'| = 3. By Theorem 14.4, spr(Cs5) < 6 and
spr(Cs) < 6. Figure 14.4 shows T-colorings for these graphs with T-span 6. We
show for T' = {0, 2,4} that the T-span of Cj is, in fact, 6. Assume, to the contrary,
that spr(Cs) = a, where a < 5. Then there exists a T-coloring of C3, where some
vertex u of Cs is colored 1 and the largest color assigned to a vertex v of Cjs is
a+1<6. Since T = {0, 2,4}, either a = 2 or a = 4, and the color of the remaining
vertex w of Cs is of the same parity as either ¢(u) or ¢(v), which is impossible since
T ={0,2,4}.

4 3

Figure 14.4: T-colorings of C's and Cj

An infinite class of graphs verifying the sharpness of the upper bound for spr(G)
stated in Theorem 14.4 consists of the complete graphs K,, with T'= {0, 1,...,t—1},
where ¢t € N. By Theorem 14.4, spp(K,,) < t(n—1). Let V(K,,) = {v1,v2,...,0n}.
Assigning the color t(: — 1) + 1 to v; for i = 1,2,...,n gives a T-coloring of K,,. If
spr(Kp) < t(n—1), then there is a T-coloring of K, where the difference in colors of
two vertices is less than ¢. This, however, is impossible and so spp(K,,) = t(n — 1).
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14.2 L(2,1)-Colorings

One of the early types of colorings inspired by the Channel Assignment Problem
occurred as a result of a communication to Jerrold Griggs by Fred Roberts, who
proposed using nonnegative integers to represent radio channels in order to study the
problem of optimally assigning radio channels to transmitters at certain locations.
As a result of this, Roger Yeh [191] in 1990 and then Griggs and Yeh [83] in 1992
introduced a coloring in which colors (nonnegative integers in this case) assigned to
the vertices of a graph depend not only on whether two vertices are adjacent but
also on whether two vertices are at distance 2.

For nonnegative integers h and k, an L(h,k)-coloring c of a graph G is an
assignment of colors (nonnegative integers) to the vertices of G such that if u and
w are adjacent vertices of G, then |c(u) — ¢(w)| > h while if d(u,w) = 2, then
|e(u) —c(w)| > k. No condition is placed on colors assigned to v and v if d(u, w) > 3.
Hence an L(1,0)-coloring of a graph G is a proper coloring of G. As with T-
colorings, the major problems of interest with L(h, k)-colorings concern spans. For
given nonnegative integers h and k and an L(h, k)-coloring ¢ of a graph G, the span
of ¢ (or the c-span of G) is max |c(u) — c(w)| over all pairs u,w of vertices of G,
which we denote by Ap x(c). That is,

Ank(€) = max{|c(u) — c(w)| : uv,w € V(G)}.
For given nonnegative integers h and k, the A\j, p-number or L-span of G is
/\h,k(G) = min{)\mk(c)}

where the minimum is taken over all L(h, k)-colorings ¢ of G. Most of the interest in
L(h, k)-colorings has been in the case where h = 2 and k = 1. Therefore, an L(2,1)-
coloring of a graph G (also called an L(2,1)-labeling by some) is an assignment
of colors (nonnegative integers, rather than the more typical positive integers) to
the vertices of G such that

(1) colors assigned to adjacent vertices must differ by at least 2,
(2) colors assigned to vertices at distance 2 must differ, and
(3) mno restriction is placed on colors assigned to vertices at distance 3 or more.
For an L(2,1)-coloring ¢ of a graph G then, the c-span of G is
A2,1(c) = max{|c(u) — c(w)| : u,w € V(G)}.

For simplicity, the c-span Ag1(c) of G is also denoted by A(c). The L-span or
Ag,1-number As 1 (G) of G is therefore

A2.1(G) = min{A(c)},

where the minimum is taken over all L(2, 1)-colorings ¢ of G. Here too, many have
simplified the notation Az 1(G) to A(G). (Since A(G) is common notation for the
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edge-connectivity of a graph G, it is essential to know the context in which this
symbol is being used.) Therefore, in this context, A(G) is the smallest positive
integer k for which there exists an L(2,1)-coloring ¢ : V(G) — {0,1,...,k}. Since
we may always take 0 as the smallest color used in an L(2,1)-coloring of a graph
G, it follows that A(G) is the smallest maximum color that can occur in an L(2,1)-
coloring of G.

We determine A\(G) for the graph G of Figure 14.5(a). The coloring ¢ of G in
Figure 14.5(b) is an L(2, 1)-coloring and so A(c) = 5. Hence A(G) < 5. We claim
that A(G) = 5. Suppose that A(G) < 5. Let ¢’ be an L(2,1)-coloring such that
A(d) = MG). We may assume that ¢’ uses some or all of the colors 0,1,2,3,4.
Since the vertices u,v, and w are mutually adjacent, these three vertices must be
colored 0,2, and 4, say ¢’(u) =0, ¢'(v) = 2, and ¢/(w) = 4. Since ¢/(y) must differ
from ¢/(v) by at least 2, it follows that ¢/(y) = 0 or ¢/(y) = 4. However, v and w are
at distance 2 from y, implying that ¢/(y) # 0 and ¢/(y) # 4. This is a contradiction.
Thus, as claimed, A\(G) = 5.

z 4

(a) (b)
Figure 14.5: A graph G with A(G) =5
A family of graphs whose L-span is easy to determine are the stars.
Theorem 14.5  For every positive integer t, A(K14) =1t + 1.

Proof. Since the result is immediate if £ = 1, we may assume that ¢ > 2. The
coloring of K ; that assigns 0,1,...,¢t — 1 to the ¢t end-vertices of K; ; and t +1 to
the central vertex of K is an L(2, 1)-coloring of Kj ;. Thus M(K;:) <t+ 1.
Suppose that there is an L(2,1)-coloring of K using colors in the set S =
{0,1,...,t}. Since the order of K ; is t + 1 and diam(K7 ;) = 2, it follows that for
each ¢ € S, exactly one vertex of K, is assigned the color i. In particular, the
central vertex of K ; is assigned a color j € S. Because some end-vertex of K ;
must be colored j — 1 or j + 1, this coloring cannot be an L(2, 1)-coloring of K ;.
Hence we have a contradiction and so A(Kj ) =t + 1. ]

The L-span of a tree with maximum degree A can only be one of two values.

Theorem 14.6 If T is a tree with A(T) = A > 1, then either

MT)=A41or XNT)=A+2.
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Proof. Suppose that the order of 7" is n. Because K a is a subgraph of T" and
AKi,a) = A+ 1 by Theorem 14.5, it follows that A(T) > A + 1. We now show
that there exists an L(2,1)-coloring of T' with colors from the set

S={0,1,...,A+2}

of A 4+ 3 colors. Denote T by T, and let v,, be an end-vertex of T,,. Let T),_1 =
T, — v, and let v,,_1 be an end-vertex of T;,_1. We continue in this manner until we
arrive at a trivial tree T} consisting of the single vertex v;. Consider the sequence
V1,2, ..., Un. We now give a greedy L(2, 1)-coloring of the vertices of T' with colors
from the set S. Assign the color 0 to v; and the color 2 to vy. Suppose now that
an L(2, 1)-coloring of the subtree T; of T induced by {v;,vs,...,v;} has been given,
where 2 <4 < n. We assign v;41 the smallest color from the set S so that an L(2,1)-
coloring of the subtree T;41 of T induced by {vi,vs,...,v;41} results. From the
manner in which the sequence v1,vs,...,v, was constructed, v;41 is an end-vertex
of T 41 and so v;4; is adjacent to exactly one vertex v; with 1 < j <i. The vertex
v; is adjacent to at most A—1 vertices in the subtree T;. Hence v; 41 can be assigned
a color that differs from those assigned to at most A — 1 vertices and differs from
any color within 1 of the color assigned to v;. Hence at most (A —1) +3=A+2
colors cannot be used to color v; 41, leaving at least one available color in S to color
Vig1. Thus M(T') < A 4 2. ]

By Theorem 14.5, A(K1+) = A(K1,) + 1 for every positive integer ¢t. Thus
A(P2) = A(Py) + 1 and A(P3) = A(Ps) + 1. In addition, A(Py) = A(Py) + 1. For
n > 5, however,
as we now show. Let P, = (v1,v2,...,v,). Consider the subgraph of P, induced
by the vertices v; (1 < i < 5), namely Ps = (v1, ve, vs, v4,v5). The L(2,1)-coloring
of Ps given in Figure 14.6 shows that \(P5) < 4.

4 2 0 3 1
O O O O
7 V2 U3 V4 Us

Figure 14.6: An L(2,1)-coloring of P

Since A(Py) = 3, it follows that A(Ps) > 3. Suppose that A(Ps) = 3. Then there
is an L(2,1)-coloring ¢ of Ps using the colors 0, 1, 2, 3. Either ¢ or € assigns the
color 0 or 1 to vs. Suppose that ¢ assigns 0 or 1 to vs. If ¢(vs) = 0, then we may
assume that c¢(ve) = 2 and ¢(vg) = 3. Then ¢(vy) = 0, which is impossible. Hence
c(vs) = 1. However then, at most one of v and vy is colored 3, which is impossible.
Therefore, A(P5) = 4, which implies by Theorem 14.6 that A\(P,) = 4 for n > 5.

By Theorem 14.6, A+ 1 < A(T) < A+ 2 for every tree T with maximum degree
A. If T has order n, then A <n —1and so \(T) < (n—1)+2=n+1 for every
tree T of order n. However, if A =n — 1, then T is a star and A(T) = A+ 1 < n.
Therefore, for every tree T' of order n, A(T) < n. In fact, A\(G) < n for every
bipartite graph G of order n, which follows from a more general upper bound of
Griggs and Yeh [83] for the L-span of a graph.
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Theorem 14.7 If G is a graph of order n, then
AMG) <n+x(G)—2.

Proof. Suppose that x(G) = k. Then V(G) can be partitioned into k independent
sets V1, Va, ..., Vi, where |V;| = n; for 1 <i < k. Assign the colors 0,1,2,...,n;—1
to the vertices of V7 and for 2 < i < k, assign the colors

ny+ng+--+ni_ + (1 — 1),
ny+ng+ -+ ni-1 + i,

n1 +n2—|—-"—|—ni—|—(i—2),
to the vertices of V;. Since this is an L(2, 1)-coloring of G, it follows that
AMG)<n+k-2,

as desired. n

An immediate consequence of Theorem 14.7 is the following.
Corollary 14.8 If G is a complete k-partite graph of order n, where k > 2, then
MG)=n+k—-2.

Proof. Let G be a complete k-partite graph with partite sets Vi, Va,...,Vi. By
Theorem 14.7, A(G) < n+ k — 2. Let ¢ be an L(2,1)-coloring of G with c-span
A(G) using colors from the set S = {0,1,...,A(G)} and let a; be the largest color
assigned to a vertex of V; (1 <4 < k). Since every two distinct vertices of G are
either adjacent or at distance 2, it follows that ¢ must assign distinct colors to all
n vertices of G. Furthermore, since every two vertices of G belonging to different
partite sets are adjacent, it follows that no vertex of G can be colored a; + 1 for
any ¢ (1 < i < k). Hence there are k — 1 colors of S that cannot be assigned to
any vertex of G, which implies that the largest color that ¢ can assign to a vertex
of Gis at least (n — 1)+ (k—1) =n+k — 2 and so A(G) > n + k — 2. Therefore,
MG)=n+k-2. m

While we have already noted that A\(G) > A+1 for every graph G with maximum
degree A, many of the upper bounds for A(G) have also been expressed in terms of
A. For example, Griggs and Yeh [83] obtained the following.

Theorem 14.9 If G is a graph with mazimum degree A, then
MG) < A? +2A.

Proof. For a given sequence vy, vs, ..., v, of the vertices of G, we now conduct a
greedy L(2,1)-coloring c of G. We begin by defining ¢(v1) = 0. For each vertex v;
(2 <1i < n), at most A vertices of G are adjacent to v; and at most A2 — A vertices
of G are at distance 2 from v;. Hence when assigning a color to v;, if a vertex v;
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adjacent to v; precedes v; in the sequence, then we must avoid assigning v; any of
the three colors c(v;) — 1, ¢(vj), c(vj) +1; while if a vertex v; is at distance 2 from
v; and precedes v; in the sequence, then we must avoid assigning v; the color ¢(v;).
Therefore, there are at most 3A + (A% — A) = A% + 2A colors to be avoided when
coloring any vertex v; (2 < i < n). Hence at least one of the A% + 2A + 1 colors
0,1,2,...,A% 4+ 2A is available for v; and so A\(G) < A2 + 2A. n

Griggs and Yeh [83] also showed that if if a graph G has diameter 2, then the
bound A% + 2A for A\(G) in Theorem 14.9 can be improved.

Theorem 14.10 If G is a connected graph of diameter 2 with A(G) = A, then
MG) < A2

Proof. If A = 2, then G is either P3, Cy, or Cs. The L(2,1)-colorings of these
three graphs in Figure 14.7 show that A\(G) < 4 for each such graph G. Hence we
can now assume that A > 3. Suppose that the order of G is n. We consider two
cases for A, according to whether A is large or small in comparison with n.

0
0 3
2 O : D | 3
Oo——O0—=O0
4 1 4 1
Figure 14.7: L(2,1)-colorings of the three graphs G
with A(G) = diam(G) = 2

Case 1. A > (n—1)/2. Since G is neither a cycle nor a complete graph, it
follows from Brooks’ theorem (Theorem 7.12) that x(G) < A. By Theorem 14.7,

AG)

A

< n+x(G@)-2<(2A+1)+A-2
= 3A—-1<A?

the final inequality follows because A > 3.

Case 2. A < (n — 2)/2. Therefore, §(G) > n/2. By Corollary 3.8, G is
Hamiltonian and so contains a Hamiltonian path P = (vq,vs,...,v,). Define a
coloring ¢ on G by ¢(v;) =i — 1 for 1 < i < n. Since every two vertices of G with
consecutive colors are adjacent in G, these vertices are not adjacent in G. Thus c is
an L(2,1)-coloring of G and the c-span is n — 1, which implies that A\(G) < n — 1.

Now, for each vertex v of G, at most A vertices are adjacent to v and at most
A2 — A vertices are at distance 2 from v. Since the diameter of G is 2, all vertices
of G are within distance 2 of v and so

n<1+A+ (A7 —A)=A%+1.
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Therefore, A\(G) <n —1 < A% "

The proof of the preceding theorem shows that for a connected graph G of order
n, diameter 2, and maximum degree A, the bound A? for A\(G) can only be attained
when A = 2 (which occurs for Cy and C5) or when A > 3 and n = A% +1, which can
only occur, by a theorem due to Alan Hoffman and Robert Singleton [106], when
A =3 or A =7, or possibly when A = 57. When A = 3, there is only one such
graph, namely the Petersen graph (see Exercise 12). When A = 7, there is also only
one such graph, called the Hoffman-Singleton graph. When A ¢ {2,3,7}, it is
known that there is no graph of diameter 2 and A2+ 1 except possibly when A = 57
(see [106]). The mysterious situation surrounding the existence or non-existence of a
graph of diameter 2, maximum degree 57, and order 572 +1 has never been resolved.
Because diam(G) = 2, every L(2, 1)-coloring of G must assign distinct colors to the
vertices of G and so A\(G) > n — 1 = A2%. However, by Theorem 14.10, A\(G) < A2
Thus A\(G) can equal A% only when A € {2,3,7} or possibly when A = 57,

Griggs and Yeh [83] also described a class of graphs G with maximum degree
A for which \(G) = A% — A. These are the incidence graphs of finite projective
planes. A finite projective plane of order n > 2 is a set of n2+n+1 objects called
points and a set of n? +n + 1 objects called lines such that each point is incident
with (lies on) n + 1 lines and each line is incident with (contains) n+ 1 points. It is
known that if n is a power of a prime, then a projective plane of order n exists. In
particular, there is a projective plane of order 2 (containing 22 4+ 2 4+ 1 = 7 points
and 7 lines) and a projective plane of order 3 (containing 13 points and 13 lines).
The incidence graph of a projective plane of order n is a bipartite graph G
with partite sets V3 and V5 , where V; is the set of points and V5 is the set of lines
and uv is an edge of G if one of u and v is a point and the other is a line incident
with this point. Thus |Vi| = |[Va] = n? +n + 1 and so G is an (n + 1)-regular
bipartite graph of order 2(n? +n + 1). In the simplest case, the projective plane of
order 2 (also called the Fano plane) is a 3-regular graph of order 14. In this case,
the set of points can be denoted by

‘/1 - {1725374557657}
and the set of lines by
Vs = {(123), (246), (145), (257), (347), (336), (167)}.

The incidence graph of this projective plane is shown in Figure 14.8. This graph
is called the Heawood graph and is a cubic graph of smallest order (namely 14)
having girth 6.

In the incidence graph G of a projective plane of order n, the distance between
every two vertices of V; (i = 1,2) is 2 and the distance between two nonadjacent
vertices belonging to different partite sets is 3. Consequently, no two vertices of
V1 or of V5 can be assigned the same color in an L(2,1)-coloring of G. This says
that A(G) > n? + n. Because there is an L(2,1)-coloring of G using the colors
0,1,...,n2 +n, it follows that A(G) < n? + n and so A(G) = n? + n. Since in this
case A2 — A = (n+1)? — (n+1) = n? + n, we have A(G) = AZ — A. Therefore,
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(167) 1
6 (123)
(356) 2
3 (246)
(347) 4
7 (145)
(257) 5

Figure 14.8: The incidence graph of the projective plane of order 2

the L-span of the incidence graph G of the projective plane of order 2 is 6. An
L(2, 1)-coloring of this graph using the colors 0,1, ...,6 is shown in Figure 14.9.

Figure 14.9: An L(2,1)-coloring of the incidence graph
of the projective plane of order 2

In the proof of Theorem 14.10 it was shown that if A > 3 and A > (n—1)/2,
then A\(G) < A2. This particular argument did not make use of the assumption that
G has diameter 2. This led Griggs and Yeh [83] to make the following conjecture.

Conjecture 14.11 If G is a graph with A(G) = A > 2, then \(G) < A2

In 2008 Frédéric Havet, Bruce Reed, and Jean-Sébastien Sereni [98] established
the following.

Theorem 14.12 There exists a positive integer N such that for every graph G of
mazimum degree A > N,

A(G) < A2,
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A consequence of this theorem is the following.

Corollary 14.13 There exists a positive integer constant C' such that for every
positive integer A and for every graph G with maximum degree A,

AG) < A%+ C.

14.3 Radio Colorings

The concept of L(h, k)-colorings has been generalized in a natural way. For non-
negative integers dq,da, . ..,d, where k > 2, an L(dy,ds,...,dy)-coloring c of a
graph G is an assignment ¢ of colors (nonnegative integers in this case) to the ver-
tices of G such that |c(u) — ¢(w)| > d; whenever d(u,w) = i for 1 < i < k. The
L(dy,ds, ..., dg)-colorings in which d; = k+1—1 for each i (1 <14 < k) have proved
to be of special interest.

By the Four Color Theorem, the regions of every map, regardless of how many
regions there may be, can be colored with four or fewer colors so that every two
adjacent regions (regions sharing a common boundary) are assigned distinct colors.
However, if a map M contains a large number of regions, then it may be more
appealing to use several colors to color the regions rather than trying to minimize
the number of colors. One possible difficulty with using many colors is that it
becomes more likely that some pairs of colors may be sufficiently similar that the
colors are indistinguishable at a casual glance. As a result, it may be difficult to
distinguish adjacent regions if they are assigned similar colors. One solution to
this problem is to permit regions to be assigned the same or similar colors only
when these regions are sufficiently far apart. For two regions R and R’, we define
the distance d(R, R') between R and R’ as the smallest nonnegative integer & for
which there exists a sequence

R=Ro,Ry,...,R, =R

of regions in M such that R; and R;;; are adjacent for 0 <i < k — 1. Suppose that
we have decided to color each region of M with one of 12 colors, namely:

1. White 4. Yellow 7. Orange 10. Purple
2. Silver 5. Gold 8. Red 11. Royal Blue
3. Light Grey 6. Brown 9. Burgundy 12. Black

These colors are listed in an order that may cause two colors with consecutive
numbers to be mistaken as the same color if they are assigned to regions that are
located close to each other. Indeed, we can use the integers 1,2, ...,12 as the colors.
We can then assign colors ¢ and j with 1 < 4,7 < 12 to distinct regions R and R’,
depending on the value of d(R, R"). In particular, we could agree to assign colors
i and j to R and R’ only if d(R, R') + |i — j| > 1 + k for some prescribed positive
integer k. This gives rise to a coloring of the regions of the map M called a radio
coloring, a term coined by Frank Harary.
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We have seen that with each map M there is associated a dual planar graph G
whose vertices are the regions of M and where two vertices of G are adjacent if the
corresponding regions of M are adjacent. A radio coloring of G is an assignment
of colors to the vertices of G such that two colors ¢ and j can be assigned to two
distinct vertices w and v only if d(u,v) 4+ |[i — j| > 1 + k for some fixed positive
integer k.

The term “radio coloring” emanates from its connection with the Channel As-
signment Problem. In the United States, one of the responsibilities of the Federal
Communications Commission (FCC) concerns the regulation of FM radio stations.
Each station is characterized by its transmission frequency, effective radiated power,
and antenna height. Each FM station is assigned a station class, which depends
on a number of factors, including its effective radiated power and antenna height.
The FCC requires that FM radio stations located within a certain proximity to one
another must be assigned distinct channels and that the nearer two stations are to
each other, the greater the difference in their assigned channels must be (see [195]).
For example, two stations that share the same channel must be separated by at
least 115 kilometers; however, the actual required separation depends on the classes
of the two stations. Two channels are considered to be first-adjacent (or simply
adjacent) if their frequencies differ by 200 kHz, that is, if they are consecutive on
the FM dial. For example, the channels 105.7 MHz and 105.9 MHz are adjacent.
The distance between two radio stations on adjacent channels must be at least 72
kilometers. Again, the actual restriction depends on the classes of the stations.
The distance between two radio stations whose channels differ by 400 or 600 kHz
(second- or third-adjacent channels) must be at least 31 kilometers. Once again,
the actual required separation depends on the classes of the stations.

As we have noted, the problem of obtaining an optimal assignment of channels
for a specified set of radio stations according to some prescribed restrictions on the
distances between stations as well as other factors is referred to as the Channel As-
signment Problem. We have also mentioned that the use of graph theory to study
the Channel Assignment Problem and related problems dates back at least to 1970
(see Metzger [130] ). In 1980, William Hale [92] modeled the Channel Assignment
Problem as both a frequency-distance constrained and frequency constrained op-
timization problem and discussed applications to important real world problems.
Since then, a number of different models of the Channel Assignment Problem have
been developed, including T-colorings and L(2, 1)-colorings of graphs described in
Sections 14.1 and 14.2. For both T-colorings and L(2,1)-colorings of a graph, the
major concept of interest has been a parameter called the span, namely, the T-span
for T-colorings and L-span for L(2,1)-colorings. For a coloring c of a graph G that
is either a T-coloring or an L(2,1)-coloring, the c-span is the maximum value of
|e(u) — ¢(v)| over all pairs u,v of vertices of G. The T-span is then the minimum
c-span over all T-colorings ¢ of G. The L-span is defined similarly. Since the colors
used in T-colorings are the commonly used positive integers (where it can always be
assumed that one of the colors used is 1) and the colors used in L(2, 1)-colorings are
the less frequently used nonnegative integers (where it can always be assumed that
one of the colors used is 0), the problem of computing the T-span and L-span is
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essentially that of minimizing the largest color used among all T-colorings or among
all L(2,1)-colorings. Having made these remarks, we now turn to the primary topic
of this section: radio colorings.

Both proper vertex colorings and L(2,1)-colorings were extended in 2001 by
Gary Chartrand, David Erwin, Frank Harary, and Ping Zhang [33]. For a connected
graph G of diameter d and an integer k with 1 < k < d, a k-radio coloring c of G
(sometimes called a radio k-coloring) is an assignment of colors (positive integers)
to the vertices of G such that

d(u,v) + |e(u) —c(v)| > 1+ k (14.3)

for every two distinct vertices u and v of G. Thus a 1-radio coloring of G is simply
a proper coloring of G, while a 2-radio coloring is an L(2,1)-coloring. Note that a
k-radio coloring ¢ does not imply that c is a k-coloring of the vertices of G (a vertex
coloring using k colors), it only implies that ¢ is a vertex coloring that satisfies
condition (14.3) for some prescribed positive integer k with 1 < k < d = diam(G).
The value rci(c) of a k-radio coloring ¢ of G is defined as the maximum color
assigned to a vertex of G by ¢ (where, again, we may assume that some vertex of
G is assigned the color 1). The coloring ¢ of G defined by

t(v) = rek(c) + 1 —c(v)

for every vertex v of G is also a k-radio coloring of G, referred to as the comple-
mentary coloring of ¢. Because it is assumed that some vertex of G has been
colored 1 by ¢, it follows that rcg(¢) = reg(c).

For a connected graph G with diameter d and an integer k with 1 < k < d, the
k-radio chromatic number (or simply the k-radio number) rc;(G) is defined
as

reg(G) = min{reg ()},

where the minimum is taken over all k-radio colorings ¢ of G. Since a 1-radio
coloring of G is a proper coloring, it follows that rc;(G) = x(G). On the other
hand, a 2-radio coloring of G is an L(2,1)-coloring of G, all of whose colors are
positive integers. Thus

res(G) =1+ A\(G).

Since the diameter of the 6-cycle Cg is 3, rcg(Cs) is defined for k = 1,2,3.
Because Cg is bipartite, rc1(Cs) = x(Cs) = 2. On the other hand, rcy(Cs) =
1+ A(Cs) = 5 and rcg(Cs) = 8. The 2-radio coloring of Cs in Figure 14.10(a) shows
that rce(Cs) < 5, while the 3-radio coloring of Cg in Figure 14.10(b) shows that
res(Cg) < 8. We verify that rea(Cg) = 5. Assume, to the contrary, that there is
a 2-radio coloring of Cg with value 4. Since no 2-radio coloring of Cs can use any
color more than twice, either the color 2 or the color 3 is used at least once. We may
assume that the color 2 is used to color a vertex of Cs. (If the color 2 is not used
in a 2-radio coloring ¢ of Cg, then it is used in the complementary coloring of Cs.)
However, if a vertex u of Cg is assigned the color 2, then its two neighbors must
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1 1
5 3 8 4
3 5 5 7
1 2
(a) re2(Cs) =5 (b) res(Ce) =8

Figure 14.10: k-Radio colorings of Cg for k = 2,3

both be colored 4, which is impossible because the distance between these vertices
is 1. Thus, as claimed, rca(Cs) = 5. (See Exercise 16.)

Observe that the 2-radio coloring of Cgs shown in Figure 14.10(a) uses each of
the colors 1, 3, and 5 twice. Hence even though the value of this 2-radio coloring
of Cg is 5, the number of colors used is 3. In fact, the minimum number of colors
that can be used in a 2-radio coloring of Cp is 3. (See Exercise 17.)

If re1 (G) = x(G) =t for some graph G, then in any t-coloring of G using the
colors 1,2,...,t, not only is ¢ the largest color used, t is the number of colors used.
This is not true in general for k-radio colorings of G for k > 2, as we just observed.

Once rci(G) is determined for a connected graph G of order n and diameter d,
a simple upper bound exists for rcy(G), where 1 < k < £ < d. The following result
is due to Riadh Khennoufa and Olivier Togni [112].

Proposition 14.14 For a connected graph G of order n having diameter d and
for integers k and £ with 1 <k < £ <d,

ree(G) <rep(G) + (n— 1)L — k).

Proof. Let ¢ be a k-radio coloring of G such that rci(c) = rcg(G). Let V(G) =
{v1,v2,...,v,} such that c(v;) < c(viy1) for 1 <i<n—1. We define a coloring ¢/
of G by

d(v;) =c(vi) + (1 — 1)(€ — k).

For integers ¢ and j with 1 < i < j < n, we therefore have
| (i) = ¢ (v;)| = le(vi) = e(v)] + (5 — ) (€ = k).
Since ¢ is a k-radio coloring of G, it follows that
le(vi) = c(v)| = 1+ k — d(vi, v)).
Consequently,

|/ (vi) = ' (v))] L+k+ (G =)l = k) —d(vi,v)

>
> 1+€—d(vi,vj).

Thus ¢’ is an f-radio coloring of G with
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ree(c) =re(G) + (n—1)(€ — k)
and so rcg(G) < re(G) + (n—1)(£ — k). n

Even though k-radio colorings of a connected graph with diameter d are defined
for every integer k with 1 < k < d, it is the two smallest and two largest values of
k that have received the most attention. For a connected graph G with diameter d,
a d-radio coloring ¢ of a connected graph G with diameter d requires that

d(u,v) + |c(u) —c(v)| > 1+d

for every two distinct vertices u and v of G. In this case, colors assigned to adjacent
vertices of G must differ by at least d, colors assigned to two vertices at distance 2
must differ by at least d — 1, and so on, up to two vertices at distance d (that is,
antipodal vertices), whose colors are only required to differ. A d-radio coloring is
sometimes called a radio labeling and the d-radio chromatic number (or d-radio
number) is sometimes called simply the radio number rn(G) of G.

The only connected graph of order n having diameter 1 is K,, and rn(K,) =
X(Kp) = n. For connected graphs G of diameter 2, rn(G) = A(G) + 1, which was
discussed in Section 14.2. The simplest example of a graph G of diameter 3 is Pjy.
The radio labeling of Py in Figure 14.11 shows that rn(P;) < 6. We show in fact
that rn(Py) = 6. Let ¢ be a radio labeling of P4 having the value rn(Py). Necessarily
either ¢(v) < 3 or ¢(w) < 3, for otherwise the complementary coloring ¢ has the
property that ¢(v) < 3 or ¢(w) < 3. Suppose that ¢(v) = a, where 1 < a < 3.
Then c¢(u) > a+ 3 and c(w) > a + 3. Since |c(u) — c(w)| > 2, it follows that either
clu) >a+5>6orc(w) >a+5>6. Thus rn(Py) > 6 and so rn(P;) = 6. The
radio labelings of P3 and Ps shown in Figure 14.11 also illustrate that rn(Ps) = 4
and rm(Ps5) = 11.

o—O0—0
3 1 4
v w
u O O O O x
3 6 1 4
o O O O o)
7 11 1 5 9

Figure 14.11: Radio labelings of P, (3 <n <5)

Since any radio labeling of a connected graph G of order n and diameter d must
assign distinct colors to the vertices of G, it follows that rn(G) > n. Furthermore, if
V(G) = {v1,va, -+, v}, then the coloring ¢ defined by ¢(v;) = 14 (i — 1)d for each
i (1 <4 <n) is aradio labeling of G with rn(c) = 1+ (n — 1)d. These observations
are summarized below.

Proposition 14.15 If G is a connected graph of order n and diameter d, then

n<rm(G) <1+ (n—1)d. (14.4)
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We have noted that if d = 1 and so G = K, then rm(K,,) = n. The graph
Cs and the Petersen graph P both have diameter 2 and their radio numbers also
attain the lower bound in (14.4), namely rn(C5) = 5 and rn(P) = 10. Furthermore,
for each integer k > 2, the graph Kj x K5 has order n = 2k, diameter 2, and
m(Ky X Ka) = n. The graph C3 x C5 has order n = 15, diameter 3, and radio
number 15 (see Figure 14.12).

Figure 14.12: A radio labeling of C5 x C5

For a connected graph G of order n and diameter d, the upper bound for rn(G)
given in Theorem 14.15 can often be improved.

Proposition 14.16 If G is connected graph of order n and diameter d containing
an induced subgraph H of order p and diameter d such that dg(u,v) = dg(u,v) for
every two vertices u and v of H, then

m(H) < m(G) < m(H) + (n - p)d.
A special case of Proposition 14.16 is when H is a path.
Corollary 14.17 If G is a connected graph of order n and diameter d, then
r(Pyt1) <m(G) <rn(Pyg1) + (n—d—1)d.

Corollary 14.17 illustrates the value of knowing the radio numbers of paths. The
following result was obtained by Daphne Liu and Xuding Zhu [120].

Theorem 14.18 For every integer n > 3,

[ 2?43 ifn=2r+1
m(Fn) _{ 22 —2r+2  ifn=2r.

Combining Corollary 14.17 and Theorem 14.18, we have the following.

Corollary 14.19 Let G be a connected graph of order n and diameter d.
(a) Ifd=2, then 4 <rn(G) <2n —2.
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(b) If d =3, then 6 <rn(G) < 3n — 6.
(¢) If d =4, then 11 <rn(G) < 4n — 9.

While the paths Py 1 show the sharpness of the lower bounds in Corollary 14.19,
the sharpness of the upper bounds are less obvious. It is not difficult to show that
for every integer n > 3, there exists a connected graph G of diameter 2 with
rn(G) = 2n — 2 (see Exercise 20). The graph H of Figure 14.13(a) has order n = 6,
diam(H) = 3, and rn(H) = 12 = 3n — 6. The graph F of Figure 14.13(b) has
order n = 6, diam(F') = 4, and rn(F) = 14 = 4n — 10. The number 4n — 10 does
not attain the upper bound for the radio number of a graph of diameter 4 given in
Corollary 14.19(c). In fact, it may be that the appropriate upper bound for this
case is 4n — 10 rather than 4n — 9.

9 1
H : F:

14

(@]
o C
= O

O
1

o C

12 4 11
(a) (b)
Figure 14.13: Radio numbers of graphs having diameters 3 and 4

For a connected graph G of diameter d, a (d — 1)-radio coloring ¢ requires that
d(u,v) + |e(u) = c(v)] = d

for every two distinct vertices v and v of G. A (d — 1)-radio coloring ¢ is also
referred to as a radio antipodal coloring (or simply an antipodal coloring)
of G since c¢(u) = ¢(v) only if v and v are antipodal vertices of G. The radio
antipodal number or, more simply, the antipodal number an(c) of ¢ is the
largest color assigned to a vertex of G by ¢. The antipodal chromatic number
or the antipodal number an(G) of G is

an(G) = min{an(c)},

where the minimum is taken over all radio antipodal colorings ¢ of G. If ¢ is a
radio antipodal coloring of a graph G such that an(c) = ¢, then the complementary
coloring ¢ of G defined by

t(v) =L+4+1—c(v)

for every vertex v of G is also a radio antipodal coloring of G.

A radio antipodal coloring of the graph H in Figure 14.14 is given with antipodal
number 5. Thus an(H) < 5. Let ¢ be a radio antipodal coloring of H with an(c) =
an(H) < 5. Since diam(H) = 3, the colors of every two adjacent vertices of H must
differ by at least 2 and the colors of two vertices at distance 2 must differ. We may
assume that c(v) € {1,2}, for otherwise, ¢(v) € {1,2} for the complementary radio
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antipodal coloring ¢ of H. Suppose that ¢(v) = a < 2. Then at least one of the
vertices u, w, and y must have color at least a + 2, one must have color at least
a + 3, and the other must have color at least a + 4. Since a + 4 > 5, it follows that
an(c) > 5 and so an(H) > 5. Hence an(H) = 5.

u 3

T 2
Figure 14.14: A graph with antipodal number 5
Figure 14.15 gives radio antipodal colorings of the paths P, with 3 <n < 6 that

give an(P,) for these graphs. The antipodal numbers of all paths were determined
by Khennoufa and Togni [112].

2 1 2
O O O
3 1 4 2
(e, O O O
7 4 1 6 3
O O O O O
9 5 1 11 7 3
©; O O O O O

Figure 14.15: Radio antipodal colorings of P, (3 < n < 6)

Theorem 14.20 For every integer n > 5,

[ 2P—2r+3 dfn=2r+1
an(Px) _{ 212 —4r4+5  ifn=2r.

14.4 Hamiltonian Colorings

We saw in Section 14.3 that in a (d — 1)-radio coloring of a connected graph G of
diameter d, the colors assigned to adjacent vertices must differ by at least d — 1,
the colors assigned to two vertices whose distance is 2 must differ by at least d — 2,
and so on up to antipodal vertices, whose colors are permitted to be the same. For
this reason, (d — 1)-radio colorings are also referred to as antipodal colorings.

In the case of an antipodal coloring of the path P, of order n > 2, only the two
end-vertices are permitted to be colored the same. If u and v are distinct vertices



418 CHAPTER 14. COLORINGS, DISTANCE, AND DOMINATION

of P, and d(u,v) =i, then |c¢(u) — ¢(v)| > n — 1 — 4. Since P, is a tree, not only is
1 the length of a shortest u — v path in P,, it is the length of the only u — v path
in P,. In particular, ¢ is the length of a longest u — v path.

In Section 1.3 the detour distance D(u,v) between two vertices u and v in a
connected graph G is defined as the length of a longest u — v path in G. Hence the
length of a longest u — v path in P, is D(u,v) = d(u,v). Therefore, in the case of
the path P,, an antipodal coloring of P, can also be defined as a vertex coloring ¢
that satisfies

D(u,v) + |c(u) —c(v)| >n—1 (14.5)

for every two distinct vertices u and v of P,.

Vertex colorings ¢ that satisfy (14.5) were extended from paths of order n to
arbitrary connected graphs of order n by Gary Chartrand, Ladislav Nebesky, and
Ping Zhang [40]. A Hamiltonian coloring of a connected graph G of order n is a
vertex coloring ¢ such that

D(u,v) + |c(u) —c(v)| >n—1

for every two distinct vertices v and v of G. The largest color assigned to a vertex
of G by c is called the value of ¢ and is denoted by hc(c). The Hamiltonian
chromatic number hc(G) is the smallest value among all Hamiltonian colorings
of G.

Figure 14.16(a) shows a graph H of order 5. A vertex coloring ¢ of H is shown in
Figure 14.16(b). Since D(u, v)+|c(u)—c(v)| > 4 for every two distinct vertices v and
v of H, it follows that ¢ is a Hamiltonian coloring and so he(c) = 4. Hence he(H) <
4. Because no two of the vertices ¢, w, x, and y are connected by a Hamiltonian path,
these vertices must be assigned distinct colors and so he(H) > 4. Thus he(H) = 4.

t w 2 3

(a) (b)
Figure 14.16: A graph with Hamiltonian chromatic number 4

If a connected graph G of order n has Hamiltonian chromatic number 1, then
D(u,v) = n — 1 for every two distinct vertices v and v of G and consequently
G is Hamiltonian-connected, that is, every two vertices of G are connected by a
Hamiltonian path. Indeed, he(G) = 1 if and only if G is Hamiltonian-connected.
Therefore, the Hamiltonian chromatic number of a connected graph G can be con-
sidered as a measure of how close G is to being Hamiltonian-connected, that is, the
closer he(G) is to 1, the closer G is to being Hamiltonian-connected. The three
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graphs Hy, Hy, and Hs shown in Figure 14.17 are all close (in this sense) to being
Hamiltonian-connected since he(H;) =2 for ¢ = 1,2, 3.

1
L 1 1
2
1
1 —O
1 2 1 2 1
H, H, Hj

Figure 14.17: Three graphs with Hamiltonian chromatic number 2

While there are many graphs of large order with Hamiltonian chromatic number
1, graphs of large order can also have a large Hamiltonian chromatic number.

Theorem 14.21  For every integer n > 3,
hC(Klynfl) = (TL — 2)2 + 1.

Proof. Since he(K2) = 2 (see H; in Figure 14.17), we may assume that n > 4.
Let G = K3 1, where V(G) = {v1,v2,- - -, v, } and v, is the central vertex. Define
the coloring ¢ of G by ¢(v,) = 1 and

cvi))=n—1)+@GE—-1)(n—-3)for1 <i<n-—1.
Then ¢ is a Hamiltonian coloring of G and
he(G) <he(e) = c¢(vp_1) =(n—1)+ (n—-2)(n—-3) = (n—2)* + 1.

It remains to show that he(G) > (n — 2)% + 1.

Let ¢ be a Hamiltonian coloring of G such that hc(c) = he(G). Because G
contains no Hamiltonian path, ¢ assigns distinct colors to the vertices of G. We
may assume that

c(v) < c(vg) < -+ < e(vp—1).

We now consider three cases, depending on the color assigned to the central vertex
Up.

Case 1. ¢(v,) = 1. Since
D(v1,v,) =1 and D(v;,vi41) =2for 1 <i<n-—2,
it follows that
c(Wn_1)>1+n—-2)+(n—-2)(n—-3)=(n—-2)72%+1
and so he(G) = he(c) = ¢(vp—1) > (n —2)% + 1.
Case 2. ¢(vy) = hc(c). Thus, in this case,
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1=c(v1) <c(va) <+ < (1) < cvy).

Hence
c(vg) >1+n—2)(n—-3)+(n—-2)=(n-2)%*+1

and so he(G) = he(c) = c(v,) > (n —2)% + 1.

Case 3. c(v;) < c(vn) < c(vjy1) for some integer j with 1 < j < n — 2. Thus
¢(v1) =1 and ¢(v,—1) = he(c). In this case,

c(v;) = 1+(—1)(n-=3),
c(vn) = cvj) +(n—2),
c(vjt1) > c(vp)+ (n—2), and
c(vn-1) = c(vjp1) +[(n—1) = (G +D]n—3).
Therefore,
(ae1) = 14G—1D)n—3)+2n-2)+n—j—2)n-3)
= 2n-3)+n-32=mn-22+2>n-2)%+1

and so he(G) = he(e) = c¢(vy—1) > (n —2)% + 1.
Hence in any case, he(G) > (n — 2)%2 + 1 and so he(G) = (n —2)2 + 1. n

It is useful to know the Hamiltonian chromatic number of cycles. It is not
difficult to see that he(Cs) = 1, he(Cy) = 2, and he(Cs) = 3. Hamiltonian colorings
for these three cycles are shown in Figure 14.18.

1 1

1 1 2 2 3 2
Figure 14.18: Hamiltonian colorings of C3, Cy4, and Cj

The Hamiltonian chromatic numbers of the cycles C,, (3 < n < 5) illustrate the
following general formula for hc(C,).

Theorem 14.22  For every integer n > 3,
he(Cp) =n — 2.

Proof. Since we noted that he(Cy,) = n — 2 for n = 3,4,5, we may assume that
n > 6. Let C,, = (v1,v2, -, v, v1). Because the vertex coloring ¢ of C,, defined by
c(vy) =c(ve) =1, c(vp—1) = c(vp) =n—2,and ¢(v;) =i —1for3<i<n-—2isa
Hamiltonian coloring, it follows that he(C,) < n — 2.



14.4. HAMILTONIAN COLORINGS 421

Assume, to the contrary, that he(C,,) < n—2 for some integer n > 6. Then there
exists a Hamiltonian (n — 3)-coloring ¢ of C),. We consider two cases, according to
whether 7 is odd or n is even.

Case 1. n is odd. Then n = 2k + 1 for some integer k > 3. Hence there exists a
Hamiltonian (2k — 2)-coloring ¢ of C,,. Let

A={1,2,--- . k—1}and B={kk+1,---,2k — 2}.

For every vertex u of Cy,, there are two vertices v of C,, such that D(u, v) is minimum
(and d(u,v) is maximum), namely D(u,v) = d(u,v) + 1 =k + 1. For u = v;, these
two vertices v are v,y and v;yg+1 (where the addition in ¢ + k and i + k + 1 is
performed modulo n).

Since ¢ is a Hamiltonian coloring, D(u,v) + |c(u) — ¢(v)| > n — 1 = 2k. Because
D(u,v) = k+1, it follows that |c(u) —¢(v)| > k—1. Therefore, if ¢(u) € A, then the
colors of these two vertices v with this property must belong to B. In particular, if
c(v;) € A, then c¢(viyr) € B. Suppose that there are a vertices of C,, whose colors
belong to A and b vertices of C;, whose colors belong to B. Then b > a. However,
if ¢(v;) € B, then ¢(v;4x) € A, implying that ¢ > b and so a = b. Since a +b =n
and n is odd, this is impossible.

Case 2. n is even. Then n = 2k for some integer k > 3. Hence there exists a
Hamiltonian (2k — 3)-coloring ¢ of C,,. For every vertex u of C,,, there is a unique
vertex v of C,, for which D(u,v) is minimum (and d(u,v) is maximum), namely
D(u,v) = d(u,v) = k. For u = v;, this vertex v is v,y (where the addition in ¢ + k
is performed modulo n).

Since ¢ is a Hamiltonian coloring, D(u,v) + |c(u) — c¢(v)] > n —1 = 2k — 1.
Because D(u,v) = k, it follows that |c¢(u) — ¢(v)| > k — 1. This implies, however,
that if ¢(u) = k — 1, then there is no color that can be assigned to v to satisfy this
requirement. Hence no vertex of C,, can be assigned the color k — 1 by c. Let

A={1,2,--- k—2}and B={k, k+1,--,2k — 3}.

Thus |A| = |B| = k — 2. If ¢(v;) € A, then ¢(viyx) € B. Also, if ¢(v;) € B, then
c(vitx) € A. Hence there are k vertices of C,, assigned colors from A and k vertices
of C), assigned colors from B.

Consider two adjacent vertices of C},, one of which is assigned a color from A and
the other is assigned a color from B. We may assume that c(v1) € A and c(v2) € B.
Then ¢(vg4+1) € B. Since D(va, vp+1) = k+1, it follows that |c(ve) —c(vk41)| > k—2.
Because ¢(va),c(vk+1) € B, this implies that one of ¢(vs) and c(vg+1) is at least
2k — 2. This is a contradiction. [

We now consider some upper bounds for the Hamiltonian chromatic number of
a connected graph, beginning with a rather obvious one.

Proposition 14.23 If H is a spanning connected subgraph of a graph G, then

he(G) < he(H).



422 CHAPTER 14. COLORINGS, DISTANCE, AND DOMINATION

Proof. Suppose that the order of H is n. Let ¢ be a Hamiltonian coloring of H
such that hc(c) = he(H). Then Dgy(u,v) + |c(u) — c¢(v)] > n — 1 for every two
distinct vertices u and v of H. Since D¢(u,v) > Dg(u,v) for every two distinct
vertices u and v of H (and of G), it follows that D¢ (u,v) + |c(u) — c(v)| > n —1
and so ¢ is a Hamiltonian coloring of G as well. Hence he(G) < he(c) =he(H). =

Combining Theorem 14.22 and Proposition 14.23, we have the following corol-
lary.

Corollary 14.24 If G is a Hamiltonian graph of order n > 3, then he(G) < n —2.

The following result gives the Hamiltonian chromatic number of a related class
of graphs.

Proposition 14.25 Let H be a Hamiltonian graph of ordern —1 > 3. If G is a
graph obtained by adding a pendant edge to H, then hc(G) =n — 1.

Proof. Suppose that C' = (v1,vs,...,v,—1,v1) is a Hamiltonian cycle of H and
vivy, is the pendant edge of G. Let ¢ be a Hamiltonian coloring of G. Since
D¢ (u,v) < n — 2 for every two distinct vertices u and v of C, no two vertices
of C' can be assigned the same color by c¢. Consequently, hc(c) > n — 1 and so
he(G) > n — 1.

Now define a coloring ¢’ of G by

(o) = i ifl1<i<n-—1
c\Wi) = Y\ n=1 ifi=n.

We claim that ¢’ is a Hamiltonian coloring of G. First let v; and vy be two vertices
of C' where 1 < j <k <n—1. Then |c/(v;) — ¢(vg)| =k — j and

D(vj,v) =max{k—j, (n—1)—(k—j)}.
In either case, D(v;,vx) >n—1+j —k and so
D(vj,vg) + |¢'(vj) — ¢ (vg)| > n — 1.
For1<j<n-—1,|d(v;) —c(vn)] =n—1—j, while
D(vj,v,) > max{j, n—j+1}
and so D(vj,v,) > j. Therefore,
D(vj,vy) + | (vj) = ¢ (vn)] > n— 1.

Hence, as claimed, ¢’ is a Hamiltonian coloring of G and so he(G) < he(d) =
d(vp)=n—1. m

In Exercise 11 of Chapter 3, it was stated that if T is a tree of order 4 or more
that is not a star, then 7' contains a Hamiltonian path. With the aid of this, an
upper bound for the Hamiltonian chromatic number of a graph can be given in
terms of its order.
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Theorem 14.26 For every connected graph G of order n > 2,

he(G) < (n—2)% + 1.
Proof. First, if G contains a vertex of degree n — 1, then G contains the star
Ki,—1 as a spanning subgraph. Since he(Kj ,—1) = (n — 2)% + 1, it follows by
Proposition 14.23 that he(G) < (n—2)?+ 1. Hence we may assume that G contains
a spanning tree T' that is not a star and so its complement T contains a Hamil-

tonian path P = (v1,va,---,v,). Thus v;vi41 ¢ E(T) for 1 < ¢ < n —1 and so
Dy (vi,vit1) > 2. Define a vertex coloring ¢ of T' by

c(vi))=n—2)+ (i —2)(n—3) for 1 <i<n.
Hence
he(e) = c(vy) = (n —2) + (n — 2)(n — 3) = (n — 2)%.
Therefore, for integers ¢ and j with 1 <i < j < n,
le(vi) = e(vj)] = (G —@)(n = 3).
If j =i+ 1, then
D(vs,v;) + |e(vi) —c(vj)| > 2+ (n—3)=n—1;

while if j > 4+ 2, then

D(v;,v;) + |e(vi) —c(v;)| > 1+2(n—3)=2n—-5>n—1.
Thus ¢ is a Hamiltonian coloring of T'. Therefore,

he(G) < he(T) < he(e) = c(vn) = (n —2)? < (n—2)* + 1,

which completes the proof. [

Theorem 14.26 shows how large the Hamiltonian chromatic number of a graph
G of order n can be. If G is Hamiltonian however, then by Corollary 14.24 its
Hamiltonian chromatic number cannot exceed n — 2. Moreover, if the Hamiltonian
chromatic number is small relative to n, then G must contain cycles of relatively
large length.

Theorem 14.27 For every connected graph G of order n > 4 such that 2 <
he(G) <n—1,

he(G) + cir(G) > n + 2.
Proof. Let he(G) = k. We show that

cir(G) >n—k+2.
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Let a Hamiltonian k-coloring of G be given using the colors 1,2,... k. For 1 <i <
k, let V; be the color class consisting of the vertices of G are colored i. Certainly,
V1 # () and V}, # 0. Since every two vertices of G with the same color are connected
by a Hamiltonian path, it follows that if G contains adjacent vertices that are colored
the same, then G is Hamiltonian and the result follows. Thus we may assume that
no adjacent vertices are colored the same.

First, suppose that V; = 0 for all j with 1 < j < k. Thus V(G) = V1 UV,
and GG is a bipartite graph. Since every two vertices in V; are connected by a
Hamiltonian path, it follows that |Vi| = |V4| + 1. Also, since every two vertices in
V). are connected by a Hamiltonian path, it follows that |V| = |V4| + 1. This is
impossible. Therefore, V; # () for some j with 1 < j < k. Since G is connected, G
contains two adjacent vertices u € V; and v € Vp with j # ¢ and

le(u) —c(v)| < k—2.

Since c¢ is a Hamiltonian coloring, G contains a u — v path of length at least (n —
1) — (k—2) =n — k+ 1. Therefore, G contains a cycle of length at least n — k + 2
and so cir(G) >n —k + 2. n

Since there exist Hamiltonian graphs with Hamiltonian chromatic number 2,
equality can be attained in Theorem 14.27 when h(G) = 2. Equality can also be
attained in Theorem 14.27 when hc(G) = 3 since the Petersen graph has Hamilto-
nian chromatic number 3 and is not Hamiltonian, but does have cycles of length
9 (see Figure 14.19). Equality cannot be attained when h(G) = 4 however (see
Exercises 24 and 25).

Figure 14.19: A Hamiltonian 3-coloring of the Petersen graph

Every graph G of order n > 3 that is not Hamiltonian is also not Hamiltonian-
connected since no two adjacent vertices of G are connected by a Hamiltonian v —v
path. On the other hand, if u and v are nonadjacent vertices of G, then G may
contain a Hamiltonian v — v path. Consequently, if u and v are vertices of a graph
G of order n > 3 that is not Hamiltonian, then D(u,v) < n — 2 if v and v are
adjacent and D(u,v) <n —1if u and v are not adjacent.

In fact, the Petersen graph P (which has order 10) has the property that every
two nonadjacent vertices of P are connected by a Hamiltonian path (of length 9)
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while no two adjacent vertices of P are connected by a path of length 9 but are
connected by a path of length 8.

A connected graph G of order n > 3 is called semi-Hamiltonian-connected
if

n—2 ifuv e E(G)
D(u,v)Z{n_l if uv ¢ E(G).

The Petersen graph is therefore a semi-Hamiltonian-connected graph, as is the path
P5;. Moreover, for semi-Hamiltonian-connected graphs, a vertex coloring c is a
Hamiltonian coloring if and only if ¢ is a proper coloring.

Proposition 14.28 If G is a semi-Hamiltonian-connected graph of order n > 3,
then

14.5 Domination and Colorings

In recent decades, an area of graph theory that has received increased attention is
that of domination. A vertex v in a graph G is said to dominate both itself and
its neighbors, that is, v dominates every vertex in its closed neighborhood N{[v].
Therefore, v dominates deg, v + 1 vertices of G. A set S of vertices in G is called a
dominating set for (or of) G if every vertex of G is dominated by some vertex in
S. Equivalently, S is a dominating set for G if every vertex of G either belongs to
S or is adjacent to some vertex in S. The domination number v(G) of G is the
minimum cardinality of a dominating set for G. If S is a dominating set for G with
|S] = ~v(G), then S is called a minimum dominating set or a y-set. (Historically,
~(G) is the notation that has been used both for the domination number of G and
the genus of G, discussed in Section 5.4.)

Both S1 = {r,u,v,z} and Sy = {t,w, z} are dominating sets for the graph H
of order 9 shown in Figures 14.20(a) and 14.20(b). Because S; is a dominating
set, y(H) < 3. To see why Sy is a minimum dominating set, suppose that S is a
dominating set of H. Since only r, s, and w dominate 7, at least one of these three
vertices must belong to S. Since only v and z dominate v, at least one of v and
z must belong to S. Since the largest degree among the five vertices r, s, w, v, and
z is 3, any two of these vertices can dominate at most eight vertices of H. Thus
|S| > 3 and so v(H) > 3. Therefore, v(H) = 3.

The area of domination in graph theory evidently began with Claude Berge in
1958 [15] and Oystein Ore [138] in 1962. It was Ore, however, who actually coined
the term domination. To many, domination did not become an active area of study
until 1977 following an article by Ernest Cockayne and Stephen Hedetniemi [47]. In
1998 an entire textbook, written by Teresa Haynes, Stephen Hedetniemi, and Peter
Slater [99], was devoted to the subject of domination.

A dominating set S for a graph G is called a minimal dominating set if no
proper subset of S is a dominating set of G. Certainly, every minimum dominating
set is minimal, but the converse is not true. For example, the dominating set



426 CHAPTER 14. COLORINGS, DISTANCE, AND DOMINATION
r s t U v r 5 t U v
VAN VAV

(a) (b)

Figure 14.20: Dominating sets in a graph

Sy = {r,u,v,z} for the graph H in Figure 14.20(a) is a minimal dominating set
that is not a minimum dominating set. The following fundamental property of
minimal dominating sets is due to Ore [138].

Theorem 14.29 If S is a minimal dominating set of a graph G without isolated
vertices, then V(G) — S is a dominating set of G.

Proof. Let v be a vertex of G. If v € V(G) — 5, then v is dominated by itself.
Hence we may assume that v € S. We claim that v is dominated by some vertex
in V(G) — S. Suppose that this is not the case. Then v is adjacent to no vertex in
V(G)—S. Since S is a dominating set of G, it follows that each vertex in V(G) — S
is dominated by some vertex in S other than v, that is, each vertex of V(G) — S
is dominated by a vertex in S — {v}. Since v is not an isolated vertex of G and is
adjacent to no vertex in V(G) — S, it follows that v is adjacent to some vertex in
S —{v}. Hence S — {v} is a dominating set of G, which contradicts the assumption
that S is a minimal dominating set of G. [

One consequence of this theorem is the following.

Corollary 14.30 If G is a graph of order n without isolated vertices, then
n
G) < —.
1(G) <5

Proof. Let S be a minimum dominating set for G. Thus |S| = v(G). By Theo-
rem 14.29, V(G) — S is a dominating set for G and so

1G) =15 < [V(G) = 5| =n—~(G).
Therefore, 2v(G) < n and so v(G) < n/2. ]

Recall that the corona cor(G) of a graph G of order k is that graph obtained by
adding a new vertex v’ to G for each vertex v of G together with the edge vv’. Then
the order of cor(G) is n = 2k. Since V(G) is a dominating set for cor(G), it follows
that y(cor(G)) < k = n/2. Furthermore, every dominating set for cor(G) must
contain either v or v’ for each vertex v of G. This implies that vy(cor(G)) = n/2
and so the bound for the domination number of a graph in Corollary 14.30 is sharp.

Over the years, many variations and generalizations of domination have been
introduced. A dominating set of a graph G that is independent is an independent
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dominating set for G. The minimum cardinality of an independent dominating
set for G is the independent domination number i(G). A set S of vertices
in a graph G containing no isolated vertices is a total dominating set (or an
open dominating set) for G if every vertex of G is adjacent to some vertex of S.
The minimum cardinality of a total dominating set for G is the total domination
number v (G). A total dominating set of cardinality 7:(G) is called a minimum
total dominating set or y;-set for G.

For a positive integer k, a set S of vertices in a graph G is a k-step dominating
set if for every vertex u of G not in S, there exists a u — v path of length k in G
for some vertex v € S. The minimum cardinality of a k-step dominating set for G
is the k-step domination number 7¥)(G).

A set S of vertices in a graph G is a restrained dominating set if every vertex
of G not in S is adjacent to both a vertex in S and a vertex not in .S. The minimum
cardinality of a restrained dominating set for G is the restrained domination
number v, (G). For a positive integer k, a set S of vertices in a graph G is a k-
dominating set if every vertex not in S is adjacent to at least k vertices in S. The
minimum cardinality of a k-dominating set for G is the k-domination number
V().

For the double star G having two vertices of degree 3, the values of the six dom-
ination parameters discussed above are shown in Figure 14.21. The solid vertices
in each case indicate the members of an appropriate minimum dominating set.

>_<: >%<
1G) =2 i(G) =3 W(G) =2
7A(G) =2

T

7r(G)

O

72(G) =4
Figure 14.21: Domination parameters for a double star

We now turn our attention to colorings once again — in fact, to vertex colorings
that are not proper vertex colorings in general. In this situation, a k-coloring
of G (using the colors 1,2,... k) results in a partition of V(G) into k subsets
Vi,Va, ..., Vi, where V; is the set of vertices colored ¢ for 1 < i < k. The sets
V; are ordinarily not independent however. A graph whose vertex set has such a
partition has been referred to as a k-stratified graph, a concept introduced by
Naveed Sherwani in 1992 and first studied by Reza Rashidi [145].

Most of the interest in this subject has been centered around the case k = 2,
that is, 2-stratified graphs. In a 2-stratified graph G, {V1, V2 } is a partition of V(G).
Here it is common to consider the vertices of V; as colored red and the vertices of
V5 colored blue. In a 2-stratified graph then, there is at least one red vertex and
at least one blue vertex. When drawing a 2-stratified graph, the red vertices are
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typically represented by solid vertices and the blue vertices by open vertices. Thus
the graph G of Figure 14.22 represents a 2-stratified graph whose red vertices are
u,w, x, and z and whose blue vertices are v and y.

Figure 14.22: A 2-stratified graph

In the current context, a red-blue coloring of a graph G is an assignment of
the color red or blue to each vertex of G, where all vertices of G may be assigned
the same color. With each 2-stratified graph F', there are certain red-blue colorings
of a graph G that will be of special interest to us.

Let F be a 2-stratified graph where some blue vertex of F' has been designated
as the root of F' and is labeled v. Thus F' is a 2-stratified graph rooted at a
blue vertex v. Now let G be a graph. By an F-coloring of G is meant a red-blue
coloring of G such that every blue vertex v of G belongs to a copy of F rooted at v.
The F-domination number vp(G) of G is the minimum number of red vertices
in any F-coloring of G. The set of red vertices in an F-coloring of a graph is called
an F-dominating set. An F-coloring of G such that vz (G) vertices are colored
red is called a yp-coloring. This concept and the results that follow are due to
Gary Chartrand, Teresa Haynes, Michael Henning, and Ping Zhang [36].

For a 2-stratified graph F' and a graph G of order n containing no copies of F,
the only F-coloring of GG is the one in which every vertex of G is assigned the color
red. Hence in this case, yp(G) = n. The simplest example of a 2-stratified graph is
F = K5, where one vertex of F' is colored red and the other vertex of F' is colored
blue (necessarily the root v of F'). This 2-stratified graph F', a graph G, and two
F-colorings of G are shown in Figure 14.23.

I I

Figure 14.23: F-colorings of a graph

For FF = Ko, the red vertices of a graph G in any F-coloring of G form a
dominating set of G, which implies that 7(G) < vr(G). On the other hand, suppose
that we were to color the vertices in a minimum dominating set of G red and all
remaining vertices of GG blue. Then this red-blue coloring of the vertices of G has the
property that every blue vertex of GG is adjacent to a red vertex of G; that is, this
is an F-coloring of G. Hence yr(G) < v(G) and so vr(G) = v(G). Consequently,
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domination can be considered as a certain type of 2-coloring (red-blue coloring) of
G in which the red vertices form a dominating set.

What this shows is that a domination parameter is associated with each con-
nected 2-stratified graph F. We now look at the various 2-stratified graphs that
result from the connected graphs of order 3, beginning with the path Ps;. In this
case, there are five different 2-stratified graphs, denoted by F; (1 < i < 5), all of
which are shown in Figure 14.24.

v v v
v v
O
Fy F F3 Fy F

Figure 14.24: The five 2-stratified Ps

The values of the five domination parameters vp, (1 < ¢ < 5) are shown in
Figure 14.25 for the graph G = cor(Py).

T T

1 (G) =4 VR, (G) = 4
V73 (G) = 7, (G) = 4 v, (G) = 6

Figure 14.25: Domination parameters vp, (1 < i < 5) of a graph

We saw that if F' = Ky, then yp is the familiar domination number. Indeed, if
F = F}, then the domination parameter g is familiar as well.

Proposition 14.31 Let G be a graph without isolated vertices. If F = Fy, then
1r(G) = 71(G).

Proof. Because G has no isolated vertices, v:(G) is defined. Let S be a ~¢-set
for G. By coloring each vertex of S red and each vertex of V(G) — S blue, an
F-coloring of G results. Therefore, yp(G) < (G). It remains therefore to show
that 1(G) < vr(G).
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Among all yp-colorings of G, consider one that minimizes the number of isolated
vertices in the subgraph induced by its red vertices. Since each blue vertex in G is
adjacent to a red vertex, the red vertices constitute a dominating set S in G. We
claim that every red vertex is adjacent to another red vertex; for assume, to the
contrary, that there is a red vertex u adjacent only to blue vertices. Let v be a
neighbor of u. Since v belongs to a copy of F' rooted at v, it follows that v must be
adjacent to a red vertex w which itself is adjacent to some other red vertex, which
implies that u # w. Interchanging the colors of u and v produces a new yg-coloring
of G having fewer isolated vertices in the subgraph induced by its red vertices,
contradicting the choice of ¢. Hence, as claimed, every red vertex is adjacent to
some other red vertex. Therefore, S is a total dominating set of G. This implies
thaty:(G) < vr(G). Consequently, v#(G) = 7:(G). ]

For a connected graph G of order 3 or more and F' = F5, the number v is even
more familiar.

Proposition 14.32 Let G be a connected graph of order 3 or more. If F = Fy,
then

Proof. Since the red vertices in any F-coloring of G form a dominating set of G,
it follows that v(G) < yr(G). It remains therefore to show that yp(G) < 7(G).
Among all v-sets of G, let S be one so that the corresponding red-blue coloring has
the maximum number of blue vertices v belonging to a copy of F' rooted at v. We
claim that this red-blue coloring is, in fact, an F-coloring of G. Suppose that this
is not the case. Then there is a blue vertex v that does not belong to a copy of F'
rooted at v. Since S is a dominating set of GG, the blue vertex v is adjacent to a
red vertex w. By assumption w is not adjacent to any blue vertex other than v. If
v should be adjacent to some blue vertex u, then interchanging the colors of v and
w produces a ~y-set whose associated red-blue coloring contains more blue vertices
v’ that belong to a copy of F' rooted at v’ than does the associated coloring of S,
which is impossible. Hence, v is adjacent to no blue vertex in G. If v is adjacent to
a red vertex x different from w, then, by assumption, x is not adjacent to any blue
vertex other than v. This, however, implies that (S — {w,z})U{v} is a dominating
set of G of cardinality v(G) — 1, which is impossible. Thus v is an end-vertex of G.

Since the order of G is at least 3, the vertex w is adjacent to some other red
vertex, say y. The defining property of S implies that y must be adjacent to a
blue vertex z. By interchanging the colors of v and w, a ~-set is produced whose
associated red-blue coloring contains more blue vertices v’ that belong to a copy
of F rooted at v' than does the associated coloring of S, which is a contradiction.
Hence every blue vertex v must belong to a copy of F rooted at v. This implies that
the red-blue coloring associated with S is an F-coloring of G, and so vr(G) < v(G).
Therefore, vr(G) = v(G). L]

While vp, and g, are well-known domination parameters, yg, is not. The
parameter yp, may seem to be the 2-step domination parameter ), but it is not.
In an F3-coloring of a graph G, for every blue vertex v of G there must exist a red
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vertex u such that G' contains a u — v path of length 2 whose interior vertex is blue.
For example, for n > 3, vp, (K1,,—1) = n while 7(2)(K1,n,1) =2.

The domination parameters yg, and yg, are parameters we've met before. In
fact, the parameter vp, is the restrained domination number ~,, while yg, is the
2-domination number 2 (see Exercises 30 and 31). The table below summarizes
the observations we have made concerning the stratified domination parameters vp,
for i € {1,2,4,5} and other well-known domination parameters.

i 1 2 4 5
1 (G) | #(G) | 7(G) | %w(G) | 12(G)

The only other connected 2-stratified graphs of order 3 are those obtained from
the graph K3. There are two such 2-stratified graphs in this case, namely Fg and
F7 shown in Figure 14.26.

Fs F
Figure 14.26: The two 2-stratified K3

In any Fg-coloring or Fr-coloring of a graph G, every vertex of G not belonging to
a triangle must be colored red. Since F7 contains one red vertex and Fg contains two
red vertices, it may be expected that vg, (G) < vr, (G) for every graph G. Trivially,
this is the case when G = K3 as yp, (K3) = 1 while yg,(K3) = 2. However, this is
not true in general (see Exercise 33). The following result presents a sharp bound
for vr, (GQ) for graphs G, every vertex of which belongs to a triangle, in terms of the
order of G.

Theorem 14.33 If G is a graph of order n in which every vertex is in a triangle,
then

Proof. Suppose that the theorem is false. Then there exists a graph G of order
n such that every vertex of G is in a triangle but yg, (G) > 2n/3. We may assume
that every edge of G belongs to a triangle for if G contains edges belonging to
no triangle, then the graph G’ obtained by deleting these edges from G has the
property that vr,(G') = vr (G).

Among all vyg,-colorings of G, we select one that maximizes the number of red
triangles. For this coloring, let B = {by,bs,...,b;} denote the set of blue vertices
and R the set of red vertices. Then

vrs(G) = |R|=n—k>2n/3
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and so n > 3k. Thus n — k = |R| > 2k.
We now construct a partition of R into two sets R; and Ry as follows. For
1 <i <k, let T; be a triangle in which b; is rooted at a copy of Fg. Thus for each
such integer i, T; contains two red vertices in addition to the blue vertex b;. Now
define
Ry = (UL, V(Ty)) - B.

Then |Ry| = 2k — ¢ for some integer ¢ with 0 < ¢ < 2(k — 1). We then define
Ry = R — Ry. Since |Ri|+ |R2| = |R| > 2k, it follows that |Rs| = £ + r for some
positive integer 7.

We claim that every triangle of G containing a vertex of Ry has two blue vertices,
for suppose that this is not the case. Then either some vertex of Ry belongs to a red
triangle or to a triangle with exactly one blue vertex. If a vertex of R is in a red
triangle, then this vertex may be recolored blue to produce an Fg-coloring of G that
colors fewer than g, (G) vertices red, but this is impossible. If a vertex z of Ry is in
a triangle with exactly one blue vertex, say b;, then we can interchange the colors of
x and b; to produce a new yg,-coloring of G' that contains more red triangles than
our original yg,-coloring, which is also impossible. Therefore, as claimed, every
triangle with a vertex of Ro contains two blue vertices.

Now observe that |B| > |Ra|+1, for if | B| < |Rz|, then we could interchange the
colors of the vertices in BU Ry to produce an Fg-coloring of G with at most vg, (G)
red vertices and that contains more red triangles than in the original vp,-coloring,
which would be a contradiction.

For each i =1,2,...,k, let ¢; be the edge in the triangle T; that is not incident
with b;, and let

Ep={e;: 1<i<k}.

Furthermore, let H be the subgraph induced by the edge set Fg. Then V(H) = R
and E(H) = Ep. Let R} be a «y-set of H. Since H has no isolated vertices, it
follows by Corollary 14.30 that

|Ry| < [V(H)|/2=Fk—{/2.

We now interchange the colors of the vertices in BU (R — R}). We claim that this
new red-blue coloring of G is an Fg-coloring of G. Suppose that v is a blue vertex
of G. Then v € R — R} and so either v € Ry or v € Ry — R}. If v € Ry, then in
the original red-blue coloring of G, v belongs to a triangle with two blue vertices.
Thus, after the color interchange, v belongs to a copy of Fi rooted at v. On the
other hand, if v € Ry — R, then v is adjacent to a vertex u € R}. Thus uv = e; for
some i (1 <1i < k). After the color interchange, u and b; are red and so v belongs
to a copy of Fg rooted at v. Therefore, as claimed, this new red-blue coloring of G
is an Fg-coloring of G. Since

|Ry|+ |B| < 2k —€/2 <2k + 71 = |R| = v, (G),

the number of red vertices in this Fg-coloring is less than v, (G), which is impos-
sible. Therefore, vp,(G) < 2n/3. L]
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The upper bound for vg, (G) given in Theorem 14.33 is sharp. For example, for
the graph G of order n = 12 shown in Figure 14.27, yr,(G) = 8 = 2n/3.

Figure 14.27: A graph G of order n with vg, (G) = 2n/3

We now turn our attention to the domination parameter vyp,. We noted earlier
that for every graph, its independent domination number is at least as large as
its domination number. The F7-domination number, however, always lies between
these two numbers.

Theorem 14.34 If G is a graph in which every edge lies on a triangle, then
G) < 9r (G) <i(G).

Proof. In every Fr-coloring of G, every blue vertex is adjacent to a red vertex.
Thus the set of red vertices of G is a dominating set and so v(G) < vr, (G). Next
let S be a minimum independent dominating set of G. Then |S| = i(G). If we
color each vertex of S red and all remaining vertices blue, then every blue vertex is
adjacent to a red vertex. Since every edge is on a triangle and S is an independent
set, it follows that each blue vertex is rooted in a copy of F7. Hence, this red-blue
coloring associated with S is an Fr-coloring of G, and so vr,(G) < i(G). L]

In the statement of Theorem 14.34, it is required that every edge of G lie on a
triangle of G. If, however, we require only that every vertex of G lie on a triangle of
G, then the conclusion does not follow. For example, for the graph G of Figure 14.28,
every vertex is on a triangle of G but yet v(G) = i(G) = 3 while yr, (G) = 4.

Figure 14.28: A graph G with v(G) = i(G) = 3 and vr,(G) =4

If G is a graph in which every vertex lies on a triangle, then there is a sharp
upper bound for g, (G) in terms of its order.
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Theorem 14.35 If G is a graph of order n in which every vertex lies on a triangle,
then

YF, (G) <

STE

14.6 Epilogue

This brings us to the conclusion of our discussion of graph colorings. What started
then as an insightful observation by an inquisitive young scholar became a mystify-
ing question that tantalized many. The determination of researchers for 124 years
to find the answer to this question added to the growth of graph theory and to the
introduction and development of several areas within graph theory. What we have
included here are only a few topics in the expanding area of chromatic graph the-
ory. It is fitting to close with an excerpt from the poem “The Expanding Unicurse”,
written by William Tutte under his often-used pen-name Blanche Descartes [55]:

So runs the graphic tale.

And still it grows more colorful.

Exercises for Chapter 14
1. For T ={0,1,4,5}, find xr(K3) and spp(K3).
2. For T ={0,1,4,5}, find x7(Cs) and sp;-(Cs).
For T = {0,2,4}, show that sp;(Cs) = 6.

What does Theorem 14.3 say about the T-span of a perfect graph?

AT

For T'={0,1, 4}, Figure 14.1 shows a graph G of order 8 and a T-coloring of G
such that each vertex of G is colored with exactly one of the colors 1,2, ...,8.
Give an example of a finite set T' of nonnegative integers containing 0 such
that T # {0,1,4} and a graph H of order n for which there is a T-coloring of
H using each of the colors 1,2, ..., n exactly once.

6. (a) Let T be the (infinite) set of nonnegative even integers. Prove that a
nontrivial connected graph G is T-colorable if and only if G is bipartite.

(b) Let T” be the (infinite) set of positive odd integers and let T' = 7" U {0}.
Prove that every graph is T-colorable.

7. Let G be a connected graph of order n. If the vertices of G are assigned distinct
colors from the set {1,2,---,n}, then the resulting coloring ¢ is necessarily a
proper coloring. Equivalently, ¢ is a T-coloring, where T' = {0}. Show that
the 3-cube @3 has an 8-coloring using the colors 1,2, ---,8 that is also a T-
coloring when T' = {0, 1} but no 8-coloring that is also a T-coloring using the
colors 1,2,...,8 when T' = {0, 1, 2}.
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10.
11.

12.
13.

14.
15.

16.
17.

18.

19.

20.

Let G be a graph of order n. For a nonnegative integer k, let f(k) denote the
smallest positive integer such that for T'= {0,1,2,...,k}, the graph G has a
T-coloring using distinct elements of the set {1,2,..., f(k)}. Determine f(k)
for

(a) G =Cs,
(b) G is the graph obtained from C4 by adding a pendant edge,
(C) G = K273.

Determine the L-span A(T') for the tree T' in Figure 14.29.

Z>o—o—o<§
Figure 14.29: The tree T in Exercise 9

Determine the L-span of all double stars.
Suppose that G is a 3-connected graph with A(G) = A. Prove that
AMG) < A% +2A -3

[Hint: Employ the proof technique used for Brooks’ theorem.]
For the Petersen graph P, where A(P) = A = 3, show that A(P) = A2,

(a) Draw the incidence graph G of the projective plane of order 3.

(b) Find an L(2, 1)-coloring of the graph G in (a) using the colors 0,1, ...,12.
Show that rcy(C,,) = 4 for each integer n > 3.

(a) Determine rco(P,) for 2 < n < 4.
(b) Show that rco(P,) = 4 for each integer n > 5.

Show that rcs3(Cs) = 8.

Prove that the minimum number of colors that can be used in a 2-radio
coloring of Cg is 3.

Does there exist a 2-radio coloring of C¢ such that for some positive integer
k < 6, every color in the set {1,2,...,k} is assigned to at least one vertex of
Cs? If so, find the smallest such k.

Does there exist a nontrivial connected graph G and a 3-radio coloring of G
that uses distinct consecutive integers a,a+1,...,b for some positive integers
a and b with a < b as its colors?

Show for each integer n > 3 that there exists a connected graph G of order n
and diameter 2 such that rn(G) = 2n — 2.
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21.
22.

23.

24.

25.

26.

27.

28.

29.

30.
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O O

Figure 14.30: The graph G in Exercise 21

Determine the Hamiltonian chromatic number of the graph G of Figure 14.30.

(a) For an integer r > 2, determine D(u,v) for adjacent vertices v and v of
K. and for nonadjacent vertices u and v of K, ,.

(b) Show that in every Hamiltonian coloring of K, ,, nonadjacent vertices
must be colored differently.

(c) What is the relationship between hc(K,.,.) and x(K,,.)?

Prove that if G is a connected graph of order n > 4 having circumference
cir(G) =n — 1, then he(G) < n —1.

By Theorem 14.27 if G is a connected graph of order n > 4 such that 2 <
he(G) < n—1, then he(G)+cir(G) > n+2. We have seen Hamiltonian graphs
with Hamiltonian chromatic number 2. Also, the Petersen graph has order
n = 10, Hamiltonian chromatic number 3, and circumference n—1 = 9. Show
that there is no graph of order n and circumference n — 2 having Hamiltonian
chromatic number 4. [Hint: Use the argument in the proof of Theorem 14.27.]

Prove for every connected graph G of order n > 4 with 2 < he(G) < n —2
that
hc(G)—‘

cir(G)Zn—kl—[ 5

We have seen that if G is a connected graph and H = cor(G) has order
n, then v(H) = n/2, thereby establishing the sharpness of the bounds in
Corollary 14.30. Only one connected graph F of some order n has the property
that v(F') = n/2 that is not a corona of any graph. What is F'?

We have seen that if F' is a 2-stratified graph and G is a graph of order n
containing no copies of F, then v¢(G) = n. Is the converse true?

We have seen that for n > 3, vp, (K1,n—1) = n and 7(2)(K1,n,1) = 2. Thus
there exists a family of graphs G such that vp,(G) — v?(G) is arbitrarily
large. Show that there exists a family of graphs G such that yg, (G) — v(G)
is arbitrarily large.

(a) Prove that vp,(G) < vF, (G) for every graph G.

(b) Give an example of a graph H such that v, (H) > vr, (H).

Prove that if F' is the 2-stratified graph Fy in Figure 14.24, then vp(G) =
~-(G) for all graphs G.
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32.

33.

34.
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Prove that if F' is the 2-stratified graph F5 in Figure 14.24, then vp(G) =
~v2(G) for all graphs G.

For the two 2-stratified graphs Fg and F7 shown in Figure 14.26 and for every
graph G of order n, show that yr,(G) = vr(G) = n if and only if G is
triangle-free.

For the graphs H; (1 < i < 3) shown in Figure 14.31, determine vg,(H;) and
VFy (Hl)

Hl HQ H3

Figure 14.31: The graphs H; (1 < i < 3) in Exercise 33
Show that for every positive integer k, there is a connected graph G in which
every vertex lies on a triangle of G and vp, (G) = i(G) + k.

For the graph G of Figure 14.32, determine v(G), vr, (G), and i(G), where Fy
is the rooted 2-stratified graph shown in Figure 14.26.

Figure 14.32: The graph G in Exercise 35






APPENDIX

Study Projects

For each study project below, the stated chapter refers to the chapter in the
text that provides the appropriate background for the topic.

Study Project 1: Continuous Edge Colorings (Chapter 10)

A proper edge coloring ¢ : E(G) — N of a graph G is called continuous if the
colors assigned to the edges incident with each vertex are consecutive; that is, if two
edges incident with a vertex v are colored ¢ and j with ¢ < j and £ is an integer with
1 < £ < j, then there is an edge incident with v colored ¢. The minimum positive
integer k for which G has a continuous k-coloring is the continuous chromatic
index x.(G) of G.

1. Show that not every graph has a continuous edge coloring.

2. Show that there exists a graph G for which x.(G) is defined but xL(G) #
X' (G).

3. Investigate continuous edge colorings of graphs.

Study Project 2: Rainbow Trees (Chapter 11)

An edge-colored tree T is a rainbow tree if no two edges of T' are colored the
same. Let G be a connected graph of order n > 3 and let k be an integer with
2 < k <n. A k-rainbow coloring of G is an edge coloring of G such that for
every set S of k vertices of G, there exists a rainbow tree T' in G containing the
vertices of S. The minimum number of colors needed in a k-rainbow coloring of G
is the k-rainbow index rx;(G) of G. Therefore, rx(G) is the rainbow connection
number r¢(G) of G.

1. For a connected graph G of order n > 3 (or a class of graphs GG) and an integer
k with 2 < k < n, investigate rxx(G).

For a nontrivial connected graph G of order n, an integer k > 2, and a positive
integer ¢, let rxy ¢(G) denote the minimum number of colors needed in an edge
coloring of G (if such an edge coloring exists) such that for every set S of k vertices
of G, there exist ¢ pairwise edge-disjoint rainbow trees 11, T5, ..., Ty in G for which
V(T;) NV (T;) = S for every pair i, j of integers with 1 <¢,j < ¢ and i # j

2. Investigate rx3 o(G) for some familiar graphs G.

There is a related question that does not deal with colorings. For a connected
graph G of order n > 3, an integer k with 2 < k < n, and a set S of k ver-
tices of G, let ki (S) denote the maximum number ¢ of pairwise edge-disjoint trees
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T1,T>,...,T; in G such that V(T;)NV(T;) = Sfor 1 <i,j < fandi # j. Such aset
{T1,T5,...,Te} is called a set of internally disjoint trees connecting S. Define
the k-connectivity ri(G) of G by ki(G) = min{kk(S)}, where the minimum is
taken over all k-element subsets S of V(G). Thus k2(G) = k(G).

3. For k > 3, investigate ki (G) for some familiar graphs G.

Study Project 3: Rainbow Vertex Colorings (Chapter 11)

Define a rainbow vertex coloring of a graph G as a proper vertex coloring
of G for which no two neighbors of any vertex are assigned the same color. The
minimum positive integer k for which a graph G has a rainbow k-coloring is the
rainbow chromatic number of G and is denoted by x,(G).

1. For a graph G, what is the relationship between x,(G) and both x(G) and
A(G) + 17

2. Determine all connected graphs G such that x,(G) = 1 + A(G).

3. Describe the connection between x,(G) and paths of length 2 and certain
partitions of V(G).

4. Determine x,(Cy) for all n > 3.

For a connected graph G, define a weak clique of GG to be an induced subgraph
H of G where the distance in G between every two vertices of H is at most 2. The
maximum order of a weak clique in G is the weak clique number w*(G) of G.

5. Show that x,(G) > w*(G) for every graph G.
What are x,(P) and w*(P) for the Petersen graph P?

What are the possible values of x,.(G) for cubic graphs G?

®© N>

For which positive integers k does there exist a graph G such that
Xr(G) —w™(G) = k?

9. Investigate rainbow chromatic numbers of graphs.

10. Investigate the corresponding concepts for nonproper vertex colorings of G.
That is, consider vertex colorings of G where adjacent vertices may be colored
the same but vertices at distance 2 cannot be colored the same.
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Study Project 4: Rainbow Distance (Chapter 11)

An edge-colored connected graph G is rainbow-connected if for every two vertices
u and v of G, there is at least one v — v rainbow path in G. Such an edge coloring is
called a rainbow coloring of G. For a rainbow coloring ¢ of G, the rainbow distance
between u and v (with respect to ¢) is the length of a shortest u — v rainbow path
in G. The rainbow eccentricity of v (with respect to ¢) is the rainbow distance
between v and a vertex farthest from v (in terms of rainbow distance). The rainbow
radius and rainbow diameter of G are the minimum and maximum rainbow
eccentricities, respectively, of the vertices of G. If the edges of G are assigned
distinct colors, then the rainbow distance, rainbow eccentricity, rainbow radius,
and rainbow diameter coincide with the standard distance, eccentricity, radius, and
diameter of G in which there is no edge coloring.

1. Investigate rainbow distance in rainbow-connected graphs.

2. Investigate the maximum rainbow radius and maximum rainbow diameter of
G over all rainbow colorings of G.

Study Project 5: Vertex Rainbow Connectivity (Chapter 11)

For a proper vertex coloring ¢ of a connected graph G and u,v € V(G), au —v
path P is a rainbow path if no two vertices of P have the same color, except
possibly u and v. In this context, G is rainbow-connected (with respect to ¢) if
every two vertices of G are connected by a rainbow path. The vertex rainbow
connection number vrc¢(G) is the minimum positive integer &k for which there
exists a k-coloring of G that results in a rainbow-connected graph.

1. Investigate vertex rainbow connection numbers of connected graphs having
diameter 2.

2. Determine vrc(Qs).
3. Investigate the vertex rainbow connection number of prisms C), x K5 for n > 3.

4. Study vertex rainbow connection numbers of graphs in general.

The vertex rainbow connectivity «,,.(G) of a graph G with k(G) = £ is the
minimum positive integer k for which there exists a k-coloring of G such that for
every two distinct vertices u and v of G there exist ¢ internally disjoint ©—v rainbow
paths.

5. Investigate Ky (Kst)-
6. Determine the vertex rainbow connectivity of the Petersen graph.

7. Investigate the concepts described above for nonproper vertex colorings.
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Study Project 6: Nonproper Complete Colorings (Chapter 12)

In a nonproper vertex coloring of a graph G, two adjacent vertices of G may be
assigned the same color. A nonproper vertex coloring of a graph G is complete if
for every two colors ¢ and j, distinct or not, there are adjacent vertices of G colored
i and j. The maximum positive integer k for which a graph G has a nonproper
complete k-coloring is the nonproper achromatic number of G, denoted by

P(G).

1. Find a bound for the nonproper achromatic number of a graph G in terms of
the size m of G. Give examples to show that this bound may be attained and
examples to show that this bound may be strict.

2. Investigate nonproper achromatic numbers of paths.

3. Study nonproper achromatic numbers of graphs in general.

A nonproper k-coloring of a graph G, using the colors 1,2, ..., k, is a Grundy
coloring of G if for every vertex v colored j, there is a neighbor of v colored i for
every color ¢ with 1 < ¢ < j. The maximum positive integer k for which a graph
G has a nonproper Grundy k-coloring is the nonproper Grundy number of G,
denoted by T*(G).

4. Study nonproper Grundy numbers of graphs.

5. Study the problem of determining those pairs a, b of positive integers for which
there exists a graph G with I'"*(G) = a and ¢¥*(G) = b.

Study Project 7: Locally Complete Colorings (Chapter 12)

Suppose that G is a graph with x(G) < §(G). A proper coloring ¢ of G is locally
complete if every vertex v of G is adjacent to a vertex of each color different from

c(v).
1. Find graphs that have a locally complete coloring.

2. Find a graph that has a locally complete k-coloring for more than one value
of k.

3. Investigate locally complete colorings of graphs.
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Study Project 8: Multiset Colorings (Chapter 13)

Let G be a nontrivial connected graph and let ¢ : V(G) — {1,2,...,k} be a
coloring of the vertices of G for some positive integer k (where adjacent vertices may
be colored the same). The color code of a vertex v of G is the ordered k-tuple

code(v) = (a1,az, -+, ar) = ajas - - - ay,

where a; is the number of vertices adjacent to v that are colored i for 1 < i < k.
The coloring ¢ is multiset neighbor-distinguishing or a multiset coloring if
every two adjacent vertices have distinct color codes, that is, code(u) # code(v) for
every two adjacent vertices u and v of G. Equivalently, ¢ is a multiset coloring if
the multisets of colors of the neighbors of every two adjacent vertices are different.
The multiset chromatic number y,,(G) of G is the minimum positive integer k
for which G has a multiset k-coloring.

1. Investigate multiset colorings of graphs.

Study Project 9: Set Colorings (Chapter 13)

For a nontrivial connected graph G, let ¢ : V(G) — N be a vertex coloring
of G where adjacent vertices may be colored the same. For a vertex v of G, the
neighborhood color set NC(v) is the set of colors of the neighbors of v. The
coloring ¢ is set neighbor-distinguishing or a set coloring if NC(u) # NC(v)
for every pair u, v of adjacent vertices of G. The minimum number of colors required
of such a coloring is called the set chromatic number x;(G) of G.

1. Investigate set colorings of graphs.

Study Project 10: Metric Colorings (Chapter 13)

Let G be a connected graph. For a subset S of V(G) and a vertex v of G, the
distance d(v, S) between v and S is defined as

d(v,S) = min{d(v,z) : = € S}.

Let ¢: V(G) — {1,2,...,k} be a k-coloring of G for some positive integer k where
adjacent vertices may be colored the same and let Vi, Vs, ...,V be the resulting
color classes. The color code of a vertex v of G (with respect to ¢) is the ordered
k-tuple

code(v) = (d(v’ Vl)’ d(v, ‘/2), ) d(vy Vk))

The coloring ¢ is metric neighbor-distinguishing or a metric coloring if every
two adjacent vertices have distinct color codes. The minimum £ for which G has a
metric k-coloring is called the metric chromatic number p(G) of G.

1. Investigate metric colorings of graphs.
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Study Project 11: Sigma Colorings (Chapter 13)

For a nontrivial connected graph G, let ¢ : V(G) — N be a vertex coloring of G
where adjacent vertices may be colored the same. For a vertex v of G, the color
sum o(v) of v is the sum of the colors of the vertices in N(v). If o(z) # o(y) for
every two adjacent vertices x and y of G, then c is sigma neighbor-distinguishing
or a sigma coloring. The minimum number of colors required of such a coloring
is called the sigma chromatic number ¢(G) of G.

1. Investigate sigma colorings of some familiar graphs.

Let G be a nontrivial connected graph. The sigma range p(G) of G is the
smallest positive integer k for which there exists a sigma coloring of G using colors
from the set {1,2,...,k}. The sigma value of G is the smallest positive integer k for
which there exists a sigma coloring of G using ¢(G) colors from the set {1,2,...,k}.
Thus

a(G) < p(G) < v(@)

for every graph G.

2. Investigate p(G) and v(G) for some familiar graphs G.

3. Which ordered triples of positive integers can be realized as (¢(G), p(G), v(G))
for some graph G?

Study Project 12: Path-distinguishing Colorings (Chapter 13)

Let G be a graph having connectivity & > 2. An edge coloring ¢ of G is path-
distinguishing if for every two distinct vertices v and v, there exist k internally
disjoint u—v paths such that for every two of these paths P and P’, the sets of colors
of the edges belonging to P and P’ are distinct. The minimum k& for which there
exists a path-distinguishing k-edge coloring of G is called the path-distinguishing
chromatic index x;,(G)of G.

1. Investigate x;,4(G) for some familiar graphs G.
2. Repeat (1) when set is replaced by multiset.
3. Repeat (1) when edge coloring is replaced by vertex coloring.

4. Repeat (2) when edge coloring is replaced by vertex coloring.
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Study Project 13: Radio 7T-Colorings (Chapter 14)
Let G be a nontrivial connected graph with diam(G) = d and let

T = {t1,ta,...,tp}

be a set of p > 1 integers, where 0 = t; < ta < --- < t,. For each integer ¢ with
1<i<d,let T; = {t1,t2,...,tp—iy1}, where T; = 0 if i > p+ 1. For each integer k
with 1 < k < d, a coloring ¢ : V(G) — N of G is a k-radio T-coloring if for every
two vertices u and v of G with d(u,v) = i, we have |c(u) — c¢(v)| ¢ T;.

If T = {0}, then for each k with 1 < k < d, every k-radio T-coloring of G is
a proper coloring.

If T={0,1,...,d — 1}, then a d-radio T-coloring is a radio labeling.

If T=4{0,1,...,d — 2}, then a d-radio T-coloring is an antipodal coloring.
If T'={t1,t2,...,tp}, then a l-radio T-coloring is a T-coloring.

If T ={0,1}, then a 2-radio T-coloring is an L(2, 1)-coloring.

1. Investigate k-radio T-colorings for various values of k£ and various sets T'.

Study Project 14: Hamiltonian Labelings (Chapter 14)

A radio labeling of a connected graph G of diameter d is a labeling of the vertices
of G with positive integers such that |c(u) — c¢(v)| + d(u,v) > d + 1 for every two
distinct vertices u and v of G. Thus distinct vertices are assigned distinct labels. An
antipodal coloring of G is an assignment ¢ : V(G) — N of colors to the vertices of G
such that |c(u) — ¢(v)| + d(u,v) > d for every two distinct vertices u and v of G. In
the case of paths of order n > 2, this gives |c(u) — ¢(v)| +d(u,v) > n—1. Antipodal
colorings of paths gave rise to Hamiltonian colorings of graphs. A Hamiltonian
coloring of a connected graph G of order n is a coloring ¢ : V(G) — N of G such
that |c(u) —c(v)|+D(u,v) > n—1 for every two distinct vertices v and v of G, where
D(u,v) is the detour distance between u and v (the length of a longest u — v path
in G). In this case, we are interested in the Hamiltonian chromatic number he(G)
of G, defined as the minimum positive integer k for which G has a Hamiltonian
k-coloring. In a similar manner, radio labelings of paths give rise to a related type
of labeling.

A Hamiltonian labeling of a connected graph G of order n is a labeling
¢ : V(G) — N of G such that |c(u) — ¢(v)] + D(u,v) > n for every two distinct
vertices u and v of G. Therefore, in a Hamiltonian labeling, two vertices w and v
can be assigned consecutive labels in G only if G contains a Hamiltonian v —v path.
The minimum positive integer k for which G has a Hamiltonian k-labeling is the
Hamiltonian labeling number hn(G) of G. Therefore, every Hamiltonian graph
of order n has Hamiltonian labeling number n but not conversely.

1. Investigate Hamiltonian labeling numbers of graphs.

445



General References

e M. Aigner and E. Triesch, Irregular assignments and two problems 4 la Ringel.
Topics in Combinatorics and Graph Theory. (R. Bodendiek and R. Henn,
eds.). Physica, Heidelberg (1990) 29-36.

e M. Aigner, E. Triesch and Z. Tuza, Irregular assignments and vertex-distinguishing
edge colorings of graphs. Combinatorics’ 90 Elsevier Science Pub., New York
(1992) 1-9.

e J. Akiyvama and M. Kano, Factors and factorizations of graphs — A survey. J.
Graph Theory 9 (1985) 1-42.

e G. L. Alexanderson, About the cover: Euler and Koénigsberg’s bridges: A
historical view. Bull. Amer. Math. Soc. 43 (2006) 567-573.

e . Allaire, Another proof of the four color theorem, I. Proceedings of the
Seventh Manitoba Conference on Numerical Mathematics and Computing.
Congressus Numerantium 20 (1978) 3-72.

e K. 1. Appel, The use of the computer in the proof of the Four Color Theorem.
Proc. Amer. Phil. Soc. 128 (1984) 35-39.

e K. Appel, personal communication (2007).

e K. Appel and W. Haken, Every planar map is four colorable. J. Recreational
Math. 9 (1976/77) 161-169.

e K. Appel and W. Haken, Every planar map is four colorable. 1. Discharging.
Lllinois J. Math. 21 (1977) 429-490.

e K. Appel and W. Haken, The solution to the four-color-map problem. Scien-
tific American 237 (1977) 108-121.

e K. Appel and W. Haken, Fvery Planar Map is Four Colorable. American
Mathematical Society, Providence, RI (1989).

e K. Appel, W. Haken, and J. Koch, Every planar map is four colorable. II.
Reducibility. [llinois J. Math. 21 (1977) 491-567.

e P. N. Balister, E. Gy0ri, J. Lehel, and R. H. Schelp, Adjacent vertex distin-
guishing edge-colorings. SIAM J. Discrete Math. 21 (2007) 237-250.

e R. Baltzer, Eine Erinnerung an Mobius und seinen Freund Weiske. Berichte
dder die Verhandlungen der Sdchsischen Akademie der Wissenschaften zu
Leipzig 37 (1885) 1-6.

e [. Barany, A short proof of Kneser’s conjecture. J. Combin. Theory Ser. A
25 (1978) 325-326.

446



L. W. Beineke and R. J. Wilson, On the edge-chromatic number of a graph.
Discrete Math. 5 (1973) 15-20.

E. T. Bell, The Development of Mathematics, Second Edition. McGraw-Hill,
Boston (1945).

J. C. Bermond, Graceful graphs, radio antennae and French windmills. Graph
Theory and Combinatorics. Milton Keynes (1978) 18-37.

A. Beutelspacher and P.R. Hering, Minimal graphs for which the chromatic
number equals the maximum degree. Ars Combin. 18 (1983) 201-216.

N. L. Biggs, E. K. Lloyd, and R. J. Wilson, Graph Theory, 1736-1936. Oxford
University Press, London (1976).

G. D. Birkhoff, The reducibility of maps. Amer. J. Math. 35 (1913) 114-128.

G. S. Bloom, A chronology of the Ringel-Kotzig conjecture and the continuing
quest to call all trees graceful. Topics in Graph Theory, New York (1977) 32-
51.

B. Bollobas and A. J. Harris, List-colourings of graphs. Graphs Combin. 1
(1985) 115-127.

J. A. Bondy and U. S. R. Murty, Graph Theory with Applications. American
Elsevier, New York (1976).

0. V. Borodin and A. V. Kostochka, On an upper bound of a graph’s chro-
matic number, depending on the graph’s degree and density. J. Combin.
Theory Ser. B 23 (1977) 247-250.

T. Calamoneri, The L(h,k)-labelling problem: A survey and annotated bibli-
ography. The Computer Journal 49 (2006) 585-608. An updated survey exists
at http://www.dsi.uniromal.it/~calamo/survey.html.

T. Calamoneri, personal communication (2008).

A. S. Calude, The journey of the Four-Color Theorem through time. New
Zealand Mathematics Magazine 38 (2001) 27-35.

P. A. Catlin, A bound on the chromatic number of a graph. Discrete Math.
22 (1978) 81-83.

A. Cavicchioli, M. Meschiari, B. Ruini, and F. Spaggiari, A survey on snarks
and new results: Products, reducibility and a computer search. J. Graph
Theory 28 (1998) 57-86.

A. Cavicchioli, M. Meschiari, B. Ruini, and F. Spaggiari, Special classes of
snarks. Acta Appl. Math. 76 (2003) 57-88.

A. Cayley, On the coloring of maps. Proc. Royal Geog. Soc. 1 (1879) 259-261.

447



H. S. M. Coxeter, The four-color map problem, 1840-1940. Mathematics
Teacher 52 (1959) 283-289.

G. Chartrand and L. Lesniak, Graphs € Digraphs, Fourth Edition. Chapman
& Hall/CRC, Boca Raton, FL (2005).

G. Chartrand and P. Zhang, Introduction to Graph Theory. McGraw-Hill,
Boston (2005).

C. A Christen and S. M. Selkow, Some perfect coloring properties of graphs.
J. Combin. Theory Ser. B 27 (1979) 49-59.

V. Chvatal, The smallest triangle-free 4-chromatic 4-regular graph. J. Com-
bin. Theory 9 (1970) 93-94.

M. B. Cozzens and Ding-I Wang, The general channel assignment problem.
Proceedings of the second West Coast conference on combinatorics, graph
theory, and computing (Eugene, Ore., 1983). Congr. Numer. 41 (1984)115-
129.

N. G. de Bruijn, A combinatorial problem. Nederl. Akad. Wetensch. Proc.
49 (1946) 758-764.

N. G. de Bruijn, personal communication (2007).
E. DeLaVina, personal communication (2008).

B. Descartes, On some recent progress in combinatorics. J. Graph Theory. 1
(1977) 192.

F. M. Dong, K. M. Koh, and K. L. Teo, Chromatic Polynomials and Chro-
maticity of Graphs. World Scientific Publishing Co. Pte. Ltd (2005).

K. Edwards, The harmonious chromatic number and the achromatic number.
Surveys in Combinatorics, 1997 (R. A. Bailey, ed.) Cambridge University
Press, Cambridge (1997) 13-47.

P. Erdés, On the combinatorial problems which I would most like to see solved.
Combinatorica 1 (1981) 25-42.

A. Errera, Exposé historique du probléeme des quatre couleurs. Period. Mat.
7 (1927) 20-41.

L. Euler, Solutio problematis ad geometriam situs pertinentis. Comment.
Academiae Sci. 1. Petropolitanae 8 (1736) 128-140.

L. Euler, Solution d’une question curieuse que ne paroit soumise a aucune
analyse. Mém. Acad. Sci. Berlin 15 (1766) 310-337.

S. Fiorini and R. J. Wilson, Edge-colourings of Graphs. Pitman, London
(1977).

448



H. Fleischner, Eulerian Graphs and Related Topics (Part 1, Volume 1). Annals
of Discrete Mathematics 45 North-Holland, Amsterdam (1990).

H. Fleischuner, Eulerian Graphs and Related Topics (Part 1, Volume 2). Annals
of Discrete Mathematics 50 North-Holland, Amsterdam (1991).

O. Frank, F. Harary, and M. Plantholt, The line-distinguishing chromatic
number of a graph. Ars Combin. 14 (1982) 241-252.

R. Fritsch, and G. Fritsch, The Four-Color Theorem (translated from German
by J. Peschke). Springer-Verlag, New York (1998)

F. Galvin, The list chromatic index of a bipartite multigraphs. J. Combin.
Theory Ser. B. 63 (1995) 153-158.

M. Gardner, Six sensational discoveries that somehow have escaped public
attention. Scientific American 232 (April 1975) 126-130.

M. Gardner, Mathematical games: Snarks, boojums, and other conjectures
related to the four-color map theorem. Scientific American 234 (1976) 126-
130.

J. E. Greene, A new short proof of Kneser’s conjecture. Amer. Math. Monthly
109 (2002) 918-920.

J. Gross and J. Yellen, Graph Theory and Its Applications, Second Edition.
Chapman & Hall/CRC, Boca Raton, FL (2006).

J. Gross and J. Yellen (editors), Handbook of Graph Theory. Chapman &
Hall/CRC, Boca Raton, FL (2004).

Frederick Guthrie, Note on the colouring of maps. Proc. Royal Acad. Edin-
burgh 10 (1880) 727-728.

A. Hajnal and E. Szemerédi, Proof of a conjecture of P. Erdés. Combinatorical
Theory and Its Applications, Vol. 2 (P. Erdés, A. Rényi, and V. T. Sés, eds.)
North-Holland, Amsterdan (1970) 601-623.

F. Harary, Graph Theory. Addison-Wesley, Reading, PA (1969).

F. Harary and M. Plantholt, Graphs with the line-distinguishing chromatic
number equal to the usual one. Util. Math. 23 (1983) 201-207.

A. J. W. Hilton and R. J. Wilson, Edge-colorings of graphs: A progress report.
Graph Theory and Its Applications: FEast and West. Ann. New York Acad.
Sci. (1986) 241-249.

A. J. W. Hilton and R. J. Wilson, Snarks. Graph Theory and Its Applications:
FEast and West. Ann. New York Acad. Sci. (1986) 606-622.

J. E. Hopcroft and M. S. Krishnamoorthy, On the harmonious coloring of
graphs. SIAM J. Algebraic Discrete Methods 4 (1983) 306-311.

449



B. Hopkins and R. J. Wilson, The truth about Konigsberg. College Math. J.
35 (2004) 198-207.

F. Hughes and G. MacGillivray, The achromatic number of graphs: A survey
and some new results. Bull. Inst. Combin. Appl. 19 (1997) 27-56.

F. Jaeger, Flows and generalized coloring theorems in graphs. J. Combin.
Theory Ser. B 26 (1979) 205-216.

A. P. Juskevi¢ and E. Winters (editors), Leonhard Euler and Christian Gold-
bach Briefwechsel 1729-1764. Akademie Verlag, Berlin (1965).

J. Kratochvil, Zs. Tuza, and M. Voight, New trends in the theory of graph
colorings: Choosability and list coloring. Contemporary Trends in Discrete
Mathematics: From DIMACS and DIMATIA to the Future. (R. L. Graham, J.
Kratochvil, J. Nesatril, and F. S. Roberts, eds.). DIMACS series in Discrete
Mathematics and Theoretical Computer Science. Amer. Math. Soc. 49
(1999) 183-197.

A. B. Kempe, On the geographical problem of the four colors. Amer. J. Math.
2 (1879) 193-200.

A. B. Kempe, How to color a map with four colors. Nature 21 (1880) 399-400.

J. W. Kennedy, L. V. Quintas, and M. M. Systo, The theorem on planar
graphs. Historia Math. 12 (1985) 356-368.

K. M. Koh and K. L. Teo, The search for chromatically unique graphs. Graphs
and Combinatorics 6 (1990) 259-285.

Yu. Kh. Kopelevich, Leonhard Euler: Active and honored member of the
Petersburg Academy of Sciences (Russian). Development of the Ideas of Leon-
hard Euler and Modern Science: A Collection of Papers, (N. N. Bogolyubov,
G. K. Mikhailov, and A. P. Yushkevich, eds.) Nouka, Moscow (1988) 47-59.

U. Krusenstjerna-Hafstrom and B. Toft, Some remarks on Hadwiger’s conjec-
ture and its relation to a conjecture of Lovasz. The Theory and Applications
of Graphs (Y. Alavi, G. Chartrand, and D. L. Goldsmith, eds.) Wiley, New
York (1981) 449-459.

L. Lovéasz, On decomposition of graphs. Studia Sci. Math. Hungar. 1 (1966)
237-238.

L. Lovész, Graph minor theory. Bull. Amer. Math. Soc. 43 (2006) 75-86.

D. MacKenzie, Slaying the kraken: The sociohistory of a mathematical proof.
Social Studies of Science 29 (February 1999) 7-60.

K. O. May, The origin of the four-color conjecture. Isis 56 (1965) 346-348.
W. Meyer, Equitable coloring. Amer. Math. Monthly 80 (1973) 920-922.

450



J. Mitchem, On the history and solution of Four-Color Map Problem. The
Two-Year College Mathematical Journal. 12 (1981) 108-116.

J. Mitchem, On the harmonious chromatic number of a graph. Discrete Math.
74 (1989) 151-157.

O. Ore, The Four-Color Problem. Academic Press, New York (1967).

F. Ramsey, On a problem of formal logic. Proc. London Math. Soc. 30
(1930) 264-286.

G. Ringel, Problem 25 in Theory of Graphs and Its Applications Proc. Sym-
posium Smolenice (1963).

G. Ringel, Map Color Theorem. Springer-Verlag, Berlin (1974).

F. Roberts, From garbage to rainbows: Generalizations of graph colorings and
their applications. Graph Theory, Combinatorics, and Applications (Y. Alavi,
G. Chartrand, O. R. Oellermann, and A. J. Schwenk, eds.) Wiley-Interscience,
New York (1991) 1031-1052.

F. Roberts, T-colorings of graphs: Recent results and open problems. Discrete
Math. 93 (1991) 229-245.

N. Robertson, D. P. Sanders, P. Seymour, and R. Thomas, A new proof of
the four-colour theorem. FElectron. Res. Announc. Amer. Math. Soc. B 2
(1996) 17-25.

N. Robertson, D. Sanders, P. Seymour, and R. Thomas, The four-colour the-
orem. J. Combin. Theory Ser. B 70 (1997) 2-44.

H. Sachs, M. Stiebitz, and R. J. Wilson, An historical note: Euler’s Kénigsberg
letters. J. Graph Theory 12 (1988) 133-139.

C. E. Sandifer, The Farly Mathematics of Leonhard Euler. Mathematical
Association of America, Washington, DC (2007).

S. Stahl, The other map coloring theorem. Math. Mag. 58 (1985) 131-145.

R. P. Stanley, Acyclic orientations of graphs. Discrete Math. 5 (1973) 171-
178.

E. R. Swart, The philosophical implications of the Four-Color Problem. Amer.
Math. Monthly 87 (1980) 697-707.

P. G. Tait, Notes on a theorem in the geometry of position. Trans. Royal
Soc. Edinburgh 29 (1898) 270-285.

R. Thomas, An update on the four-colour theorem. Notices Amer. Math.
Soc. 45 (1998) 848-859.

R. Thomas, personal communication (2007).

451



B. Toft, A survey of Hadwiger’s conjecture. Surveys in Graph Theory (G.
Chartrand and M. Jacobson, eds.) Congr. Numer. 115 (1996) 249-283.

A. N. Trahtman, personal communication (2008).

Zs. Tuza, Graph colorings with local constraints — A survey. Discuss. Math.
Graph Theory 17 (1997) 161-228.

M. Voigt and B. Wirth, On 3-colorable non-4-choosable planar graphs. J.
Graph Theory 24 (1997) 233-235.

J. J. Watkins and R. J. Wilson, A survey of snarks. Graph Theory, Combina-
torics, and Applications. Wiley-Interscience Publ., Wiley, New York (1991)
1129-1144.

D. B. West, Introduction to Graph Theory, Second Edition. Prentice-Hall,
Upper Saddle River, NJ (2001).

B. Wilson, Line-distinguishing and harmonious colourings. Graph Colourings
Pitman Research Notes. Harlow (1990) 115-133.

R. A. Wilson, Graphs, Colourings, and the Four-Colour Theorem. Oxford
University Press, Oxford (2002).

R. Wilson, Four Colors Suffice: How the Map Problem Was Solved. Princeton
University Press, Princeton, NJ (2002).

D. R. Woodall, List colourings of graphs. Surveys in Combinatorics 2001
(J. W. P. Hirschfeld, ed.) Cambridge Univ. Press, Cambridge, (2001) 269-301.

D. R. Woodall and R. J. Wilson, The Appel-Haken proof of the Four-Color
Theorem. Selected Topics in Graph Theory. (L. W. Beineke and R. J. Wilson,
eds.) Academic Press, New York (1978).

R. K. Yeh, A survey on labeling graphs with a condition at distance two.
Discrete Math. 306 (2006) 1217-1231.

452



Bibliography

[1] T.van Aardenne-Ehrenfest and N. G. de Bruijn, Circuits and trees in oriented
linear graphs. Simon Stevin 28 (1951) 203-217.

[2] B. D. Acharya, S. B. Rao, and S. Arumugam, Embeddings and NP-complete
problems for graceful graphs. Labelings of Discrete Structures and Applica-
tions (B. D. Acharya, S. Arumugam, and A. Rosa, eds.), Narosa Publishing
House, New Delhi, India (2007) 57-62.

[3] L. Addario-Berry, R. E. L. Aldred, K. Dalal, and B. A. Reed, Vertex colouring
edge partitions. J. Combin. Theory Ser. B 94 (2005) 237-244.

[4] R. L. Adler, L. W. Goodwyn, and B. Weiss, Equivalence of topological Markov
shifts. Israel J. Math 27 (1977) 48-63.

[5] R. L. Adler and B. Weiss, Similarity of automorphisms of the torus. Mem-
oirs of the American Mathematical Society No. 98. American Mathematical
Society, Providence, RI (1970).

[6] R. E. L. Aldred and B. D. McKay, Graceful and harmonious labelings of trees.
Bull. Inst. Combin. Appl. 23 (1998) 69-72.

[7] M. O. Albertson, You can’t paint yourself into a corner. J. Combin. Theory
Ser. B73 (1998) 189-194.

[8] M. O. Albertson and and E. H Moore. Extending graph colorings. J. Combin.
Theory Ser. B 77 (1999) 83-95.

[9] M. O. Albertson and W. R. Stromquist, Locally planar toroidal graphs are
5-colorable. Proc. Amer. Math Soc. 84 (1982) 449-456.

[10] N. Alon and M. Tarsi, Colorings and orientations of graphs. Combinatorica
12 (1992) 125-134.

[11] M. Anderson, C. Barrientos, R. C. Brigham, J. R. Carrington, M. Kronman,
R. P. Vitray, and J. Yellen, Irregular colorings of some graph classes. Bull.
Inst. Combin. Appl. To appear.

[12] D. Archdeacon and P. Huneke, A Kuratowski theorem for non-orientable sur-
faces. J. Combin. Theory Ser. B 46 (1989) 172-231.

453



[13] J. P. Ballantine, A postulational introduction to the four color problem. Univ.
Washington Publ. Math. 2 (1930) 1-16.

[14] M. Behzad, Graphs and Their Chromatic Numbers. Ph.D. Thesis, Michigan
State University (1965).

[15] C. Berge, Theory of Graphs and Its Applications. Methuen, London (1962).

[16] C. Berge, Perfect graphs. Siz Papers on Graph Theory. Indian Statistical
Institute, Calcutta (1963) 1-21.

[17] V. N. Bhave, On the pseudoachromatic number of a graph. Fund. Math 102
(1979) 159-164.

[18] A. Bialostocki and W. Voxman, Generalizations of some Ramsey-type theo-
rems for matchings. Discrete Math. 239 (2001) 101-107.

[19] H. Bielak and M. M. Syslo, Peripheral vertices in graphs. Studia Sci. Math.
Hungar. 18 (1983) 269-275.

[20] G. D. Birkhoff, A determinant formula for the number of ways of coloring a
map. Ann. Math. 14 (1912) 42-46.

[21] B. Bollobds, Uniquely colorable graphs. J. Combin. Theory Ser. B 25 (1978)
54-61.

[22] B. Bollobds and A. J. Harris, List-colourings of graphs. Graphs Combin. 1
(1985) 115-127.

[23] J. A. Bondy and V. Chvatal, A method in graph theory. Discrete Math. 15
(1976) 111-136.

[24] R. C. Brigham and R. D. Dutton, A compilation of relations between graph
invariants. Networks 15 (1985) 73-107.

[25] R. L. Brooks, On coloring the nodes of a network. Proc. Cambridge Philos.
Soc. 37 (1941) 194-197.

[26] F. Buckley, Z. Miller, and P. J. Slater, On graphs containing a given graph as
center. J. Graph Theory 5 (1981) 427-434.

[27] A. C. Burris, On graphs with irregular coloring number 2. Congr. Numer.
100 (1994) 129-140.

[28] A. C. Burris and R. H. Schelp, Vertex-distinguishing proper edge colorings.
J. Graph Theory. 26 (1997) 73-82.

[29] D. Cartwright and F. Harary, On colorings of signed graphs. Elem. Math. 23
(1968) 85-89.

[30] F. Castagna and G. Prins, Every generalized Petersen graph has a Tait col-
oring. Pacific J. Math. 40 (1972) 53-58.

454



[31] P. A. Catlin, Hajés’ graph-coloring conjecture: Variations and counterexam-
ples. J. Combin. Theory Ser. B 26 (1979) 268-274.

[32] G. J. Chang, L-D. Tong, J-H. Yan, and H-G, Yeh, A note on the Gallai-Roy-
Vitaver Theorem. Discrete Math. 256 (2002) 441-444.

[33] G. Chartrand, D. Erwin, F. Harary, and P. Zhang, Radio labelings of graphs.
Bull. Inst. Combin. Appl. 33 (2001) 77-85.

[34] G. Chartrand and J. B. Frechen, On the chromatic number of permutation
graphs. Proof Techniques in Graph Theory (F. Harary, ed.), Academic Press,
New York (1969) 21-24.

[35] G. Chartrand and D. P. Geller, On uniquely colorable planar graphs. J. Com-
bin. Theory 6 (1969) 271-278.

[36] G. Chartrand, T.W. Haynes, M.A. Henning, and P. Zhang, Stratification and
domination in graphs. Discrete Math. 272 (2003), 171-185.

[37] G. Chartrand, G. L. Johns, K. A. McKeon, and P. Zhang, Rainbow connection
in graphs. Math. Bohem. To appear.

[38] G. Chartrand, G. L. Johns, K. A. McKeon, and P. Zhang, The Rainbow
connectivity of a graph. Networks. To appear.

[39] G. Chartrand and J. Mitchem, Graphical theorems of the Nordhaus-Gaddum
class. Recent Trends in Graph Theory. Springer-Verlag, Berlin (1971) 55-61.

[40] G. Chartrand, L. Nebesky, and P. Zhang, Hamiltonian colorings of graphs.
Discrete Appl. Math. 146 (2005) 257-272.

[41] G. Chartrand, F. Okamoto, Zs. Tuza and P. Zhang, A note on graphs with
prescribed complete coloring numbers. J. Combin. Math. Combin. Comput.
To appear.

[42] A. G. Chetwynd and A. J. W. Hilton, Star multigraphs with three vertices of
maximum degree. Math. Proc. Cambridge Philos. Soc. 100 (1986) 303-317.

[43] C. A. Christen and S. M. Selkow, Some perfect coloring properties of graphs.
J. Combin. Theory Ser. B 27 (1979) 49-59.

[44] M. Chudnovsky, N. Robertson, P. Seymour, and R. Thomas, The strong per-
fect graph theorem. Ann. Math. 164 (2006) 51-229.

[45] V. Chvatal, Tree-complete ramsey numbers. J. Graph Theory 1 (1977) 93.

[46] V. Chvétal and P. Erdés, A note on hamiltonian circuits. Discrete Math. 2
(1972) 111-113.

[47] E. J. Cockayne and S. T. Hedetniemi, Towards a theory of domination in
graphs Networks (1977) 247-261.

455



[48]

[49]

[50]

[51]

[52]

[53]

[54]
[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

W. C. Coffman, S. L. Hakimi, and E. Schmeichel, Bounds for the chromatic
number of graphs with partial information. Discrete Math. 263 (2003) 47-59.

S. Cook, The complexity of theorem proving procedures. Proceedings of the
Third Annual ACM Symposium on Theory of Computing (1971) 151-158.

R. Courant and H. E. Robbins, What is Mathematics? Oxford University
Press, New York (1941).

M. B. Cozzens and F. S. Roberts, T-colorings of graphs and the Channel
Assignment Problem. Congr. Numer. 35 (1982) 191-208.

M. B. Cozzens and F. S. Roberts, Greedy algorithms for T-colorings of com-
plete graphs and the meaningfulness of conclusions about them. J. Combin.
Inform. System Sci. 16 (1991) 286-299.

E. DeLaVina, R. Pepper, and B. Waller, Independence, radius and Hamilto-
nian paths. MATCH Commun. Math. Comput. Chem. 58 (2007) 481-510.

B. Descartes, A three colour problem. Eureka (1947) 21.

B. Descartes, The expanding unicurse. Proof Techniques in Graph Theory
(F. Harary, ed.), Academic Press, New York (1969) 25.

G. A. Dirac, Some theorems on abstract graphs. Proc. London Math. Soc. 2
(1952) 69-81.

G. A. Dirac, A property of 4-chromatic graphs and some remarks on critical
graphs. J. London Math. Soc. 27 (1952) 85-92.

G. A. Dirac, In abstrakten Graphen vorhande vollstéandigene 4-Graphen und
ihre Unterteilungen. Math. Nachr. 22 (1960) 61-85.

G. A. Dirac, On rigid circuit graphs. Abh. Math. Sem. Univ. Hamburg 25
(1961)71-76.

P. Erdos, W. R. Hare, S. T. Hedetniemi, and R. Laskar. On the equality of
the Grundy and ochromatic numbers of graphs. J. Graph Theory 11 (1987)
157-159.

P. Erdés and R. Rado, A combinatorial theorem. J. London Math. Soc. 25
(1950) 249-255.

P. Erdés, A. L. Rubin, and H. Taylor, Choosability in graphs. Proceedings of
the West Coast Conference on Combinatorics, Graph Theory and Computing
(Humboldt State University, Arcata, CA, 1979). Congr. Numer. 126 (1980)
125-157.

P. Erdés, M. Saks, and V. T. Sés, Maximum induced trees in graphs. J.
Combin. Theory Ser. B 41 (1986) 61-79.

456



[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]
[72]

P. Erdos and G. Szekeres, A combinatorial problem in geometry. Compositio
Math. 2 (1935) 463-470.

P. Erdés and R. J. Wilson, On the chromatic index of almost all graphs. J.
Combin. Theory Ser. B 23 (1977) 255-257.

L. Eroh, Rainbow Ramsey numbers. Ph.D. Dissertation, Western Michigan
University (2000).

H. Escuadro, F. Okamoto, and P. Zhang, A three-color problem in graph
theory. Bull. Inst. Combin. Appl. 52 (2008) 65-82.

L. Euler, Solutio problematis ad geometriam situs pertinentis. Comment.
Academiae Sci. 1. Petropolitanae 8 (1736) 128-140.

H. J. Finck, On the chromatic numbers of a graph and its complement. Theory
of Graphs (Proc. Collog., Tihany, 1966) Academic Press, New York (1968) 99-
113.

C. Flye Sainte-Marie, Solution to problem number 48. L’Intermédiare des
Mathématiciens 1 (1894) 107-110.

P. Franklin, The four color problem. Amer. J. Math. 44 (1922) 225-236.

O. Frink and P. A. Smith, Irreducible non-planar graphs. Bull. Amer. Math.
Soc. 36 (1930) 214.

T. Gallai, Maximum-minimum Sétze iiber Graphen. Acta Math. Acad. Sci.
Hungar. 9 (1958) 395-434.

T. Gallai, On directed paths and circuits. In: Theory of Graphs; Proceedings
of the Colloquium held at Tihany, Hungary, 1969 (P. Erdés and G. Katona,
eds). Academic Press, New York (1969) 115-118.

J. A. Gallian, A dynamic survey of graph labeling. FElectron. J. Combin. 14
(2007) 1-180.

F. Galvin, The list chromatic index of a bipartite multigraph. J. Combin.
Theory Ser. B 63 (1995) 153-158.

M. R. Garey and D. S. Johnson, Computers and intractability: A guide to the
theory of NP-completeness. W. H. Freeman, New York (1979).

D. P. Geller, Problem 5713. Amer. Math. Monthly 77 (1970) 85.

D. P. Geller and H. Kronk. Further results on the achromatic number. Fund.
Math. 85 (1974) 285-290.

S. W. Golomb, How to number a graph. Graph Theory and Computing (R. C.
Read, ed.) Academic Press, New York (1972) 23-37.

457



[81] R. L. Graham and N. J. A. Sloane, On addition bases and harmonious graphs.
SIAM J. Alg. Disc. Math. 1 (1980) 382-404.

[82] R. E. Greenwood and A. M. Gleason, Combinatorial relations and chromatic
graphs. Canad. J. Math. 7 (1955) 1-7.

[83] J. R. Griggs and R. K. Yeh, Labelling graphs with a condition at distance
two. SIAM J. Discrete Math. 5 (1992) 586-595.

[84] E. J. Grinberg, Plane homogeneous graphs of degree three without hamilto-
nian circuits. Latvian Math. Yearbook 4 (1968) 51-58.

[85] P. M. Grundy, Mathematics and games. Eureka 2 (1939) 6-8.

[86] R. P. Gupta, The chromatic index and the degree of a graph. Notices Amer.
Math. Soc. 13 (1966) 719.

[87] R. P. Gupta, Bounds on the chromatic and achromatic numbers numbers of
complementary graphs. Recent Progress in Combinatorics (W. T. Tutte, ed.)
Academic Press, New York (1969) 229-235.

[88] H. Hadwiger, Uber eine Klassifikation der Streckenkomplexe. Vierteljschr.
Naturforsch. ges Zirich 88 (1943) 133-143.

[89] R. Haggkvist and A. G. Chetwynd, Some upper bounds on the total and list
chromatic numbers of multigraphs. J. Graph Theory 16 (1992) 503-516.

[90] A. Hajnal and J. Surényi, Uber die Auflésung von Graphen in vollstiandige
Teilgraphen. Ann. Univ. Sci. Budapest, Eétvés. Sect. Math. 1 (1958) 113-121.

[91] G. Haj6s, Uber eine Konstruktion nicht n-firbbarer Graphen. Wiss. Z.
Martin-Luther-Univ. Halle- Wittenberg. Math.-Nat. Reihe. 10 (1961) 116-117.

[92] W. K. Hale, Frequency assignment: Theory and applications. Proc. IEEE 68
(1980) 1497-1514.

[93] P. Hall, On representation of subsets. J. London Math. Soc. 10 (1935) 26-30.
[94] F. Harary, Graphs and matrices. STAM Review 9 (1967) 83-90.
[95] F. Harary, Graph Theory. Addison-Wesley, Reading, PA (1969).

[96] F. Harary, S. T. Hedetniemi, and G. Prins, An interpolation theorem for
graphical homomorphisms. Portugal. Math. 26 (1967) 453-462.

[97] F. Harary and M. Plantholt, The point-distinguishing chromatic index.
Graphs and Applications. Wiley, New York (1985) 147-162.

[98] F. Havet, B. Reed, and J-S. Sereni, L(2,1)-Labelling of graphs. Proceedings
of the ACM-SIAM Symposium on Discrete Algorithms. (2008) 621-630.

458



[99]

[100]
[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

109

[110]

[111]

[112]

[113]
[114]

[115]

[116]

T. W. Haynes, S. T. Hedetniemi, and P. J. Slater, Fundamentals of Domina-
tion in Graphs. Marcel Dekker, New York (1998).

P. J. Heawood, Map colour theorem. Quarterly J. Math. 24 (1890) 332-338.

P. J. Heawood, On the four-colour map theorem. Quarterly J. Math. 29 (1898)
270-285.

L. Heffter, Uber das Problem der Nachbargebiete. Math. Ann. 38 (1891) 477-
508.

R. Hegde and K. Jain, A Min-Max theorem about the Road Coloring Conjec-
ture. Discrete Mathematics and Theoretical Computer Science (2005) 279-284.

P. Hell and D. J. Miller, Graphs with given achromatic number. Discrete
Math. 16 (1976) 195-207.

C. Hierholzer, Uber die Moglichkeit, einen Linienzug ohne Wiederholung und
ohne Unterbrechnung zu umfahren. Math. Ann. 6 (1873) 30-32.

A. J. Hoffman and R. R. Singleton, On Moore graphs with diameter 2 and 3.
IBM. J. Res. Develop. 4 (1960) 497-504.

F. Jaeger, A survey of the cycle double cover conjecture. Ann. Discrete Math.
27 (1985) 1-12.

T. Jensen and G. F. Royle, Small graphs with chromatic number 5: A com-
puter search. J. Graph Theory 19 (1995) 107-116.

M. Karonski, T. Luczak, and A. Thomason, Edge weights and vertex colours.
J. Combin. Theory Ser. B 91 (2004) 151-157.

R. M. Karp, Reducibility among combinatorial problems, in Complezity Com-
puter Computations (R. E. Miller and J. W. Thatcher, eds.), Plenum, New
York (1972) 85-103.

J. Kelly and L. Kelly, Path and circuits in critical graphs. Amer. J. Math. 76
(1954) 786-792.

R. Khennoufa and O. Togni, A note on radio antipodal colourings of paths.
Math. Bohem. 130 (2005) 277-282.

M. Kneser, Aufgabe 300. Jahresber. Deutsch., Math. Verein. 58 (1955) 27.

D. Kénig, Uber Graphen ihre Anwendung auf Determinantentheorie und Men-
genlehre. Math. Ann. 77 (1916) 453-465.

D. Konig, Theorie der endlichen und unendliehen Graphen. Teubner, Leipzig
(1936).

K. Kuratowski, Sur le probleme des courbes gauches en topologie. Fund. Math.
15 (1930) 271-283.

459



[117]

[118]

[119]

[120]

[121]
[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]
[130]

[131]

[132]

[133]

S. M. Lee and J. Mitchem, An upper bound for the harmonious chromatic
number of a graph. J. Graph Theory 11 (1987) 565-567.

S. A. J. Lhuilier, Mémoir sur la polyédrométrie; contenant une démonstration
directe du Théoreme d’Euler sur les polyédres, et un examen des diverses
exceptions auxquelles ce théoreme est assujetti. Annales de Mathématiques
Pures et Appliquées 3 (1812-1813) 169-189.

H. Li, A generalization of the Gallai-Roy Theorem. Graphs and Combin. 17
(2004) 681-685.

D. Liu and X. Zhu, Multi-level distance labelings and radio number for paths
and cycles. SIAM J. Discrete Math. 3 (2005) 610-621.

S. C. Locke, Problem 11086. Amer. Math. Monthly. 111 (2004) 440-441.

L. Lovéasz, A characterization of perfect graphs. J. Combin. Theory Ser. B 13
(1972) 95-98.

L. Lovész, Normal hypergraphs and the perfect graph conjecture. Discrete
Math. 2 (1972) 253-267.

L. Lovasz, Kneser’s conjecture, chromatic number, and homotopy. J. Combin.
Theory Ser. A 25 (1978) 319-324.

Z. Lu, On an upper bound for the harmonious chromatic number of a graph.
J. Graph Theory 15 (1991) 345-347.

M. H. Martin, A problem in arrangements. Bull. Amer. Math. Soc. 40 (1934)
859-864.

D. W. Matula, The cohesive strength of graphs. The Many Facets of Graph
Theory (G. Chartrand and S. F. Kapoor, eds.) Springer-Verlag, Berlin 110
(1969) 215-221.

C. McDiarmid and X. H. Luo, Upper bounds for harmonious colorings. J.
Graph Theory 15 (1991) 629-636.

K. Menger, Zur allgemeinen Kurventheorie. Fund. Math. 10 (1927) 95-115.

B. H. Metzger, Spectrum management technique. Paper presented at 38th
National ORSA Meeting, Detroit, MI (1970).

G. J. Minty, A theorem on n-coloring the points of a linear graph. Amer.
Math. Monthly. 69 (1962) 623-624.

M. Mirzakhani, A small non-4-choosable planar graph. Bull. Inst. Combin.
Appl. 17 (1996) 15-18.

M. Molloy and B. Reed, A bound on the total chromatic number. Combina-
torica 18 (1998) 241-280.

460



[134] J. J. Montellano-Ballesteros and V. Neumann-Lara, An anti-Ramsey theorem.
Combinatorica 33 (2002) 445-449.

[135] J. Mycielski, Sur le coloriage des graphes. Collog. Math. 3 (1955) 161-162.

[136] E. A. Nordhaus and J. W. Gaddum, On complementary graphs. Amer. Math.

Monthly 63 (1956) 175-177.
137] O. Ore, Note on Hamilton circuits. Amer. Math. Monthly 67 (1960) 55.
138] O. Ore, Theory of Graphs. Math. Soc. Colloq. Pub., Providence, RI (1962).
139] O. Ore, Hamilton connected graphs. J. Math. Pures Appl. 42 (1963) 21-27.

[
[
[
[140

]
]
]
| J. Petersen, Die Theorie der reguldren Graphen. Acta Math. 15 (1891) 193-
220.

[141] L. Rabern, On graph associations. STAM J. Discrete Math. 20 (2006) 529-535.

[142] M. Radcliffe and P. Zhang, Irregular colorings of graphs. Bull. Inst. Combin.
Appl.. 49 (2007) 41-59.

[143] S. Radziszowski, Small Ramsey numbers: A dynamic survey. Elec. J. Combin.
(Augest 1, 2006) 60 pages.

[144] F. Ramsey, On a problem of formal logic. Proc. London Math. Soc. 30 (1930)
264-286.

[145] R. Rashidi, The Theory and Applications of Stratified Graphs. Ph.D. Disser-
tation, Western Michigan University (1994).

[146] R. C. Read, An introduction to chromatic polynomials. J. Combin. Theory 4
(1968) 52-71.

[147] B. Reed, w, A, and x. J. Graph Theory 27 (1998) 177-212.

[148] G. Ringel, Problem 25 in Theory of Graphs and its Applications Proc. Sym-
posium Smolenice (1963).

[149] G. Ringel, Das Geschlecht des vollstdndigen paaren graphen. Abh. Math. Sem.
Univ. Hamburg 28 (1965) 139-150.

[150] G. Ringel and J. W. T. Youngs, Solution of the Heawood map-coloring prob-
lem. Proc. Nat. Acad. Sci. USA 60 (1968) 438-445.

[151] N. Robertson and P. D. Seymour, Graph minors. XX Wagner’s Conjecture.
J. Combin. Theory Ser. B 92 (2004) 325-357.

[152] N. Robertson, P. Seymour, and R. Thomas, Hadwiger’s conjecture for Kj-free
graphs. Combinatorica 14 (1993) 279-361.

[153] N. Robertson, P. D. Seymour, and R. Thomas, Tutte’s edge-colouring conjec-
ture. J. Combin. Theory Ser. B 70 (1997) 166-183.

461



[154] N. Robertson, P. D. Seymour, and R. Thomas, Cyclically 5-connected cubic
graphs. To appear.

[155] N. Robertson, P. D. Seymour, and R. Thomas, Excluded minors in cubic
graphs. To appear.

[156] A. Rosa, On certain valuations of the vertices of a graph. Theory of Graphs,
Pro. Internat. Sympos. Rome 1966. Gordon and Breach, New York (1967)
349-355.

[157] B. Roy, Nombre chromatique et plus longs chemins d’un graph. Rev AFIRO
1 (1967) 127-132.

[158] N. Z. Salvi, A note on the line-distinguishing chromatic number and the chro-
matic index of a graph. J. Graph Theory 17 (1993) 589-591.

[159] D. P. Sanders, P. D. Seymour, and R. Thomas, Edge 3-coloring cubic double-
cross graphs. To appear.

[160] D. P. Sanders and R. Thomas, Edge 3-coloring cubic apex graphs. To appear.

[161] D. P. Sanders, and Y. Zhao, Planar graphs with maximum degree seven are
class I. J. Combin. Theory Ser. B 83 (2001) 201-212.

[162] P. D. Seymour, Sums of circuits. Graph Theory and Related Topics (J. A.
Bondy and U. S. R. Murty, eds.) Academic Press, New York (1979) 342-355.

[163] P. D. Seymour, Nowhere-zero 6-flows. J. Combin. Theory Ser. B 30 (1981)
130-135.

[164] C. E. Shannon, A theorem on coloring the lines of a network. J. Math. Phys.
28 (1949) 148-151.

[165] G. J. Simmons, The ordered chromatic number of planar maps. Congr. Nu-
mer. 36 (1982) 59-67.

[166] T. Slivnik, Short proof of Galvin’s theorem on the list-chromatic index of a
bipartite multigraph. Combin. Probab. Comput. 5 (1996) 91-94.

[167] B. M. Stewart, On a theorem of Nordhaus and Gaddum. J. Combin. Theory
6 (1969) 217-218.

[168] G. Szekeres, Polyhedral decompositions of cubic graphs. Bull. Austral. Math.
Soc. 8 (1973) 367-387.

[169] G. Szekeres and H. S. Wilf, An inequlaity for the chromatic number of a
graph. J. Combin. Theory. 4 (1968) 1-3.

[170] P. G. Tait, Remarks on the colouring of maps Proc. Royal Soc. Edinburgh 10
(1880) 501-503, 729.

462



[171]

[172]

[173]

[174]
[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

[184]

[185]

[186]

[187]

C. Thomassen, 3-List-coloring planar graphs of girth 5. J. Combin. Theory
Ser. B 64 (1995) 101-107.

C. Thomassen, Some remarks on Hajés’ conjecture. J. Combin. Theory Ser.
B 93 (2005) 95-105.

A. N. Trahtman, The road coloring and Cerny conjecture. Israel J. Math. To
appear.

A. N. Trahtman, personal communication (2008).

P. Turén, Eine Extremalaufgabe aus der Graphentheorie. Mat. Fiz. Lapok 48
(1941) 436-452.

W. T. Tutte, On the imbedding of linear graphs in surfaces. Proc. London
Math. Soc. 51 (1949) 474-483.

W. T. Tutte, A short proof of the factor theorem for finite graphs. Canad. J.
Math. 6 (1954) 347-352.

W. T. Tutte and C. A. B. Smith, on unicursal paths in a network of degree
4. Amer. Math. Monthy 48 (1941) 233-237.

L. M. Vitaver, Determination of minimal coloring of vertices of a graph by
means of Boolean powers of the incidence matrix. (Russian) Dokl. Akad. Nauk.
SSSR 147 (1962) 758-759.

V. G. Vizing, On an estimate of the chromatic class of a p-graph. (Russian)
Diskret. Analiz. 3 (1964) 25-30.

V. G. Vizing, Critical graphs with given chromatic class. Metody Diskret.
Analiz. 5 (1965) 9-17.

V. G. Vizing, Coloring the vertices of a graph in prescribed colors (Russian)
Diskret. Analiz No. 29 Metody Diskret. Anal. v Teorii Kodov i Shem (1976)
3-10.

M. Voigt, List colourings of planar graphs. Discrete Math. 120 (1993) 215-219.

K. Wagner, Uer eine Eigenschaft der ebene Komplexe. Math. Ann. 114 (1937)
570-590.

M. E. Watkins, A theorem of Tait colorings with an application to the gener-
alized Pertersen graphs. J. Combin. Theory 6 (1969) 152-164.

D. J. A. Welsh and M. B. Powell, An upper bound for the chromatic number
of a graph and its application to timetabling problems. Computer J. 10 (1967)
85-86.

P. Wernicke, Uber den kartographischen Vierfarbensatz. Math. Ann. 58
(1904) 413-426.

463



[188] H. Whitney, Congruent graphs and the connectivity of graphs. Amer. J. Math.
54 (1932) 150-168.

[189] H. Whitney, The coloring of graphs. Ann. Math. 33 (1932) 688-718.

[190] S. Xu, Ji Relations between parameters of a graph. Discrete Math. 89 (1991)
65-88.

[191] R. K. Yeh, Labelling Graphs With a Condition at Distance Two. Ph.D. Thesis,
Unversity of South Carolina (1990).

[192] J. W. T. Youngs, Minimal imbeddings and the genus of a graph. J. Math.
Mech. 12 (1963) 303-315.

[193] J. A. Zoellner and C. L. Beall, A breakthrough in spectrum conserving fre-
quency assignment technology. IEEFE Trans. Electromag. Comput. EMC — 19
(1977) 313-319.

[194] A. A. Zykov, On some properties of linear complexes (Russian). Mat. Sbornik
24 (1949) 163-188.

[195] Minimum distance separation between stations. Code of Federal Regulations,
Title 47, sec. 73.207.

464



Index

Names
Calamoneri, Tiziana 323

van Aardenne-Ehrenfest, Tatyana 76 Carr, John W. 23

Acharya, Bellamannu D. 367 Carrington, L.]ulie R. 385
Addario-Berry, Dana Louigi 389-391 Carroll, Lewis 12, 268

Adler, Roy L. 322 Cartwright, Dorwin 224
Albertson, Michael 241, 243, 279 Castagna, Frank 268

Aldred, Robert E. L. 364, 366, 389-391  Catlin, Paul 209

Allaire, Frank 25 Cayley, Arthur 6, 8, 12, 205, 262
Alon, Noga 147, 240 Chang, Gerard J. 190

Anderson, Mark 385 Chartrand, Gary 197, 225, 227, 315, 351,
Appel, Kenneth 23-26, 208 412, 418, 428.
Archdeacon, Daniel 139 Chetwynd, Amanda G. 103, 261
Archimedes 110 Christen, Claude 349

Chudnovsky, Maria 170
Chung, Fan 99
Chvatal, Vasek 84, 99, 294

Arumugam, Subramanian 367

Ballantine, John Perry 242 Cockayne, Ernie 425

Baltzer, Richard 13 Coffman, William C. 183

Barrientos, Christian 385 Collins, Karen 279

Beall, C. L. 397 Cook, Stephen 179

Behzad, Mehdi 282 Coonce, Harry B.

Berge, Claude 163-164, 169, 425 Courant, Richard 20, 219

Berra, Yogi 329 Coxeter, Harold Scott MacDonald 13
Bertrand, Louis 135 Cozzens, Margaret 399-401

Bhave, Vithal N. 331, 334 Cray, Stephen 21

Bialostocki, Arie 299
Bielak, Halina 36
Birkhoff, George David 18-19, 21, 211 Dalal, Ketan 389-391

Blanusa, Danilo 268 de Bruijn, Nicolaas Govert 76-78
Bollobés, Béla 229, 279 DeLaVina, Ermelinda 100
Bondy, J. Adrian 84 De Morgan, Augustus 2-6, 205
Brickell, Ernest 355 Descartes, Blanche 24, 161, 434
Brigham, Robert C. 188, 385 Descartes, René 110

Brooks, Rowland Leonard 186 Dinitz, Jeffrey Howard 279

Dirac, Gabriel Andrew 12, 66, 83, 103,

Burris, Anita C. 370-371, 373
167, 208

465



Dodgson, Charles Lutwidge 12, 268
Duchet, Pierre 368

Diirre, Karl 21-22

Dutton, Ronald D. 188

Edison, Thomas 5

Ehrenfest, Paul 76

Einstein, Albert 20, 76

Erdés, Paul 99, 230, 234, 256, 292, 299,
301, 355

Eroh, Linda 301

Errera, Alfred 16, 18-19

Erwin, David 412

Euler, Leonhard 29, 71-75, 109-110, 113,
135

Finck, Hans-Joachim 186
Flye Sainte-Marie, C. 78
Franklin, Philip 19, 23, 118
Frechen, Joseph B. 197
Frink, Orrin 122

Gaddum, James W. 185
Gallai, Tibor 163, 189
Gallian, Joseph A. 364
Galvin, Fred 279-280
Gardner, Martin 23, 268
Garey, Michael R. 181
Gauss, Carl Friedrich 71
Gelfand, Israil Moiseevich 19
Geller, Dennis Paul 184, 225, 227, 332
Gleason, Andrew M. 295
Goldbach, Christian 109
Golomb, Solomon 364
Goodwyn, Wayne L. 322
Graham, Ronald L. 363-364
Greenwood, Robert E. 295
Griggs, Jerrold 403, 405-409
Grinberg, Emanuels Ja. 118
Grundy, Patrick Michael 349
Gupta, Ram Prakash 251, 254, 279, 344
Guthrie, Francis 2-5, 205
Guthrie, Frederick 2-5, 205

Hadwiger, Hugo 210-211

Hajnal, Andras 167

Hajés, Gyorgy 209-210

Haken, Armin 25

Haken, Wolfgang 20-26, 208

Hakimi, S. Louis 183

Hale, William 397-398, 411

Hall, Philip 93

Hamid, Sahul I. 13.9

Hamilton, William Rowan 3-4, 71, 79-83

Harary, Frank 24, 77, 196, 224, 330, 340,
374-375, 410, 412

Hare, William 355

Harris, Andrew J. 279

Havet, Frédéric 409

Haynes, Teresa 425, 428

Heawood, Percy John 14-17, 206-208, 217-
218, 226

Hedetniemi, Stephen 35, 330, 340, 355,
425

Heesch, Heinrich 19-22, 117

Heffter, Lothar 218

Hegde, Rajneesch 324

Hell, Pavol 335

Henning, Michael 428

Hierholzer, Carl 75

Hilbert, David 20

Hilton, Anthony J. W. 103, 261

Hoffman, Alan 408

Huneke, Philip 139

Isaacs, Rufus 268

Jaeger, Francois 278
Jain, Kamal 324
Jensen, Tommy 162
Johnon, David S. 181
Johns, Garry L. 315

Kaplansky, Irving 158
Karonski, Michal 387
Karp, Richard M. 179
Kelly, John 161
Kelly, Leroy 161

466



Kempe, Alfred Bray 8-9, 11-17, 205-207,

217, 262
Khennoufa, Riadh 413, 417
Kirkman, Thomas Penyngton 82
Kneser, Martin 158-159
Koch, John 24
Konig ,Dénes 63, 115, 257
Kotzig, Anton 106, 367
Kronk, Hudson V. 185, 332
Kronman, Michelle 385
Kuratowski, Kazimierz 122

Landau, Edmund 16

Laskar, Renu 355

Lee, Sin-Min 361-362

Legendre, Adrien-Marie 110
Lhuilier, Simon Antoine Jean 135
Li, Hao 190

Listing, Johann Benedict 12, 71, 138
Liu, Daphne 415

Locke, Stephen C. 150

Lovasz, Laszl6 159-160, 164, 168
Lu, Zhikand 363

Luczak ,Tomasz 387

Luo, Xinhua 363

Martin, M. H. 78

Matula, David W. 177

May, Kenneth 13

Mayer, Jean 19

McDiarmid, Colin 363

McKay, Brendan 364, 366
McKeon, Kathleen A. 315
Menger, Karl 63

Metzger, B. H. 397, 411

Miller, Donald J. 335

Minkowski, Hermann 115

Minty, George James Jr. 191
Mirzakhani, Maryam 236
Mitchem, John 361-362

Mébius, August Ferdinand 12, 138
Molloy, Michael 283
Montellano-Ballesteros, Juan José 311
Moore, Emily 243

Mycielski, Jan 161

Nebesky, Ladislav 418
Neumann-Lara, Victor 311
Nordhaus, Edward A. 185

Okamoto, Futaba 351
Ore, Oystein 83, 86, 425-426

Peirce, Charles Sanders 5
Pepper, Ryan 100
Perelman, Grigori 21
Petersen, Julius 97, 104, 264
Plantholt, Michael 374-375
Poincaré, Jules Henri 21
Pontryagin, Semenovich 122
Posthumus, K 78

Powell, Martin B. 182
Prins, Geert 268, 330, 340

Rabern, Landon 344

Radcliffe, Mary 380

Rado, Richard 299, 301

Radziszowski, Stanislaw 294

Ramsey, Frank Plumpton 289

Rao, Siddhani B. 367

Rashidi, Reza 427

Read, Ronald C. 211, 214

Reed, Bruce 179, 188, 283, 389-391, 409

Ringel, Gerhard 106, 137-138, 219, 367

Robbins, Herbert 219

Roberts, Fred 399-401, 403

Robertson, Neil 25-26, 139, 170, 211, 268,
276,

Rosa, Alexander 364-366

Roy, Bernard 189

Royle, Gordon 162

Rubin, Arthur L. 230, 234

Russell, Bertrand 289

Saks, Michael 99
Salvi, Zagaglia N. 368-370
Sanders, Daniel P. 26, 267-268, 276

467



Schelp, Richard H. 370-371, 373 Vizing, Vadim G. 230, 234, 251, 254, 267,

Schmeichel, Edward 183 279, 282
SelkOW, Stanley 349 Voigt, Margit 234, 236
Sereni, Jean-Sébastien 409 Voxman, William 299
Seymour, Paul 26, 139, 170, 211, 268,

276, 278
Shannon, Claude Elwood 254-255 Wagner, Klaus 127, 211
Sherwani, Naveed 427 Waller, Bill 100

Shimamoto, Yoshio 21-22

Simmons, Gustavus J. 354 Watkins, Mark E. 268

Singleton, Robert 408 Weise, Karl Heinrich 21
Slater, Peter 425 Weiske, Benjamin 12
Slivnik, Tomaz 280 Weiss, Benjamin 322
Sloane, Neil 363-364 Welsh, Dominic J. A. 182

Smith, Cedric Austen Bardell 76

Smith, Henry 14 Wernicke, Paul August Ludwig 115

Smith, Paul Althaus 122 Weyl, Hermann 20

Sophocles 4 Whitehead, Alfred North 289

Sos, Vera T. 99 Whitehead, John Henry Constantine 19
Stewart, Bonnie M. 186 Whitney, Hassler 22, 62-65, 211, 215

Surényi, Janos 167

Sylvester, James Joseph 6, 8, 11 Wilf, Herbert 182

Syslo, Maciej 36 Wilson, Robin 256
Szekeres, George 182, 268, 278, 292 Witt, Ernst 20
Tait, Frederick 13, 262 Xu, Shaoji 331

Tait, Peter Guthrie 13-14, 262, 264, 267
Tarsi, Michael 240

Taylor, Herbert 230, 234 Yan, Jing-Ho 190
Temple, Frederick 12 Yeh, Hong-Gwa 190
Thomas, Robin 25-26, 170, 211, 268, 276 Yeh, Roger 403, 405-409
Thomason, Andrew 387

Thomassen, Carsten 210, 234, 240 Yellen, Jay 385

Togni, Olivier 413, 417 Youngs, JJW.T. (Ted) 136-137, 219
Tong, Li-Da 190
Trahtman, Avraham N. 323 Zhang, Ping 315, 351, 380, 412, 418, 428

Turan, Paul 296-297

Tutte, William T. 22-24, 76, 95, 119, 266, 120 Yue 267
268, 276, 434 Zhu, Xuding 415

Tuza, Zsolt 351 Zoellner, J. A. 397
Zykov, Alexander A. 161, 214

Veblen, Oswald 19
Vitaver, L. M. 189
Vitray, Richard P. 385

468



Mathematical Terms
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List 279
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Antipodal 416
Edge 249-250
Grundy 349
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Harmonic 368
Irregular 380
List 230
Ordered 354
T- 398
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Chromatic number of a surface 217
Chromatic polynomial 211
Chromatically equivalent 216
Chromatically unique 216
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Eulerian (in a graph) 73
Eulerian (in a digraph) 75
Directed 47
Circumference 40
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Clebsch graph 295
Clique 98
k-Clique 99
Clique number 99, 149, 179
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Closed walk 31
Closure of a graph 84
Code 376, 379, 385
Color class 148
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Color code 376, 379, 385
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Color list 230
Colorable 148
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k-List 230
k-List edge 279
L£-List 230
L-List edge 279
k-Region 206, 273
H-Colorable 338
k-Colorable 148
Uniquely 223
Coloring 147
Antipodal 416
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Edge 249
k-Edge 249
Grundy 349
Hamiltonian 418
Harmonic 368
Harmonious 359
Irregular 380
L(dy,ds, ..., dg)- 410
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L(2,1)- 403
List 230
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Radio antipodal 416
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Strong edge 370
T- 398
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k-Total 282
F-Coloring 428
~vp-Coloring 428
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Complementary

coloring 398, 412
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Complete

bipartite graph 41

graph 39

multipartite graph 41

k-partite graph 41
Complete coloring 329
Complete k-coloring 329
Component 33

Even 95

0dd 95
Connected

graph 33

Rainbow- 314

vertices 33
k-Connected 60
Connected digraph 47

Strongly 47
Connectivity 60

Edge- 61

Rainbow 317

Vertex- 60
Conservation property 269
Contracting an edge 125, 346
Contraction 346

Elementary 346
Core of a graph 183, 234
Corona of a graph 242
Color-critical 175
k-Critical 175
Critically k-chromatic 175
Cube 109
n-Cube 44
Cubic graph 40
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in a digraph 47
in a graph 32

Cycle 32, 39
Directed 47
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in a digraph 47
in a graph 32
(a graph) 39
(a subgraph) 32
0Odd 32
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Cycle double cover 278

Cycle Double Cover Conjecture 278

Cycle rank 59

Cyclic decomposition 106
Cyclic edge-connectivity 267
Cyclic factorization 101
Cyclic k-partition 320

de Bruijn digraph 78
de Bruijn sequence 77
Decomposable 105
H-Decomposable 105
Decomposition 105
Isomorphic 105
H-Decomposition 105
Deficiency
Total 285
Degree
Maximum 28
Minimum 28
Degree of a vertex 28
in a digraph 46
in a graph 28
in a multigraph 45
Descartes snark 268

Descending chain of proper minors 140

Detour 36

distance 36, 418
Diameter 34
Digraph 45

Acyclic 47

Aperiodic 320

Connected 47

Eulerian 75

Periodic 320

Strong 47

Strongly connected 47
Dinitz Conjecture 279
Directed

circuit 47

cycle 47

edge 45

graph 45

path 47

trail 47

walk 46
Disconnected graph 33
Distance 34

between two regions 410

Detour 36, 418

in a graph 34
Distinguishing 359

Edge- 359

Neighbor- 359

Vertex- 359
Distinguishing coloring 359
Dodecahedron 81, 109
Dominate 425
Dominating set 425

F- 428

k- 427

Independent 426-427
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Open 427

Restrained 427

k-Step 427
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Domination number 425

F- 428

k- 427
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Restrained 427

k-Step 427
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Double-star snark 268 in the plane 111

Dual 206 Planar 111
Planar 206 on a surface 206

Dual color 251 2-Cell 134

Dual graph 206 Empty graph 27

End-block 55
End-vertex 28
Euler Identity 113, 134

Generalized 135
Euler Polyhedral Formula 109
Euler tour 73
Eulerian

digraph 75

graph 73, 226
Eulerian circuit 73

in a digraph 75

in a graph 73
Eulerian trail 73

Eccentricity (of a vertex) 34
Edge(s) 27

Adjacent 28

Directed 45

Parallel 45

Pendant 28
k-Edge choosable 279
£-Edge choosable 279
Edge chromatic number 249-250
Edge color class 250
Edge colorable

l;__IIJJl:t 2277% %n a digraph 75
Edge coloring 249 in a graph 73
Multiset irregular 376 Even
Neighbor-distinguishing 385 component 95
Point -distinguishing 374 cycle 32
vertex 29

Proper 249
Rainbow 314
Set irregular 374

Exterior region 111
Exterior subgraph 123

Strong 370

Sum irregular 394 F-coloring 428
k-Edge colorable 249 F-dominating set 428
k-Edge coloring 249 F-domination number 428
k-Edge-connected 61 Face of a polyhedron 109
Edge connectivity 61 Factor 100

Cyclic 267 1-Factor 101
Edge-cut 61 k-Factor 101

Minimum 61 Factorable 101
Edge-distinguishing 359 Hamiltonian 105
Edge independence number 98, 250 1-Factorable 101

Lower 98 k-Factorable 101
Edge-induced subgraph 29 Factorization 101
Edge set 27 Cyclic 101
Elementary Isomorphic 101

contraction 346 k-Factorization 101

homomorphic image 337 1-Factorization Conjecture 103, 261

homomorphism 336-337 Fano plane 408
Embedding a graph 111 Finite projective plane 408
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First Theorem

of Digraph Theory 46

of Graph Theory 29
Five Color Theorem 207, 217
Five Princes Problem 12
Flow 269
k-Flow 270

Nowhere-zero 270
Flower snark 268
Forbidden minor 139
Forest 58
Four Color Conjecture 3, 11, 206-207
Four Problem 1
Four Theorem 12, 208
Forward edge 191
H-Free graph 161

v-set 425
~ve-set 427
~yp-coloring 428
Gallai-Roy-Vitaver Theorem 190
Galvin’s Theorem 282
Generalized Euler Identity 135
Generalized Petersen graph 268
Genus 133
of a graph 133
of a surface 133
Geodesic 34
Girth 40
Graceful
graph 364
labeling 364
Graceful Tree Conjecture 366
Gracefulness 367
Graph(s) 27
Bipartite 40
Chordal 166
Complete 39
Complete bipartite 41
Complete multipartite 41
Complete k-partite 41
Connected 33
Cubic 40
Directed 45
Disconnected 33

Dual 206
Empty 27
Eulerian 73
Graceful 364
Hamiltonian 82
Harmonious 363
Irregular 39
Isomorphic 37
Nonempty 27
Non-isomorphic 37
Nonseparable 54
Nontrivial 27
Oriented 46
Outplanar 129
Perfect 163
Planar 111
Plane 111
Regular 39
r-Regular 39
Self-centered 35
Self-complementary 42
Simple 45
k-Stratified 427
Total 283
Triangle-free 40
Trivial 27
Underlying 46
Unicyclic 59
Graph Minor Theorem 140
Greedy Coloring Algorithm 181
Greenwood-Gleason graph 295
Grid 43
Grotzsch graph 161
Grundy
chromatic number 349
coloring 349
number 349

Hadwiger’s Conjecture 210
Hadwiger number 211

Hajos’ Conjecture 209

Hall’s condition 93

Hamiltonian chromatic number 418
Hamiltonian coloring 418
Hamiltonian cycle 82
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Hamiltonian-connected graph 86
Semi- 425
Hamiltonian-extendable 89
Hamiltonian factorable 105
Hamiltonian graph 82, 264
Hamiltonian path 81
Handshaking Lemma 29
Harmonic
coloring 368
chromatic number 368
number 368
Harmonious
chromatic number 359
graph 363
labeling 363
Harmonious coloring 359
Partial 361
Harmonious Tree Conjecture 364
Heawood graph 408
Heawood map 14

Heawood Map Coloring Problem 219
Heawood Map Coloring Theorem 219

Hexahedron 109
Hoffman-Singleton graph 408
Homomorphic image 336
Elementary 337
Homomorphism 336
Elementary 336-337

Homomorphism Interpolation Theorem

340-341
Hypercube 44

Icosahedron 109
Icosian Game 80

Incidence graph (of projective plane) 408

Incident (vertex and edge) 28
from 45
to 45
Indegree (of a vertex) 46
Independence number 98
Edge 98, 250
Lower edge 98
Vertex 98, 152
Independent
dominating set 426-427

domination number 427
Independent set

Maximal 98

of edges 98, 250

of vertices 98, 152
Induced by (subgraph) 29
Induced subgraph 29
Interior subgraph 123
Internally disjoint paths 63
Intersection graph 158
Interval graph 158, 164
Irregular 359

chromatic number 380

coloring 380
Irregular graph 39

Nearly 42
Isolated vertex 28
Isomorphic 37

decomposition 104

factorization 101

graphs 37
Isomorphism (for graphs) 37

Join 27, 42-43
two vertices in a digraph 46
two vertices in a graph 27
of graphs 42-43

Kempe chain 9

Kneser graph 159

Kneser’s Conjecture 159-160
Konig’s Theorem 257

Konigsberg Bridge Problem 71, 109

Kuratowski’s Theorem 122

L-span 403
Labeling
Graceful 364
Harmonious 363
L(2,1)- 403
Radio 414
L(dy,ds,...,dy)-coloring 410
L(h, k)-coloring 403
An p-number 403
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L(2,1)-coloring 403
L(2,1)-labeling 403
Ag,1-number 403
Leaf 28
Length of a walk

(in a digraph) 47

(in a graph) 31
Line 27
Line graph 44, 249, 283

of a graph 44
link 27
List 230

color 230
List chromatic index 279
List chromatic number 230
k-List-colorable 230
£-List-colorable 230
List coloring 230
List Coloring Conjecture 279
k-List edge colorable 279
L£-List edge colorable 279
List edge coloring 279
Loop 45
Lower edge independence number 98

Marriage Theorem 94-95
Matched 92
Matches 92
Matching 92
Maximal 94
Maximum 94
Perfect 94
Optimal 280
Matrix
Adjacency 76
Outdegree 76
Maximal
independent graph 107
independent set 98, 171
Maximal matching 94
Maximal outerplanar graph 130, 228
Maximal planar graph 114, 225
Nearly 115, 234
Maximum coloring 299
c-Maximum 280

Maximum degree 28
Maximum independent set of edges 98
Maximum matching 92
Maximum multiplicity 254
U-Maximum 280
W-Maximum 280
Menger’s Theorem 64
Metric 34
space 34
k-Minimal (achromatic number) 334
Minimal dominating set 425
Minimally nonembeddable (on Si) 141
Minimum coloring 299
Minimum degree 28
Minimum dominating set 425
Minimum edge-cut 61
Minimum separating set 63
Minimum total dominating set 427
Minimum vertex-cut 60
Minor 126, 340
Forbidden 139
Proper 127
Minor-closed 140
Mirzakhani graph 238
Mobius band 138-139
Moébius strip 138-139
Monochromatic subgraph 289-290
Multidigraph 46
Multigraph 44
Multipartite graph
Complete 41
Multiset 376
irregular coloring index 376
irregular edge coloring 376
irregular index 376
neighbor-distinguishing coloring in-
dex 385
neighbor-distinguishing edge color-
ing 385
neighbor-distinguishing index 385

Nearly irregular graph 42
Nearly maximal planar 115, 234
Nearly maximal outerplanar 130
Neighbor 28
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Neighbor-distinguishing 359
coloring 385
coloring index 385
edge coloring 385
index 385
Multiset 385
Neighborhood 28
Closed 28
Open 28
Node 27
Nonempty graph 27
Non-isomorphic graphs 37
Nonplanar graph
Nonseparable graph 54
Nontrivial graph 27
Nordhaus-Gaddum
inequalities 185
Theorem 185
Nowhere-zero k-flow 270-271
NP (problem) 179
NP-complete 179

Ochromatic number 354
Octahedron 109
Odd

component 95

cycle 32

graph 160

vertex 29
Open directed walk 47
Open dominating set 427
Open domination number 427
Open neighborhood 28
Open walk 31
Optimal matching 280
Order (of a graph) 27

Ordered ochromatic number 354

Orientable surface 133
Orientation (of a graph) 46
Oriented graph 46
Outdegree 46

Uniform 320
Outdegree matrix 76
Outerplanar graph 129, 228

Maximal 130

Nearly maximal 234
Out-regular 320
Overfull (graph) 258
Overfull subgraph 260
Overfull Conjecture 261

P (problem) 179
P = NP Problem 179
Parallel edges 45
Parsimonious

¢-coloring 354

¢-coloring number 354
Partial harmonious coloring 361
k-Partite graph 41
Partite sets 40, 41
Path 31, 39

Directed 47

Hamiltonian 81

in a digraph 47

in a graph 31

(a graph) 39

Rainbow 314

(a subgraph) 32
Pendant edge 28
Perfect graph 163
Perfect Graph Conjecture 164
Perfect Graph Theorem 164
Perfect matching 94
Period of a digraph 324
Periodic digraph 320
Peripheral vertex 34
Periphery (of a graph) 35
Permutation edge 196
Permutation graph 196
Petersen graph 40

Generalized 268
Petersen’s Theorem 97, 101
Planar dual 206
Planar embedding 111
Planar graph 111

Maximal 114

Nearly maximal 115
Plane graph 111, 206
Platonic solid 109
Point 27
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Point-distinguishing edge coloring 374
Polyhedron 109
Polynomial

Chromatic 211
Precoloring 240
Problem of the

Five Princes 12
Product

Cartesian 43
Projective plane 138

Finite 408

Incidence graph of 408
Proper

arc coloring 321

coloring 147

edge coloring 249

minor 127

subgraph 29

vertex coloring 147
Pseudodigraph 78
Pseudograph 45

Radio 412
coloring 411-412
k-coloring 412
labeling 414
number 414
d-Radio
labeling 414
number 414
k-Radio
chromatic number 412
coloring 412
number 412
Radio antipodal
coloring 416
number 416
Radius 34
Rainbow
coloring 314
k-coloring 314
-connected 314
connection number 314
connectivity 317
edge coloring 314

F 290

geodesic 314

path 314

subgraph 289
Rainbow number 306

Anti- 306
Rainbow-connected (graph) 314

Strongly 315
Rainbow Ramsey number 299, 301
Ramsey number 290, 295

Anti- 306

Classical 292

Rainbow 299, 301
Ramsey’s Theorem 289-290
Red subgraph 290
Red-blue coloring 290, 428

in a stratified graph 428
Red-blue edge coloring 290
Reed’s Conjecture 188
Region

colorable 206

Exterior 111
Regular graph 39
r-Regular graph 39
Replication graph 168
Replication Lemma 168
Restrained

dominating set 427

domination number 427
Ringel’s Conjecture 106
Ringel-Kotzig Conjecture 106, 367
Road Coloring Conjecture 322

Strong 324
Road Coloring Problem 322
Road Coloring Theorem 322
Robertson-Seymour Theorem 139
Root of a stratified graph 428
Rooted at (a blue vertex) 428

Self-centered graph 35
Self-complementary graph 42
Semi-Hamiltonian-connected 425
Separating set 63

Set irregular coloring index 374
Set irregular edge coloring 374
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Set irregular index 374
Shadow
graph 173
vertex 173
Shimamoto horseshoe 22
Simple graph 45
Size (of a graph) 27
Snark 268
Blanusa 268
Double-star 268
Descartes 268
Flower 268
Szekeres
Span
of a coloring 398, 403
of a labeling
c- 398, 403
L- 403
T- 398
Spanning
subgraph 29
tree 59
Stable set 98
Star 41
k-Step
dominating set 427
domination number 427
k-Stratified graph 427
Strong
chromatic index 370
digraph 47
edge coloring 370
Strong Perfect Graph Conjecture 169
Strong Perfect Graph Theorem 170
Strong rainbow
coloring 315
connection number 315
Strong Road Coloring Conjecture 324
Strongly
connected digraph 47
rainbow-connected 315
Subdivision of a graph 121, 208
Subgraph 29
Edge-induced 29
Induced 29

induced by 29
Monochromatic 289
Overfull 260
Proper 29
Rainbow 289
Spanning 29
Sum irregular
edge coloring 394
index 394
Surface of genus k 133
Symmetric property 34
Synchronization number
of a coloring 324
of a strong digraph 324
Synchronized 322
arc coloring 322
sequence 322
Synchronizing 322
arc coloring 322
sequence 322
Systems of distinct representatives 95
Szekeres snark 268

T-chromatic number 398
T-coloring 398
T-span 398
Tait coloring 264
Tait’s Theorem 262
Tetrahedron 109
O-graph 233
Torus 131
Total chromatic number 282
Total coloring 282
k-total colorable 282
k-total coloring 282
Total Coloring Conjecture 282
Total deficiency 285
Total dominating set 427
Minimum 427
Total domination number 427
Total graph 283
Tour
Euler 73
Tournament 46
Trail 31
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Directed 47 Vertices 27

Eulerian (in a graph) 73 Adjacent 28

Eulerian (in a digraph) 75 Antipodal 34

in a digraph 47 Connected 33

in a graph 31 Vizing’s Planar Graph Conjecture 267
Tree 56 Vizing’s Theorem 251, 283

spanning 59
Tr%angle 32 Wagner’s Theorem 127
Triangle-free graph 40 Walk (in a digraph) 46, 321-323
Triangle inequality 34 Closed 47
Trivial Directed 46

graph 27 length of 47

walk 31 Open 47
Turan graph 297 Walk (in a graph) 30
Turan’s Theorem 297 Closed 31
Tutte’s 1-factor theorem 95, 101 length of 31
Tutte graph 119, 266 Open 31

Trivial 31
Underlying graph 46 Wh.eel 42,
Unicyclic graph 59 Whitney’s Theorem 65
n-Word 77

Uniform outdegree 320
Union (of graphs) 42-43
Uniquely colorable 223
Uniquely k-colorable 223

Value

of a k-radio coloring 412

of a Hamiltonian coloring 418

of a labeling 412

of a radio labeling 412
Vertex 27

Central 34

coloring 147

End- 28

Even 29

Isolated 28

0dd 29

Peripheral 34

set 27
Vertex-connectivity 60
Vertex-cut 60

Minimum 60
Vertex-distinguishing 359
Vertex independence number 98
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List of Symbols

Meaning

vertex set of G

edge set of G

(open) neighborhood of v
closed neighborhood of v

set of edges between A and B
degree of a vertex v

degree of a vertex v in G
maximum degree of G
minimum degree of G
induced subgraph of G
induced subgraph of G
edge-induced subgraph of G
deleting vertices from G
deleting edges from G

adding edge e to G

number of components of G
distance between u and v
eccentricity of a vertex v
diameter of G

radius of G

center of G

periphery of G

detour distance between u and v
G is isomorphic to H

cycle of order n

path of order n

complete graph of order n
circumference of G

complete bipartite graph
complete k-partite graph
complement of G

union of G and H

join of G and H

C, + K1, wheel of order n + 1
union of G; (1 <i<k)
joinof of G; (1 <i<k)
Cartesian product of G and H
Cartesian product of G and H
grid

n-cube

line graph of G

outdegree of v
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Page

27
27
28
28
28
28
28
28
28
29
29
29
30
30
30
33
33
34
34
34
35
35
36
37
39
39
39
40
41
41
42
42
42
42
43
43
43
43
43
44
44
46



indegree of v

degree of v

connectivity of G
edge-connectivity of G

de Bruijn digraph

closure of G

set of neighbors of vertices in S
number of odd components of G
edge independence number of G
Lower edge independence number of G
vertex independence number of G
clique number of G

maximal independent graph
surface of genus k

genus of G

double star

chromatic number of G

Kneser graph

odd graph

replication graph of G

balanced chromatic number of G
shadow graph of G

length of a longest directed path in D
length of the directed path P
permutation graph of G

planar dual of G

Hadwiger number of G

number of A-colorings of a map M
chromatic polynomial of G
chromatic number of a surface S
color list of v

list chromatic number of G

the ©-graph

minimum distance of vertices in W
corona of G

chromatic index of G

maximum multiplicity of G

sum of flow values of arcs away from v
sum of flow values of arcs towards v
color list of an edge e

list chromatic index of G

total chromatic number of G

total graph of G

Ramsey number of F' and H

Classical Ramsey number of K, and K

481

46

46

60

61

78

84

93

95

98

98

98

99

107
133
133
144
148
159
160
168
169
173
189
191
196
206
211
211
211
217
230
230
234
240
242
250
254
269
269
279
279
282
283
290
292



Ramsey number of G1,Gs, ..., Gy
Ramsey number of K, Kp,,..., Ky,
Turan graph

size of Turan graph

rainbow Ramsey number of F
rainbow Ramsey number of F} and F»
rainbow number of F'

anti-Ramsey number of F

rainbow connection number of G

strong rainbow connection number of G

rainbow connectivity of G
achromatic number of G
homomorphic image of G
elementary homomorphic image of G
Grundy number of G

parsimonious ¢-coloring number of G
ochromatic number of G

harmonious chromatic number of G
gracefulness of G

harmonic coloring number of G
strong chromatic index of G

set irregular coloring index of G
multiset irregular coloring index of G
color code of v

color code of v

irregular chromatic number of G
neighbor-distinguishing index of G
color code of v

sum color of v

sum irregular index of G
T-chromatic number of G

T-span of ¢

T-span of G

c-span of an L(h, k) coloring ¢
Ap,p-number of G

c-span of an L(2,1) coloring ¢
c-span of an L(2,1) coloring ¢
L-span or A j-number of G

L-span or Ay j-number of G

distance between two regions R and R’

value of a k-radio coloring ¢

k-radio chromatic number of G
radio number of G

value of a radio antipodal labeling ¢
radio antipodal number of G

482

295
295
297
297
299
301
306
306
314
315
318
330
336
337
349
354
354
359
367
368
370
374
376
374
379
380
385
385
394
394
398
398
398
403
403
403
403
403
403
410
412
412
414
416
416



he(c)
he(G)
1(G)
i(G)

7 (G)
TM(@)
¥ (G
(G

~— —

value of a Hamiltonian coloring ¢
Hamiltonian chromatic number of G
domination number of G
independent domination number of G
total domination number of G

k-step domination number of G
restrained domination number of G
k-domination number of G
F-domination number of G
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418
418
425
427
427
427
427
427
428
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